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Preface

This book describes a numerical method, called the “discrete variational
derivative method,” which is for designing numerical schemes for certain par-
tial differential equations (PDEs, for short). The targets include, for example,
(i) the Korteweg—de Vries equation:

%—E 1u2_~_a27u
ot ox \2 0z?

which describes shallow water waves, (ii) the nonlinear Schrodinger equation:

ou 0%y

i =5z —Mul T, YER, p=34,...
for modeling optical waves, (iii) the Cahn—Hilliard equation:
ou 0? 0%u
&:W<pu+ru3+qax2>, p<0,¢<0,7>0

which is a model of certain phase separation phenomena, and (iv) the Newell-
Whitehead equation:

0 i 02

or 2k, Oy?

ou
7<t,.’17,y) = pu — ‘U|2’LL+ (

2
k.eR
ot > U, Hy €

which simulates two-dimensional Bénard convection flow. Reflecting these
physical backgrounds, the PDEs have one striking feature in common; associ-
ated with the PDEs there are scalar functions, often referred to as “energies,”
that strictly remain constant or monotonically decrease as time evolves. In
fact, under appropriate conditions (i) the Korteweg—de Vries equation has the
energy conservation property:

d 14, 1 5 B
o (6u —2(ux) )dJ:—O7

and (ii) the nonlinear Schrodinger equation has the property:

d DT I

Similarly, (iii) the Cahn—Hilliard equation has the energy dissipation property:

d b o T 4 4 2
— £ ut o2 <
at (2“ g o) )dx—o’

ix
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and (iv) the Newell-Whitehead equation has the property:

d pooa Loy
dt//<2'“ Jhult+

In this book those PDEs are said to be “conservative” or “dissipative” PDEs,
respectively. (Note that this definition of “dissipative” is slightly different
from the definition in dynamical systems theory, where dissipative property
is defined with absorbing sets.)

In the numerical computation of such conservative or dissipative PDEs,
it is often preferable to employ some special numerical schemes that retain
the conservation/dissipation properties in a discrete sense; they are called
“conservative” or “dissipative” schemes throughout this book. The reason
for this preference is that, from the numerical point of view, the properties
often lead us to stabler computation; and for practitioners such as physicists
and engineers the motivation is that the properties themselves may be quite
important since they reflect important physical aspects of the modeled phe-
nomena. Thus, since around the 1970s, much effort has been devoted to the
development of conservative and dissipative schemes for various PDEs. In the
early phase of these researches, studies had been carried out for each indi-
vidual PDE; it was only during and after 1990s that more unified approaches
that can be applied to a certain large class of PDEs had been found. The
main topic of this book, the discrete variational derivative method, is one of
such newer developments.

Here we have to mention the case of ordinary differential equations (ODEs),
for which the history of research in the above context dates back to several
decades ago, and consequently the corresponding literature is far richer than
that of PDEs. For ODEs several unified approaches have been established,
not only for conservative and dissipative ODEs, but for many classes of ODEs
with various geometric structures. They include, for example, the symplec-
tic method for Hamiltonian systems, the Lie group method for constrained
mechanical systems, methods that preserve first-integrals, and methods for
ODEs on manifolds, among many others. Nowadays the methods are re-
garded to form a big group called “structure-preserving methods for ODEs,”
or “geometric numerical integration methods,” and more and more efforts are
being devoted to this area at an ever-increasing rate. An excellent textbook
for both beginners and experts is also available, which surveys the history and
the whole picture of structure-preserving methods for ODEs [83].

Compared to this maturity, the research in the PDE context seems to be
still at its beginning stage. Few classes for which structure-preserving inte-
gration is possible have been identified so far, and accordingly, “structure-
preserving method for PDEs” is not a popular expression yet. There is no
question, however, about the increasing importance of PDEs themselves, both
in mathematical and practical senses. We thus strongly believe that in the
next decade structure-preserving methods for PDEs will draw more and more

2
Uy — iuw ) dzdy < 0.
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interest, especially as the methods for ODEs come close to maximum matu-
rity. In accordance with this belief, this book is written as the first one that
is entirely dedicated to a structure-preserving method for PDEs.

This book is intended for both experts and non-experts. For both readers
an introductory Chapter 1 is prepared, where all central ideas and essential
examples are summarized. We believe that just glancing at this chapter will
suffice to enable the reader to understand the essence of the discrete varia-
tional derivative method. The subsequent chapters, 2 to 4, are devoted to
full description of the method: in Chapter 2 the PDEs which the method
covers are classified; in Chapter 3 the procedure of the method is described
in detail; in Chapter 4 the application examples are shown. Practitioners
may, after reading Chapter 1, jump to Chapter 4 and see how the method
is applied to typical problems. Chapters 5 to 7, including appendices, are
for especially interested readers; there some advanced topics and technical
details are summarized, which are too complicated to be included in the main
sections.

We hope to thank all those who have helped this project. In particu-
lar, Kazuo Murota and Masaaki Sugihara for encouraging us to write this
book, and continuously giving the authors many valuable comments. Masa-
take Mori, for guiding the authors to the rich world of numerical analysis.
Our sincere thanks also go to Tetsuya Ishiwata, Toshiyuki Koto, Taketomo
Mitsui, Yoshihisa Morita, Masaharu Nagayama, Shinji Odanaka, Takayoshi
Ogawa, Masami Okada, Hisashi Okamoto, Norikazu Saito, Takashi Sakajo,
and Takashi Suzuki, for valuable information related to the contents of this
book. We also thank our colleagues Chris Budd, Jialin Hong, Takanori Ide,
Brynjulf Owren, Reinout Quispel, Takaharu Yaguchi, among others, for fruit-
ful discussions and valuable suggestions. We are also grateful to some of our
students for drawing graphs, in particular Masayuki Hayashi, Satoshi Koide,
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We hope that this book be a help for all readers facing their problems and
looking for “good” numerical solvers.
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Chapter 1

Introduction and Summary

The key ideas of the discrete variational derivative method are summa-
rized with some illustrative examples. This chapter is a self-contained
summary of this book. After reading this introductory chapter, read-
ers are suggested to proceed to one of the subsequent chapters accord-
ing to their points of interest.

1.1 An Introductory Example: Spinodal Decomposition

Let us have a look at an illustrative example, the “spinodal decomposition.”
This is a chemi-physical phenomenon which occurs when two liquids with
different specific gravities are mixed. For example, when we put some oil and
water in a glass and shake it well, the two ingredients first intermingle with
each other, and then they are gradually separated. Figure 1.1' is a schematic
view of that process, where, for example, the ingredient A is water and B is
oil. Figure 1.2 shows an experimental result with polymer mixtures.

Mathematically, the phenomenon is modeled by the Cahn—Hilliard equa-
tion:

0 02 02
Y (pu—&—ru?’—l—q&;;),xE(O,L),t>O,p<O,q<O,r>0. (1.1)

ot da?

The solution u(z,t) describes the ratio of one component (oil, for example)
to the other (water). Here we limit ourselves to the one-dimensional case,
for simplicity of argument. We impose the boundary conditions below on the
problem:

ou  u

1Reprinted figure with permission from H. Tanaka and T. Nishi, Direct determination
of the probability distribution function of concentration in polymer mixtures undergoing
phase separation, Phys. Rev. Lett., 59, 692-695(1987). Copyright (1987) by the American
Physical Society.
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Introduction and Summary 3

It is not easy to integrate the Cahn—Hilliard equation numerically [70].
The right hand side of (1.1) includes a diffusion term pu,, whose coefficient
is negative (recall p < 0). This means that in the numerical integration
we have to solve a diffusion equation in the negative time direction, which
is obviously numerically unstable. In order to illustrate this, let us try an
explicit Euler scheme as the simplest example. Let the spatial discretization
width be Az = L/N, where N is the number of the spatial grid points, and
denote the time mesh width by At > 0. We denote the approximate solution
by U™ ~ u(kAz,mAt) (k =0,1,...,N, m = 0,1,2,...). We also write

.
U = (Uém), ey U](Vm)) . Then the Euler scheme reads as follows.

Scheme 1.1 (Standard Euler scheme for Cahn—Hilliard equation)

Given an initial data U, the approzimate solutions U™ are calculated by,
form=0,1,2,...,

Uk (m+1) _ Uk (m)
At

=5 (pUL™ + 1 (U™ + g 60,
k=0,...,N, (1.3)
with the discrete boundary condition corresponding to (1.2):

s = 5By M — 0, k=0,N. (1.4)

The symbols 6,<€p ) (p = 1,2,3) mean the standard second-order central dif-
ference operators for 9P /0xzP, which are explicitly written as

W, Sk — fe—a

op ' fr = T oAr (1.5)
@, Jrerr = 2fk + fra

516 fk - (ACL’)2 ) (16)
3y, Jrro = 2fkr1 +2fk—1 — fr—2

58 p = e . (1.7)

Figure 1.3 shows the result obtained by the scheme. In the example, the
parameters are p = —1.0, ¢ = —0.001, » = 1.0, and L = 1, N = 50 (thus
Az = 1/50). Two time mesh sizes: At = 1/1200 and 1/12000 are tested. In
both graphs, the staggered line lying around u = 0 line is the initial pattern:

uo(x) = 0.1sin(2wz) 4+ 0.01 cos(4mzx) + 0.06 sin(4dmx) + 0.02 cos(107z). (1.8)

The numerical solution with At = 1/1200 (top graph) rapidly blows up, ex-
hibiting strong oscillation in only four or five steps. This hardly improves
even when we refine the time mesh; the numerical solution with At = 1/12000
(bottom graph) also blows up in only six or seven steps.

Facing this difficulty, we have two options: one is to use some reliable ODE
solver which allows adaptive integration, after suitably discretizing the space
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FIGURE 1.3: Numerical solutions of the Cahn—Hilliard equation by the
explicit Euler scheme: (top) At = 1/1200; (bottom)A¢ = 1/12000.



Introduction and Summary 5

variable. This might work, though it may need considerable computation
time because the package should be forced to choose very small time mesh
size. The other option—which is the basic concept throughout this book—is
to use some special scheme designed for stable integration of the equation.

To seek such a special scheme, let us cast a spotlight on a quantity, the
“free energy” or “local energy” of the problem:

1 1 1
G(u,uy;) = §pu2 + Zru4 - iq(ux)Q. (1.9)

We call its spatial integration:

L
J(u):/o G(u,uy)dz (1.10)

the “global energy.” Note that J is a functional of u, but at the same time it
can be regarded as a function of t. The equation (1.1) can then be written as

ou 9% [6G

where 6G /du is the (first) variational derivative of G(u,u,) obtained from the
following variation calculation.

L
/ (G(u+ du,uy + duy) — G(u, uy))dx
0

L
= / (8G6u + 8G§uw> dz + O(6u?)
0

ou Ouy
L/aG 8 oG oG -
o - 2
_/O <3u axauz)sudﬂ[auz(suh+0(5u)
/LéGcs dz + G 5 L+O(6 %) (1.12)
= ) (S’U, uaxr auz u . u . .

The last equality defines §G/du. The form (1.11) states that the evolution of
the solution is roughly a “gradient-flow”; it evolves in such a direction that
the global energy is decreased:

d L 5G u oG dul*
/L 9 6G\? G\ 9 [6G\1*
- Z7) de+ () 2 (22
o \ 0z du ou ) 0z \ ou /|,
<0. (1.13)

Note that (9/9z)u = 0 and (9/0z)3u = 0 mean G /Ou,, = 0 and (9/0x)5G /6u =
0, and thus the boundary terms vanish thanks to the boundary condition (1.2).



6 Discrete Variational Derivative Method

From the dissipation property, the next important proposition immediately
follows.

PROPOSITION 1.1 L*°-boundedness of solution
As to the solution of (1.1) under the boundary condition (1.2), we have this
a priori estimate:

lu]|oo < 00, ¢>0, (1.14)

where || - |l, (p=1,2,...,00) is the standard LP norm.

PROOF Recalling p,q < 0,7 > 0, we have the trivial identity:

9p2
4y 2 P
Z —pu ir

n r
2" Tt
Then by the energy dissipation property (1.13) we know for any ¢ > 0,

J(u(z,0)) = J(u(z, t))
g 1 2 1 4 1 2
= /O {2pu + Zru — iq(ux) }dx

L 2
9p 1
> . R A O |
*/0 { Py Qq(“””)} .

W’L ¢
= —plful} - 2= - L. 3 (1.15)
Thus we have 2r
9p q
Tu(,0) + 2= > —plulf - ju, .

Again recalling p,q < 0,7 > 0, we see that
[[ull2, [[ug]l2 < oco. (1.16)
Then with the aid of the Sobolev type inequality (see, for example, John [94]):
[ull3e < e ([lull3 + llusll3) ,
which holds for every function u(-,t) € H'(0, L), we obtain |jul/o < co. I

In other words,

[Key observation 1]
The dissipation property prevents the solution’s blow-up.

This observation encourages us to seek a scheme which retains the dissi-
pation property, because it may also prevent the blow-up of the approximate
solution. We here present such a scheme. (At the time being, we do not
discuss how it is constructed. It will be covered in Chapter 4.)
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Scheme 1.2 (Dissipative scheme for Cahn—Hilliard equation) Given an
initial data U(O), the approximate solutions U™ are calculated by, for m =

0,1,2,...,

Ut — g _ 52 {p (Uk(m+1) + Uk(m)> + i (Uk(erl) + Uk(m))

At 2 2

o ((Uk““*”ﬁ + PO 1 DU <Uk<m))3> }
4 )

k=0,...,N, (1.17)
with the discrete boundary condition (1.4).

Scheme 1.2 has the desired discrete dissipation property.

PROPOSITION 1.2 Dissipation property of Scheme 1.2
Let us define a “discrete local energy” Gq : RNt — RN+ py

(5;Uk<’">)2 + (5,;Uk<m>)2
5 :

r

L (m)H2 _
4(Uk )

d
Gar(U™) = L) +

N[

(1.18)
where Gdi(U(m)) denotes the k-th element (the detail of this expression will
be explained soon in Section 1.3). We also define the discrete global energy
accordingly by

N
Jo(U™) £ > "G (U™) Az, (1.19)
k=0
where
al d 1 1
D fi = ot fid e v+ Gy (1.20)
k=0

is the trapezoidal rule. Then the solution by Scheme 1.2 satisfies the following
inequality.
Jo(UmH)y < Jq@™), m=0,1,2,.... (1.21)

REMARK 1.1 Throughout this book, we basically adopt the trapezoidal

rule as our main summation rule. Other rules, for example, the rectangle rule,
can be also adopted. For example, when the periodic boundary condition is
applied, the trapezoidal rule naturally coincides with the rectangle rule, and
the latter is more convenient. Another example is the case where the use of
the rectangle rule substantially simplifies the treatment of discrete boundary
condition. This will be illustrated in Section 3.2.3.2.
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The proof of the proposition is left to Chapter 3 (generic theory) or Chap-
ter 4 (the specific Cahn—Hilliard case). With this dissipation property, and a
discrete Sobolev type inequality, we can prove that numerical solution never
blows up (we leave the detail of this discussion to Chapter 4.)

For the moment we only show some numerical results. Figure 1.4 shows the
result by Scheme 1.2 with a coarse time mesh At = 1/1000 (other parameters
are the same as in the explicit Euler case). The calculation proceeds quite
stably, and a physically correct pattern (a phase separation) is obtained. Fig-
ure 1.5 shows the evolution of the energy. The discrete energy is properly
dissipated. For comparison, we present in Figure 1.6 the result obtained by
the explicit scheme. There the energy is not dissipative at all; it even blows
up. This fact agrees with the failure of the numerical computation.

1300 step—
;1500

/1700
F/ 1800
/1900
2000
2100

u o

0 0.5 1 0 0.5 1

3000 step
10000~

100000

200000

FIGURE 1.4: Numerical solutions of the Cahn-Hilliard equation by
Scheme 1.2 (At = 1/1000): (top-left) steps 0 to 1300 (top-right) 1300 to
2100 (bottom) 3000 to 200,000.

The Cahn—Hilliard example clearly shows the superiority of the specialized
scheme. The scheme preserves a discrete counterpart of the energy dissipation
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FIGURE 1.5: The evolution of the discrete energy in Scheme 1.2.
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FIGURE 1.6: The evolution of the discrete energy in Scheme 1.1.
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property, and the property is quite crucial for better numerical integration.
The same thing often happens also in many conservative problems (i.e., prob-
lems with conservation laws). Next we will see how dissipative or conservative
schemes, such as Scheme 1.2, can be constructed.

1.2 History

In this section, we briefly mention the related studies on the main subject
of this book.

First attempts on dissipative/conservative schemes, or more generally on
structure-preserving algorithms, focused on ordinary differential equations
such as Hamiltonian systems. For example, in the beginning of the 1970’s
Greenspan [77] considered strictly conservative discretization of some mechan-
ical systems. The method was then extended to general mechanical systems
by Gonzalez [74] and McLachlan-Quispel-Robidoux [126, 127] decades later.
A strong alternative to these works is the so-called symplectic method, which
is a specialized numerical method for Hamiltonian systems. Though sym-
plectic schemes are not strictly conservative, they are nearly conservative,
and provide us very effective ways to integrate Hamiltonian systems. For the
symplectic method, see Hairer-Lubich-Wanner [83], Sanz-Serna—Calvo [151]
and Leimkuhler—Reich [104]. Related interesting studies on nearly conserva-
tive numerical schemes include: Faou-Hairer—Pham [52] and Hairer [81].

After these successes on Hamiltonian ODEs, many other classes of ODEs
that have some intrinsic geometric structure have been identified, and structure-
preserving algorithms for these ODEs have been extensively studied. These
activities for ODEs are now also referred to as the “geometric numerical in-
tegration of ODEs,” and form a big trend in numerical analysis. Interested
readers may refer to Hairer—Lubich—Wanner [83] and Budd-Piggott [23].

In the PDE context, a number of studies on dissipative/conservative schemes
have been carried out on individual dissipative or conservative PDEs, since
around the 1970’s. Below are quite limited examples. Strauss—Vazquez [155]
presented a conservative finite difference scheme for the nonlinear Klein—
Gordon equation. Hughes—Caughey—Liu [89] presented a conservative finite
element scheme for the nonlinear elastodynamics problem. Delfour—Fortin—
Payre [35] presented a conservative finite difference scheme for the nonlinear
Schrodinger equation, then Akrivis-Dougalis—Karakashian [8] presented a fi-
nite element version of the scheme and proved the convergence of the finite
element scheme. Sanz—Serna [150] considered the nonlinear Schrédinger equa-
tion as well. Taha—Ablowitz [159, 160] presented conservative finite difference
schemes for the nonlinear Schrédinger equation and the Korteweg—de Vries
equation. Du—Nicolaides [39] presented a dissipative finite element scheme for
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the Cahn—Hilliard equation. Around the same time, in a completely different
context from above, studies on soliton PDEs such as the KdV equation were
done to find finite difference schemes that preserved discrete bilinear form or
Wronskian form, corresponding to the original equations; see, for example,
Hirota [85, 86]. They can be also regarded as structure-preserving methods.

Then during the 1990s, more general approaches that cover not only sev-
eral individual PDEs but also a wide class of PDEs have been independently
introduced by several groups. The discrete variational derivative method—
the main subject of the present book—is one of such methods, proposed by
Furihata—Mori [63, 64, 69, 65] around 1996 for PDEs with variational struc-
ture. The method has then been extended in various ways mainly by a
Japanese group including Furihata, Matsuo, Ide, and Yaguchi [66, 67, 68,
90, 91, 116, 119, 120, 121, 122, 165, 166, 167], and succeeded in proving its
effectiveness in various applications. At the same time, Gonzalez [75] pro-
posed a conservative method for some general class of PDEs describing finite-
deformation elastodynamics. There, the key is a special technique in time
discretization devised for ODEs by Gonzalez [74]. Another excellent set of
studies were given by McLachlan [129] and McLachlan-Robidoux [128], where
a general method for designing conservative schemes for conservative PDEs
based on their techniques on ODEs [126, 127] (and the related basic studies
Quispel-Turner [145] and Quispel-Capel [144]) was developed (see also the
recent related results: McLaren—Quispel [130], Quispel-McLaren [146], Celle-
doni et al. [26]). Jimenez [92] has also studied a systematic approach to obtain
discrete conservation laws for certain finite difference schemes.

Aside from strictly conservative or dissipative methods, several interest-
ing approaches for structure-preserving integration of PDEs have emerged
as of the writing of the present book. For a very comprehensive review in-
cluding these topics, see Budd-Piggot [23]. For Hamiltonian PDEs, a unique
approach was proposed by Marsden—Patrick—Shkoller [112] (see also Marsden—
West [113] for a good review), and it has been intensively studied by their
group. Their method is based on the discretization of the variational princi-
ple. Its name “variational integrator” is quite close to the discrete variational
derivative method, but these methods are quite different. For Hamiltonian
PDEs, there is another interesting emerging method, the “multi-symplectic
method,” developed by Bridges—Reich [22]. In the method, Hamiltonian PDEs
are transformed into a special “multi-symplectic form,” and then integrated
in such a way that the multi-symplecticity is conserved. This method can
be regarded as a generalization of the symplectic method for ODEs (see also
McLachlan [124]). For the recent literature in this context, see, for exam-
ple, [27, 87, 88] and the references therein.

Finally we would like to note that in this short summary we could by no
means cover all of the related studies. We recommend that interested read-
ers refer to several key reviews, such as Hairer-Lubich-Wanner [83], Budd—
Piggott [23], Leimkuhler—Reich [104], and Lubich [110], and consult their
references as well.
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1.3 Derivation of Dissipative or Conservative Schemes

In this section we demonstrate how numerical schemes that retain dissi-
pation or conservation properties are constructed. To avoid exhaustive dis-
cussion involving cumbersome symbols, we here limit ourselves to some typ-
ical PDEs, possibly ignoring some details. More precise description will be
found in Chapter 3 (generic theory) and Chapter 4 (application examples).
We consider the following four cases: first-order real-valued PDEs, first-order
complex-valued PDEs, systems of first-order PDEs, and second-order PDEs.

1.3.1 Procedure for First-Order Real-Valued PDEs

Suppose that u(x,t) is a real-valued function, and the local energy function
is given as a real-valued function G(u,u,). We define the associated global
energy by

L
J(u) & /O G,y )da. (1.22)

Let us consider a real-valued PDE:

Ju 0G

The equation (1.23) is dissipative in the sense that

d L s5G ou oG dul* Lrsa\?
a2 — it == — < )
J(u) | Gu ot dz [(’Mz at} /0 ( > de <0, (1.24)

0 N ou
if boundary conditions are set so that the boundary term [-]§ vanishes. In
fact it does, for example, under the Dirichlet boundary condition u(0,t) =
u(L,t) = 0. Throughout this introductory chapter, we basically neglect
boundary terms for simplicity.

Let us construct a dissipative scheme, i.e., a scheme that keeps a discrete
version of the dissipation property, for the equation. Our strategy is based on
the following important observation:

[Key observation 2]
The dissipation property (1.24) immediately follows from the vari-
ational form (1.23).

In fact, in the proof of the dissipation property (1.24), the concrete form of the
energy GG, and accordingly the concrete form of the PDE, are not relevant. The
variational form itself is the key in the dissipation property. This observation
leads us to a strategy summarized in Figure 1.7. The left half of the diagram
summarizes the continuous PDE case, which reads (starting from the top)
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[step 1] Define an energy G.
[step 2] Take its variation to obtain the variational derivative dG/du.

[step 3] Define a PDE with the variational derivative. Then, as a conse-
quence (the up-pointing arrow), the energy dissipation property follows.

Our idea here is to simulate this round trip structure, from the energy G(u)
to its dissipation property via variational derivative, in a discrete setting. In
this way the method is “structure-preserving.” The right half of the diagram
reads

[step 14] Define a discrete energy (as an approximation of the continuous
energy ).

[step 2q] Take its discrete variation to obtain the discrete variational
derivative.

[step 34] Define a scheme with the discrete variational derivative. Then,
the discrete dissipation property should follow (again, denoted by the
up-pointing arrow).

As opposed to this structure-preserving strategy, the usual way of constructing
a scheme is to directly discretize the concrete form of the PDE (the bottom
right-pointing arrow from PDE to finite difference scheme). In such an way,
however, the beautiful round trip structure is highly likely to be destroyed,
and thus generally the desired dissipation property is lost.

Let us actually follow the strategy to construct a dissipative scheme for the
equation (1.23). To illustrate how the calculation goes exactly, we pick the

linear diffusion equation:

ou  0%u

as a concrete example, which is of the form (1.23) with G(u,u;) = (uz)?/2.
[step 14] Defining a discrete energy

By simply replacing u in G(u,u;) with U™, and u, with some finite
difference, we obtain a discrete energy G4(U™). The subscript “d”, standing
for “discrete”, is added to distinguish this quantity from the continuous energy
G. The discrete energy Ggq is a real-valued (N +1)-dimensional vector function
of U™ we denote its each elements by Gax (k=0,...,N). (See the example
below.)

Note that there are several possibilities in approximating u.., since there are
many difference operators representing the same differentiation. For example,
uy2 can be
On Up'"™)? + (6, UL "™)?

2

BPUINE, (502, (37U o | - (1.26)
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FIGURE 1.7: Standard strategy versus proposed strategy.
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where

NOF Jr1 — fr—1 S Jrr1 — fr 5o — Jr— fr1 197
I B L ey weet S B By o (1.27)
are the standard difference operators for 9/0x. We can choose any of them.
Regardless of the choice, we will obtain a dissipative scheme. We must note,
however, that a different choice leads to a different scheme (see Remark 1.2).

In the concrete example of (1.25), let us choose a symmetric approximation:

o (67U + (5, U™)?

)"~ . 1.2
(us) 5 (1.28)
Then the discrete local energy becomes
1 ((67U."™)2 + (5, U, ™)?
Gar(U™) = 5 <( £ U ) ;< £ Us™) : (1.29)

and the corresponding discrete global energy is

N
Ja(U™) =3 "G (U™) Az, (1.30)
k=0

[step 24] Taking the discrete variation

Recall the continuous variation calculation (1.12), which is summarized as
L
/ {G(u+ du,uy + duz) — G(u,uy)} da
0

L

]

= / 6—Gc5u dz + (boundary term) + O(du?). (1.31)
0 u

We hope to simulate this in a discrete setting. That is, we hope to find an

identity:

N
> (Gd,k(U(mH)) - Gd,k(U(m))) Az =
k=0

N

0Gy
" 1
E — — U™ — U, (™) Az + (boundary term). (1.32)
= st U™y, ( )

At this point, readers need not fully understand the discrete symbols; they
will be introduced in Chapter 3. For now it is sufficient to just recognize the
correspondences between the continuous and discrete symbols:
Gar(U™) = Ga 1 (U™) & Gu + du, uy + duy) — Glu, uy),
6Gy 0G
<
5(U(m+1), U(m))k ou
U}c(m+1) — Uk(m) < du.
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The abstract identity (1.32) demands that the difference of the energies,
Gax(U™D) = Gap(U™),
should be decomposable into the discrete version of du,
U, _ )

and a discrete quantity which corresponds to the variational derivative, called
the “discrete variational derivative,”

0Gq
6(U(m+1)’ U(ﬂl))k .

Later in Chapter 3, it is shown that in fact for any given G4 this decomposition
is possible.

In the case of example (1.25), the identity (1.32) can be easily found as
follows.

N
Z " (Gd,k(U(mH)) - Gd,k(U(m))) Az
k=0

N m m - m — m
_ Z”( GO — (GO GO Y) — (0 U >>2>M

2 2
k=0

N
U, (m+1) 4 g (m) . .
= Z”{ < : 5 - (UMY — T

k=0

U (m+l) 4o (m)
+0; ( b Uk O (UMY — UMy b Age

2

N
U (m+) o gy, (m)
_ _Z// {5]22) < k 2+ k U™ — U, (M)A

k=0

+ (boundary term). (1.33)

The symbol 6,@ is the standard central difference operator for 92 /9z? defined
by

Jror1 = 2fk + fr- L

()
= T R

In (1.33) a trivial identity &, 6, = 0, 6 = 5,<€2> is used. The summation-by-
parts formula:

N

N
Z” (6 fr)grAx = Z ' fe(0;, gr) Az + (boundary term) (1.34)
k=0 k=0



Introduction and Summary 17

is used as well, which is a discrete analogue of the integration-by-parts for-
mula. The precise form of the boundary term is omitted here in order to
avoid complications. From (1.33), we find the concrete form of the discrete
variational derivative in the case of (1.25) as

5 (m+1) (m)
Ga =5 Uk + Ui . (1.35)
5(U(7n+1),U(m))k 2
Note that this in fact approximates the continuous version: dG/du = —uy,.

This supports the view that the above calculation is in fact discrete variation.
[step 34] Defining a scheme

Once the discrete variational derivative is found for a given discrete energy
G4, a scheme is defined with it in an abstract manner, analogously to the
continuous one (1.23).

Scheme 1.3 (Dissipative scheme for (1.23)) With given initial data U®)
and appropriate boundary conditions, we compute um by, form=0,1,2,..
Ut — g, (m) 5G
b k- d ., k=0,...,N. (1.36)
At 5(U(m+1)’ U(m))k

This scheme keeps the desired dissipation property as follows. Observe
that the proof proceeds exactly analogously to the continuous case (1.24);
in particular, the concrete forms of the discrete energy function G4 and the
discrete variational derivative 6Gq/6(U ™+, U™)) are not relevant. Only

the discrete variational structure matters.

)

PROPOSITION 1.3 Dissipation property of Scheme 1.3
Scheme 1.3 is dissipative in the sense that

JoU™mH))y < JqU™), m=0,1,2.... (1.37)

PROOF By the identity (1.32), we obtain
Jd(U(m,—i-l)) _ Jd(U(m))

N
_ L " (m4+1)y (m)
= Atkz:;) (Gd,k(U ) — Gar(U )) Az
al m-+1) (m)
(SGd Uk( +1) _ Us
_ ” A . | t
kz:;) 5(U(m+1),U(m))k ( AL x + (boundary term)

2
N 6Gq
_Z (mt1) 77(m) Az
k=0 5(U ,U )k

<0. (1.38)
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In the second equality the boundary terms are assumed to vanish due to
some appropriate boundary conditions. In the last equality the scheme in

variational form (1.36) is used. I

In the case of the linear diffusion equation (1.25), Scheme 1.3 reads

Uk(m+1) _ Uk(m) 5Gy @) Uk(m+1) + Uk(m)
At = @y, gomy, % 2
(1.39)
The concrete form of the discrete variational derivative has been obtained
in (1.35). The dissipation property is guaranteed by Proposition 1.3, where
the discrete energy function is given by (1.29).

Note that in this case the resulting scheme is just the standard Crank-—
Nicolson scheme. Although we can say the project has successfully completed
in the sense that we obtained a stable scheme (the stability of this Crank—
Nicolson scheme is widely known, while it is also possible to prove it directly
by utilizing the discrete dissipation property), it is not so exciting in that the
obtained scheme is a trivial one. In more generic nonlinear problems, how-
ever, resulting schemes are non-trivial, and that is exactly where the discrete
variational derivative method is of considerable benefit.

REMARK 1.2 As noted [step 14] (page 13), the definition of discrete
energy function is not unique, and a different choice will generally leads us to
a different scheme. For example, let us approximate

(u0)? = (6, UL ™2, (1.40)
instead of (1.28); that is, we start from the discrete energy function

(60 ™)?

dek(U(m)) — ;

(1.41)

Then the associated discrete variational derivative will be

(m+1) (m)
e )wﬁfch L >, (1.42)
k

5(U(m+1), U™ 2

which then leads us to a scheme:

— . 5

AR _ 6Gq _ (512 Ut 4 0 )
Ai UAGERTIN

(1.43)
This is different from (1.39). Still, the scheme is “dissipative,” in the sense
that Proposition 1.3 holds for the Gq(U™) defined in (1.41).
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As this example illustrates, there is generally a degree of freedom in choosing
a discrete energy function, and this is left to each user. Once it is fixed, how-
ever, by following the procedure of the discrete variational derivative method,
we automatically obtain a scheme that preserves the desired dissipation (or
in the conservative case, conservation) property with respect to the specified
discrete energy function. The performance of the resulting scheme, such as
stability and accuracy, often heavily depends on the choice. This issue will be
discussed in detail in Section 3.2.3.

Above procedure can be easily extended to more general real-valued dissi-
pative or conservative PDEs of the following types.

[real-valued dissipative PDEs]

ou a\* oG a [F
— (=1 (L) S G uy)de <0 1.44
ot (=1) (3:17) u’ dt/o (u, ug)dz < 0, ( )
where s = 0,1,2,.... The linear diffusion equation belongs to this class with

s = 0. The Cahn—Hilliard equation in the previous section is another example,
where s = 1.

[real-valued conservative PDEs]

du a\*sa a (*

gv_ (< - G(u,ug)dz =0, 1.45

ot <8m> ou dt/o (u, ug)da (1.45)
where s = 0,1,2.... This class includes, for example, the Korteweg-de Vries

equation.

More detailed description on these PDEs is given in Chapter 2, and the full
procedures for them are described in Chapter 3. Concrete examples will be
found in Chapter 4.

1.3.2 Procedure for First-Order Complex-Valued PDEs

Several complex-valued PDEs have variational structure, and the idea de-
scribed above can be utilized. Suppose that u(z,t) is a complex-valued func-
tion, and a real-valued function G(u,u,) is given as the local energy function.
As before, the associated global energy is defined by

I

L
J(u) /0 G(u,uy)dz. (1.46)

Let us consider first-order complex-valued PDEs of the form

ou oG
v L 1.4
i ot z € (0,L), t>0, (1.47)
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where i = y/—1. The symbol 6G/dw is the variational derivative of G with
respect to w, which is obtained as follows.

L
/ (G(u+ du,uy + duy) — Gu,ug))de

0

_ oG oG oG oG 9
_/0 {(au(s + auxaugE) + <%5u+ e x)}dx+0(|6u| )

_/L 906G 900G\ o (96 9 09GN
)y \ou  dzrou, )" T \Ou  Orow )t
le] oG 1" )

5G 5G Rl oc 1" )
_/O (M(Su—f—ééu) {auz o u} +O(ouf).  (1.48)

0

The quantities

G _0G 906 G _0G 9 0G
du  Ou Oz Ouy’ du  Ou Oz Oug

are complex variational derivatives. Note that they are in general complex
conjugates of each other:

G oG

du  ou’
(Strictly speaking, we need some assumption on G so that the conjugacy holds;
this is left to the discussion in Chapter 3.) The PDE (1.47) is conservative in
the sense that

dt J(w) dt/G“u’”

- / ((5(}5‘1& 4+ — 0G 8u> dz + (boundary terms)
0
/L ) 6G
= 1|—
0

ou Ot ou Ot
ou Su )dx

5G |2
=0, (1.49)

provided some appropriate boundary conditions exist. For example, a linear
conservative PDE

Ou 0%

- = — 2
1 ot 0z2’ G (u, ug) = ug|, (1.50)

belongs to this class.
Let us see how a conservative scheme is derived for (1.47). Again we follow
the three steps.
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[step 14] Defining a discrete energy

As in the real-valued case, we obtain a discrete energy Gd(U(m)) by simply
replacing v in G(u,u,) with U,™, and wu, with some finite difference. For
the case of the linear PDE (1.50), we define a discrete local energy by, for
example,
|52—Uk(m)|2 + |5’;Uk(m)|2

5 .
This only differs from (1.29) in having |- | (absolute value) in place of (-). The
associated discrete global energy is defined by

Gd,k(U(m)) —

(1.51)

N
> "Gan(U)Ax. (1.52)
k=0

Jd(U(nL)) %

[step 24] Taking the discrete variation

As in the real-valued case, we hope to simulate the variation calculation
(1.48) which can be summarized as

L
/ {G(u+ du,ugy + duy) — G(u, uy)} do =
0

/ <5G6u + Eé ) dz + (boundary terms), (1.53)

in a discrete setting to find a discrete identity:

N

> (Gd,k(U(mﬂ)) - Gd,k(U(m))) Az =
k=0

N 5Ga
Z%N{ (O ), (U’“(mm - U’“(m)) +

7(%1‘(17 (Uk(erl) — Uk(m)) Az
(;(U(m-*-l)7 U(m))k

+ (boundary terms). (1.54)

In the above identity, there are new discrete symbols whose correspondences
are

0G4 0G
5(U(m+1)7U(m))k < Su’ (1.552)
0CGq oG (1.55b)

—_—— & —.
5(U(m+1), U(m))k ou

They are called “complex discrete variational derivatives.”
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In the case of the linear PDE (1.50), we find an identity corresponding to
(1.54) as follows.

N
Z” (Gd ROy — Gd,k(U(m))> Az

k=0

Y (WU“”“ ORI g Uk<m>|2>
2 2

k=0
N
1 U, 4+ 0
= 22“{5,:( i 5 i -5t (UM“LUk(m)) + (c.c.)
k=0

(m+1) (m)
s <Uk + Uy, ) o (Uk<m+1> _ Uk(m)) + (c,c.)} Az

2

N (m+1) (m)

_ 72// [{522> (Uk 2+ Uy ) } (Uk(m+1) _ Uk(m)> + (C.C.) Az
k=0

+ (boundary terms). (1.56)

The expression“(c.c.)” denotes the complex conjugate of the preceding term(s).
In the above calculation, a trivial identity

WEPE @0+ o

and the summation-by-parts formula (1.34) are used. As a result we find the
discrete versions of the complex variational derivatives:

§Ga _ 50 U 4 g, () (157a)
sUmtH glmy, 2 ’ '
(m+1) (m)
0Ga =5 Uk + Ui . (1.57b)
5(U(m+1)’ U(m)) 2

[step 34] Defining a scheme

With the discrete variational derivative, we define an abstract scheme anal-
ogously to (1.47).

Scheme 1.4 (Conservative scheme for (1.47)) With given initial data U®
and appropriate boundary conditions, we compute U™ by, form=0,1,2,...,

(m+1) _ g7, (m) 5
i<Uk Uk )__ __ G ., k=0,...,N. (1.58)
At 6(U(m+1)7 U(m))k
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The scheme automatically becomes conservative as follows.

PROPOSITION 1.4 Conservation property of Scheme 1.4
Scheme 1.4 is conservative in the sense that

Jo(U™) = Ju(U®), m=1,2,3.... (1.59)

PROOF By the identity (1.54), we obtain

Jd(U(m+1)) _ Jd(U(m))
N
- iZ“ (Cur@™V) — Gur(U™)) Aa
At ’ '
k=0

5Gyq Uk(m+1) - Uk(m)
"
P { U )y, ( At +lee) o A

+ (boundary terms)

— § " i
=0

M

2
+ (c.c.) p Az

2

0Gyq
(5(U(m+1), U(m))k

o

(1.60)

In the second equality the boundary terms are assumed to vanish with appro-
priate boundary conditions, and in the last equality (1.58) is used.

In the case of the linear PDE (1.50), Scheme 1.4 reads

, <Uk(m+1) _ Uk(m)> o 5Gyq B 5<2> (Uk(erl) + Uk(m)>
= =0, ,
At 5(U(m+1)’ U(m))k 2

where the concrete form of the complex discrete variational derivative has
been obtained in (1.57b). Again this is just the standard Crank-Nicolson
scheme. The conservation property is guaranteed by Proposition 1.4, where
the discrete local energy is given by (1.51).

In the subsequent chapters, we will deal with the following complex-valued
PDEs.

[complex-valued dissipative PDEs]

Ju 0G

— = L)dz < 1.61

%= s /Guu)x 0. (1.61)
This includes, for example, the complex Ginzburg—Landau equation and the
Newell-Whitehead equation.
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[complex-valued conservative PDEs]

OQu  §G d [F
TRt &/0 G(u, ug)dz = 0. (1.62)

The linear PDE (1.50) and the nonlinear Schrodinger equation belong to this
class.

1.3.3 Procedure for Systems of First-Order PDEs

The idea described in the previous sections can be also applied to the sys-
tems of PDEs. The following is an example.

Let us consider the Zakharov equations [72],

OF  O°E o*n  &n

il e
T I TOR >

82
— = —|E)? L), t 1.
at 83}2 ax2| ‘ ) T € (07 )? > 05 ( 63)

where E(x,t) is complex-valued, and n(x,t) is real-valued. The equations can
be written with variational derivatives as

E 0-i0 0 5G/SE

d|E| _|i000 §G/SE

dt|n]|] |000-1 §G/on |’ (1.64)
v 0010 0G/dv

where v(z,t) is a real-valued intermediate variable such that v; = n + |E|?,
and G(FE,n,v) is the energy function defined by

4

G(E,n,v) = |E.|? +n|E* + %(n2 + (v,)?). (1.65)

The concrete forms of the variational derivatives are

G - —

5 = ~Fos +1E, (1.66a)
5G 0G

55 = 35 (1.66b)
% =n+|E?, (1.66¢)
oG _ R (1.66d)

v
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It is easy to see that
d L
&/0 G(E,n,v)dz
L
0G OF 0GIn  6G Ov
= /0 (6E8t (c.c.) ot + 61}(%) dz + (boundary terms)
—/L —i oG 2+(CC)—EE+E§ dz
Jo OF Y dn dv o dv dn
=0.
Thus the Zakharov equations conserve the energy
4 (L
J(E,n,v) = / G(E,n,v)dz. (1.67)
0

As in the single PDE cases, we can construct discrete versions of the above
variational derivatives, 6G/JE, 6G/SE, 6G/dn, and 6G /v, by which a con-
servative scheme for the Zakharov equations can be defined. Let us denote
numerical solutions by Ek(m), (™), v,(cm). Then we follow the three steps

again as follows.

[step 14] Defining a discrete energy

We define the discrete local energy by

Ga k(B n(m v(m) =
16 B3, 2 + |6 B,

+ M| B, (M2

2
+,,(m)y2 —.(m)y2
2 2
We define the discrete global energy accordingly by
W
Jd(E(m)7 n(™ (M) = Z”Gd’k(E(m), n(™ M)Az (1.69)
k=0

[step 24] Taking the discrete variation
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Taking discrete variation, we have

] =

I {Gd}k(E(m+1)7n(m+1)7v(m+1)) _ Gd’k(E(m)7n(m)’v(m))} Az

k=0
" Ga (m+1) _ (m)
fz { (m+1) E™), (Ex E,™)
0G,
+— 4 (0D _ g
5(E(m+1),E(m))k
6Gd (m+1) (m)
+5(n(m+1)7n(m))k(nk =)
6Gd (m+1) (m)
TS gy, Gk U ) AT (1.70)
where
0Ga __s@ B 4 g m)
S(ECT EM), 2

B.0m g, (m) (m+1) (m)
+< b ; k (nk ;”’“ ),(1.71a)

__%Ga __ _ 9Gq (1.71b)
5(E(m+1)7E(m))k n 5(E(m+1)7E(m))k ) .
5Gd nk(m-i-l) T nk(m)
5(n(m+1)7n(m))k o 2
E (m+1)2 E (m)|2
B 2+| il (1.71c)
(5Gd B 2) (m+1)+ (m)
5ot gy, Ok 2 ' (1L.71d)

They are obviously discrete analogues of (1.66a) through (1.66d).
[step 34] Defining a scheme

With the discrete variational derivatives, we define a numerical scheme.

Scheme 1.5 (Conservative scheme for the Zakharov equations) With
given initial data E(O),n(o),u(o) and appropriate boundary conditions, we
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compute numerical solutions by, for m =0,1,2,...,

' <Ek(m+1) _ Ek(m)> 5Gq
1

(S(E("H_l), E(m))k

_ 5(2) (Ek(m"’l) _|_Ek(m)> N (Ek(m) +Ek(m)> (nk(m'H) +nk(m)>
= -0, 7

At -

2 2 2
(1.72a)
ng, (MY g, (m) _ 0G4 _ 52 M (1.72b)
At O(p(m D) ), — Ok 2 -
v;im+1) _ Ul(cm) B 5G4
At — §(nlmtD) plm),
(m+1) (m) E (m+1) 2 E (m)|2
o 2+nk L B |2+| ol (1.72¢)

where k =0,...,N.

Then the scheme automatically becomes conservative as follows. We omit the
proof, which is again the discrete analogue of the continuous version.

PROPOSITION 1.5 Conservation property of Scheme 1.5

Scheme 1.5 is conservative in the sense that
Jo(E™ n(™ 4m)) = Jy(E® n© @) m=1,2,3.... (1.73)

More general cases are described in Chapter 2, and the procedure is pre-
sented in Chapter 3.

1.3.4 Procedure for Second-Order PDEs

So far the first-order PDEs of the form u; = - -- have been considered. Let
us consider next the cases where uy; is concerned; we call such PDEs second-
order. Let u(x,t) be a real-valued function, and suppose that a real-valued
function G(u,u,) is given. We here consider the PDE of the form

2
%‘:—%, z e (0,L), t>0. (1.74)

This PDE has a conservation property

d (" (u)? o 5G
@ ), { ( ;) + G(u, um)} dz = /0 (utt + (Su) uy do + (boundary term)
=0, (1.75)
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provided some appropriate boundary conditions are given. This class of PDEs
includes, for example, the linear wave equation

Ou  0%u (uz)?

Obviously the procedure used so far cannot be applied as is, since the
conservation property (1.75) now includes not only G(u, u,) but also u; in its
integrand. In order to handle these problems, we have two options.

e We can consider directly the variation process with respect to the global

energy: S & /L {(u,s)z  Gluu )}dx. (1.77)
0 2 o

Q.

e Otherwise we can introduce a new variable v = wu; to rewrite the equa-
tion into a system of first-order PDEs. The advantage of this option is
that in this way we can avoid the explicit appearance of u; in the energy
and thus can apply the known procedure.

We demonstrate these two options below in turn. Let us first consider the
first option.

[step 14] Defining a discrete energy

(m+1)

We define a discrete local energy G4, again replacing u with Uy and

Uk(m), and u, with some differences.
In the case of the linear wave equation, let us define a local energy as

Gar (U™, U™)
1{((52~Uk(m+1))2+(61€—Uk(m+1))2>
4

I

2
n ((6;:Uk<m>>2 + (6kUk"">>2> } | (1.78)

2

and accordingly a global energy as

Jd(U(m+1), U(m))

N 2
1 (. (m+D) _ 7, (m)
> 2( b X b + G (U Uy Y Az (1.79)
k=0

e

Note that now the discrete local energy function is defined with two numerical
solutions; this is a trick in order to consider the direct variation of (1.77). Its
detail is left to Chapter 3.



Introduction and Summary 29
[step 24| Taking the discrete variation
Let us first recall the continuous case. The variation becomes
p! 2 1 2
/ {Q(Ut + 0ut)” 4+ G(u + du, ug + duy) — §(ut) — G(u, um)} dz
0

L 6G
= / <ut5ut + 65u> dz + (boundary term) + O(d6u?),  (1.80)

0 u

which implies when du/At — u; (as At — 0),

d L e
—J(u) = / (utt + ) ugdz + (boundary term). (1.81)

By copying this calculation, we see for the term u;?/2

AR { (G5U™)? (60D }
0

— 2 2
N (m) (m—1)

=5 {5; (Uk +2Uk ) Lo (Uk“”) - U;Jm*”) } Az
k=0
N (m+1) _ (m—1)

=Y {6§3>Uk<m> : (U’“ Uk ) } Az, (1.82)
k=0 2

and for G

N
Z " {Gd,k(U(m+1)7 U(m)) _ Gd,k(U(m), U(m—l))} Az

k=0
- XN:// { 0Gaq (Uk(mH) - Uk(m_1)> } Az

port 5(U(m+l), U(m)’ U(m—l))k 2

+ (boundary term). (1.83)

The operator d,!, is the first order difference operator in time direction (see (1.27)).
The detail of this calculation will be shown in Section 3.5.1. The last equality
should be regarded to define the discrete variational derivative:
0Gq
5(U(m+1)7 U(m)7 U(m—l))k’

as in (1.32). Since the discrete variational derivative refers three numerical
solutions, we call it the “three-points discrete variational derivative,” to dis-
tinguish it from the standard discrete variational derivatives which refer only
two solutions. (We do not further get into the detail of the new concept here.
See also Section 1.4.2.)
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In the case of the linear wave equation, it becomes

N
Z " { U(m+1) U m)) Gd,k(U(m)7 U(mfl))} Az

k=0

1 m m—
gZ”{w:Uk( )2 — (U
k=0

+(5—Uk(m+1))2 - (6I€—Uk(m71))2} Az
N
_ Z {5+ (U (m+1) 4 Uy (m— 1)) 5;(Uk(m+1) _ Uk(m—n)

+0; (U 4 L) (O — )} A

N

1

_ _12 :// {6é2>(Uk(m+1) + Uk(m—l)) i (Uk(m+1) _ Uk(m_l))} Az
k=0

+ (boundary term)

N m m— . .
_ Z”{(sl(f) (Uk( +1) ;Uk( 1)) . (Uk( +1)2Uk( 1)>}A$
k=0

+ (boundary term). (1.84)

Again we used the summation-by-parts formula (1.34). Thus we find that

(m+1) | g7, (m=1)
0Ga - —52 (U’“ U ) . (1.85)

5(U(m+1), U(m)’ U(m—1 i 2
[step 34] Defining a scheme

Corresponding to the continuous equation (1.74), we define a discrete scheme
as follows.

Scheme 1.6 (Conservative scheme for (1.74)) With given initial data U®,

UY and appropriate boundary conditions, we compute numerical solutions
by, form=1,2,...,

Uk(m+1) — QUk(m) + Uk(m_l) _ 060Gy
(At)2 - 6(U(m+1)7 U(m)’U(m—l))k

, (1.86)

where k =0,...,N.

Then the scheme automatically becomes conservative as follows. We omit the
proof.
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PROPOSITION 1.6 Conservation property of Scheme 1.6
Scheme 1.6 is conservative in the sense

JoUmt) gty =, o®,u®), m=123.... (1.87)

In the case of the linear wave equation, Scheme 1.6 reads

U0 — 20 ™ + Gy (Y T
(At)2 - Yk 9 ) ('88)

whose conservation property is guaranteed by Proposition 1.6 with the energy
function (1.78).

Next, let us here adopt the second option. By introducing a new variable
v(x,t) = uy, we can rewrite the equation (1.74) into a system of first-order
PDEs:

ou
E =, (1893,)
ov 0G

If we introduce a “modified local energy”

- 2

G(u, ugz,v) = % + G(u,u,), (1.90)
we can rewrite the equations (1.89) as a system of first-order PDEs:

ou  0G

- = 1.91
ot ov’ (1.912)
g 9G
@9 1.91
ot ou (1.91b)
Then let us define a global energy associated with (1.91) by
a [t
J(u,v) = / G(u, uy,v)da. (1.92)
0
The conservation property (1.75) is then
gJ(u v)=0 (1.93)
a7 '

In the case of the linear wave equation (1.76), the modified local energy

becomes ) )
G (u, ug, v) = % n (“;) . (1.94)

Let us construct a conservative scheme to the equations (1.91).
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[step 14] Defining a discrete energy

We define a discrete modified local energy éd, again replacing u,v with
U™, Vk(m), and u, with some differences

In the case of the linear wave equation, let us define a modified local energy
as

V(m) 2 ST, (M2 STULm)
Gdk(U(m) V(?n)) % ( ) 4= (( k Yk ) ( k ) ’ (195)
2 2 2
and accordingly a global energy as
4oL, ~
JaU™ VM) =3 "1Gy (U™, V) Az, (1.96)
k=0
[step 24] Taking the discrete variation
We aim at the identity
/ é(u + du, uy + Sy, v + Iv) é(u Uy, v)dx
0
= / <6G5 + 8G(5v> dz + (boundary term), (1.97)
o \ Ou 0

in a discrete setting. For the purpose, we consider the difference

M=

" {éd,k(U(m+1)7 V(m-‘rl))

S
I

0

i{ 3G

. (m+1) U(m) )

_ éd’k(U(m)’ V(m))} Az

(Uk(m+1) _ Uk(m))

6Gq (m+1) (m)
+6(V(m+1)’ V(m))k (Vk - Vk ) A{E
+ (boundary term)

(1.98)
to find the discrete variational derivatives
Jéd d 5éd
5(U(m-i-1)7 U(m))k an

5(V(m+1)’v(m))k'
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In the case of the linear wave equation, it becomes

" {Gqu(U("H—l)y V(m+1)) _ éd,k(U(m); V(m))} Az

M=

=~
Il

0

N m—+1 m
Z”{ v, “) ()
2

0
1 (5]«:Uk(m+1))2 + (§;;Uk(7n+1))2
3 2

L (GO G U
2 2
N (m+1) | 1-(m)
Vi V m
Z”{(* e )(v,i’"“’v; )

k=0
(m+1) (m)
_ 5I<€2> (Uk + Uy > ) (Uk(m+1) B Uk(m))} Au

2
+ (boundary term). (1.99)

Again we used the summation-by-parts formula (1.34). Thus we find that

5Gq _ 5 Ut + U, (1.100a)
s ylmy, — Tk 2 ’ e

5Gq AR AL (1.1000)
5(V(m+1), V(m,))k - 2 : :

[step 34] Defining a scheme

Corresponding to the continuous equations (1.91), we define a discrete
scheme as follows.

Scheme 1.7 (Conservative scheme for (1.91)) With given initial data
U(O), VO and appropriate boundary conditions, we compute numerical so-
lutions by, form =0,1,2,...,

Uk(m-i-l) _ Uk(m) _ 56?(1 (1.101a)
A SV V), |
m+1) m G
Vk( _ Vk( ) _ 0Gq (1.101b)
Al (5(U(m+1)7 U(m)>ka .

where k =0,...,N.
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Then the scheme automatically becomes conservative as follows. We omit the
proof.

PROPOSITION 1.7 Conservation property of Scheme 1.7
Scheme 1.7 is conservative in the sense

JoUu™ vy = U@ v©O®) m=123.... (1.102)

In the case of the linear wave equation, Scheme 1.7 reads

U 5Ga e (1.103a)
At 5(V(m+1)’v(m))k 2 ’ .
pm) _ym 8Gq
At C s Ut
U, (m+1) g7, (m)
_ 5 ( i 2+ K ’ (1.103b)

whose conservation property is guaranteed by Proposition 1.7 with the energy
function (1.95).

Other examples of the PDEs (1.74) will be described in Chapter 2. More rig-
orous procedures of constructing conservative schemes will be given in Chap-
ter 3.

1.4 Advanced Topics

So far we have glanced through the basics of the discrete variational deriva-
tive method and its various examples. In this section we briefly comment on
more advanced topics that will be covered in the second part of this book.
The topics are on the designs of higher-order schemes (Section 1.4.1, whose
detail will be given in Chapter 5), linearly implicit schemes (Section 1.4.2,
Chapter 6), and other remarks (Section 1.4.3, Chapter 7).

1.4.1 Design of Higher-Order Schemes

Dissipative or conservative schemes designed with the standard discrete
variational method are usually second-order both spatially and temporally;
that is,

U™ — u(kAz, mAt)| = O(Az?, At?). (1.104)
If more accuracy is demanded, we can increase the order under appropriate
conditions. Below we try to give the readers a picture of these high-order
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schemes. The full description inevitably requires a set of new concepts and
discrete symbols; that is left to Chapter 5.

1.4.1.1 Design of Spatially High-Order Schemes

In designing spatially high-order schemes, we make one big assumption:
we assume the periodic boundary condition. This is to utilize the high-order
: (1),2p
difference operators, 6, (

first three of which are

the superscript 2p denotes the spatial accuracy),

1 1
5fe+1 — 5 k-1

ond: {12 f, = L (1.105a)
X
1 2 2 1
— oo+ 2t — 2ot + i fie
ath: 504, = plLae) Bf’““Ax sfeit gk L (1.105b)
1 3 3 3 3 1
6th: 600 £, — gofks — sofkr2 + Tt — $fe—1 + 56 k-1 — g5 fk-3
k Az ’
(1.105¢)

Note that the subscript k& of the operator denotes that it operates on the
spatial subindex k. These operators are 2p-th order approximations of 9/dx,
ie.,

WP u(k Az, t) = ug(kAz, ) + O(Az™). (1.106)

These operators include as a special case p = oo the so-called “spectral differ-
entiation” operator:

51 = (F~1DF)y, (1.107)

where ' is the matrix of the discrete Fourier transform, and D is, roughly
speaking, a diagonal matrix with the elements (D),; = ij (see Chapter 5 for
exact definition). The spectral differentiation operator is quite accurate in
the sense that the discretization error decreases exponentially as Ax — 0, as
far as the target function is sufficiently smooth. Note that the more the order
2p is increased, the more the number of the referenced points becomes. In
particular, the number of the points outside the original domain 0 < k < N,
which are referenced unexpectedly by such a “wide” difference operator, in-
creases, and it becomes extremely difficult to eliminate them with the limited
number of discrete boundary conditions. The periodic boundary condition is
assumed for simplicity so that we can forget this issue.

Rewriting the procedure of the standard discrete variational derivative
method with the high-order difference operator 6,il>’2p , we obtain a new pro-
cedure for a spatially higher-order discrete variational derivative method. Let
us see this in the case of the first-order real-valued PDEs:

ou G
— = — L . 1.2
5t S0 ze€(0,L), t>0 (1.23)
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We pick the linear diffusion equation again:

ou  0%u

as a concrete example, which is of the form (1.23) with G(u,u,) = (uy)?/2.
[step 14] Defining a discrete energy
By simply replacing v in G(u, u,) with U™ and u, with 5,<€l>’2pUk(m), we

obtain a discrete energy G4(U™).
For the linear diffusion equation, we define a discrete local energy by

m 1 m
Gd,k(U( )) — 5(5;@1)’%[]%( L))27 (1.108)
and the corresponding discrete global energy by
N
Ja(U™) = ""Gq n(U™)Ax. (1.109)
k=0

[step 24] Taking the discrete variation

We find an identity

N
Z" (Gd,k(U(mH)) - Gd,k(U(m))> Az =

k=0
N
0Gq
" m—+1 m
— —— (U, — 1, ™) Az, (1.110)
’;O (5(U( +1),U( ))k( )

by calculating the difference in the left hand side. Note that this seems to be
identical to the identity (1.32) in Section 1.3.1, but now the spatial difference
operator in the discrete variational derivative is replaced with higher-order
one, and the boundary terms are trivially canceled due to the discrete periodic
boundary condition.

In the linear diffusion equation case, the above identity becomes

N
Z// (Gd,k(U(m+l)) o Gd,k(U(m))> Az

N m ) m
- Z// <(51<cl>’2pUk( )2 (5;<€1> >y, ))2> Az
2

N (m+1) (m)
_ Z// {51(:),2;; (Uk 2+ Uy ) .615:1),21)(Uk(m+1) N Uk(m))}

2 (m+1) (m)
/ {(5121),2;:) (U;C 2+ Uy )} (Uk(m+1) . Uk(m))A:v.

(1.111)

|
=
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Here we used a summation-by-parts formula with respect to 5}21),2;; :

N N
SO g = =3 " fi(88 P g A, (1.112)
k=0

k=0 =

which holds under the discrete periodic boundary condition. Thus, we find a
discrete variational derivative.

5 2 [, (m+D) | g7, (m)
Ga - (5,2”’2”) Un 77 #U7 (1.113)
6(U(m+1), U(m))k 2

[step 34] Defining a scheme
With the discrete variational derivative, we define a scheme.

Scheme 1.8 (Spatially high-order dissipative scheme for (1.23)) With
given initial data U and appropriate boundary conditions, we compute U™
by, form=0,1,...,

Uk(m+1) o Uk(m) (SGd
= — =0,...,N. 1.114
At sUttY pm)y,’ k=0,..., ( )

Then the scheme automatically becomes dissipative as follows.

PROPOSITION 1.8 Dissipation property of Scheme 1.8
Scheme 1.8 is dissipative in the sense that

JaUmDYy < g™, m=0,1,2.... (1.115)

PROOF It is straightforward by the identity (1.110). I

In the case of the linear diffusion equation, with the discrete derivative
(1.113), Scheme 1.8 becomes

Ut — ) 0G4 _ (5022 U + U,
At n _(;(U(m-ﬁ-l)7 um)y, (67 2
(1.116)
The dissipation property is guaranteed by Proposition 1.8, where Gd,k(U(m))
is given by (1.108).
It can be proved that Scheme 1.8 is really spatially high-order just by con-
sidering Taylor expansion (see Chapter 5). The above procedure can be easily

extended to other types of PDEs.
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1.4.1.2 Design of Temporally High-Order Schemes

Accuracy in time direction can be increased in two ways; by utilizing the
“composition method,” and by generalizing the concept of discrete variation
to temporally high-order ones.

1.4.1.2.1 By the composition method Suppose that we already have
a second-order dissipative or conservative scheme, which is obtained by, for
example, the standard discrete variational derivative method. Then, by the
so-called “composition method,” we can easily increase its temporal order to
4th, 6th, and so on.

The composition method was first introduced independently by Suzuki [157]
and Yoshida [168], for high-order numerical integrators of ordinary differential
equations, and then further developed by various authors. The method is
based on the decomposition of exponential operator. In the easiest case, it
reads:

Suppose we have a second-order temporally-symmetric integrator
(AL) : U™ — U+,

Then, a composed integrator : ¢(c1 At)p(caAt)p(c1 At), where ¢ ~
1.3512072, co ~ —1.7024143, is a fourth-order integrator.

The composition method is quite simple, at least from the practical point of
view; we just use the second-order scheme repeatedly with the specified time
steps, and that automatically makes a fourth-order scheme. If we already
have a program code for the second-order scheme, we can easily update it
for the fourth-order scheme just by adding a few lines. In a similar manner,
we can obtain higher-order schemes. For more complete description of the
composition method, see Chapter 5.

It is obvious that when we apply the composition method to a conservative
second-order scheme, the resulting fourth- and higher-order schemes automat-
ically become conservative as well.

The composition method has, however, two disadvantages. One is that the
computational cost considerably increases as we repeat the composition. For
example, it is obvious that the fourth-order scheme obtained in the above way
requires as three times much cost as the second-order one for the same single
step of At. The other disadvantage is that basically the scheme cannot be
applied to dissipative problems. In any composition method, there is at least
one negative step, where the time mesh size must be chosen to a negative
value. This negative step can destroy the overall dissipation property, even if
the original second-order scheme is strictly dissipative.

1.4.1.2.2 By generalizing the discrete variation process The second
way of designing temporally high-order schemes is to generalize the concept
of discrete variation so that it allows temporally high-order approximations.
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The new procedure in this case, however, becomes far more complicated than
any of the procedures mentioned so far. We here describe the outline briefly.

The basic idea is, as in the spatially high-order case, to introduce temporally
high-order difference operators, say 55,?’(1 (the superscript ¢ denotes the tem-
poral accuracy), and rewrite the whole procedure with them. Note that the
subscript m denotes the time subindex m. As opposed to the spatially high-
order case, this update requires a completely new discrete variation process
as follows.

N
55,?"12 //Gng(U(m))Al‘
k=0

N 6G
=>" ( T e ~6§é>’QUk<m>> Az + (boundary terms).
= \o(U ,oonU )k

(1.117)

This is a generalization of the standard discrete variation, for example (1.32).
Note that the difference (U, ™+ — U,™) in (1.32), which implicitly means
that the resulting scheme is second-order, is now replaced with higher-order
difference operator oS4 The symbol

0G4
5(U(7n+lg)7 e U(nL—ll))k

is a temporally high-order discrete variational derivative, which is also a gen-
eralization of the standard discrete variational derivative

0Gy
5(U(m+1)’ U(m))k :

To answer the important question whether it is always possible to find a tem-
porally high-order discrete variational derivative which satisfies the discrete
variation identity (1.117) is not an easy thing. The answer is, however, fortu-
nately yes; it will be discussed in Chapter 5.

If we admit that we can find such a temporally high-order discrete varia-
tional derivative, we can define a temporally high-order dissipative or conser-
vative scheme with it. For example, for the first-order real-valued dissipative
PDE (1.23), a temporally high-order dissipative scheme is given as follows.

Scheme 1.9 (Temporally high-order dissipative scheme for (1.23))
Suppose we are given initial data U(O), U(l), ceey U(lfz), where [ is the number

of points that the temporally high-order difference operator (5,@"1 refers, and
appropriate boundary conditions. Then we compute U(l_l), U(l)7 ..o by

5G4
sUutmt) gty

sihagr, (m = ; k=0,...,N. (1.118)
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PROPOSITION 1.9 Dissipation property of Scheme 1.9

Scheme 1.9 is dissipative in the sense that
s (U™ <o. (1.119)

We can combine spatially and temporally high-order techniques to obtain
dissipative or conservative schemes which are high-order both spatially and
temporally. The detail will be given in Chapter 5.

Finally, we would like to briefly compare the two approaches of designing
temporally high-order schemes: one by the composition method, and one by
the method presented here. As noted in the preceding paragraph, the com-
position method has two drawbacks: relatively high computational cost and
incapability of handling dissipative problems. These are not problems in the
second approach; the computational cost will not increase practically even if
the order is increased, and it can handle dissipative cases as well. On the
other hand, the second approach has its own difficulty that its procedure is
quite complicated and not easy to implement on computers, while the imple-
mentation of the composition method is always easy.

REMARK 1.3 The high-order technique described here was first intro-
duced for ordinary differential equations in Matsuo [114]. There he considered
dissipative or conservative ordinary differential equations and their high-order
discretizations inheriting the dissipation or conservation property. To under-
stand the basic idea of the temporally high-order technique, it is better to
first consult this paper, since the situation is much simpler in ODE cases. I

1.4.2 Design of Linearly Implicit Schemes

Various conservative or dissipative schemes we have seen so far were basi-
cally nonlinear; that is, they form systems of nonlinear equations at each time
step, and some iterative solver such as the Newton method is indispensable in
time evolution process. This can be quite time-consuming when the problem
is large. In this subsection we are going to see that by a simple trick we can
avoid this difficulty; we can make linearly implicit schemes while keeping the
desired conservation or dissipation property in some sense. This is a short
summary of Chapter 6.

Before starting, we would like to clarify the difference between “linear vs.
nonlinear” and “explicit vs. implicit,” to make our point clear. We call a
scheme linear if the scheme is linear with respect to the unknown variable,
i.e., the approximate solution at the next time step; if not, we call it non-
linear. We call a scheme implicit if we need to solve some equation to know
the value of the unknown variable; if not, we call it explicit. As opposed
to the definition of linearity /nonlinearity, which is simple, the definition of
implicitness/explicitness requires further consideration.
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Implicitness can come from two different sources: (i) from nonlinearity, pos-
sibly inherited from the original PDE; and (ii) from any couplings between
equations with respect to the spatial subindex k, which are often caused by
spatial difference operators, such as 5;2>. These different types of implicitness
can occur independently. We must always make sure what type(s) of im-
plicitness we are facing. We summarize the four possible types of numerical
schemes in Table 1.1.

TABLE 1.1: Classification of numerical schemes

Name Nonlinearity Implicitness Type of Imp.
Explicit linear explicit —_—
Linearly implicit linear implicit (i)
Nonlinear (uncoupled) | nonlinear implicit (1)
Nonlinear (coupled) nonlinear implicit (1)+(ii)

Let us cast a glance at the four cases in turn, taking the nonlinear PDE:

ou O%u
5= u? (1.120)

as an example.

e Fuxplicit schemes are the schemes where we can directly compute the
unknown variable without solving any equations. They are quite fast,
but often unstable. For example, a scheme for the above PDE,

Uk(erl) _ Uk(m)

At =5 U ™ — (™),

is explicit.

e Linearly implicit schemes are the schemes where we need to solve a
system of linear equations in each time step. They can have both ad-
vantages of explicit and nonlinear schemes; they are usually cheaper
than nonlinear (coupled) schemes, and often more stable than explicit
schemes. For example, a scheme for the above PDE,

U0 — U™ oy (Y U (U3
At k 2 k ’

is linearly implicit. Note there is a term 5,22>Uk(m+1)

scheme implicit.

, which makes the
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e Nonlinear (uncoupled) schemes are the schemes where we have to solve
nonlinear equations in each time step, but each equation in the system
can be solved independently. For example, a scheme for the above PDE,

Uk(m-H) _ Uk(m)
At

=5PU, ™ — (U, mt))3,

is nonlinear but uncoupled. Observe that the spatial difference operator
5,22) which can cause the coupling of equations does not operate on
Uk(m+1), thus the equations are not coupled with each other. These
types of schemes are often as cheap as linearly implicit schemes, but
rarely used because they are not much more stable than explicit schemes.

e Nonlinear (coupled) schemes are the schemes where we have to solve a
system of nonlinear equations in each time step. Generally this type
of numerical scheme is the most expensive but most stable. When we
simply say “a nonlinear scheme,” we usually mean this type of scheme
(it is also often called as a “fully implicit scheme”). A scheme for the

above PDE,
3
Uk(m+1) _ Uk(m) 5 Uk(m+1) + Uk(m) - Uk(m+1) + Uk(’")
At Tk 2 2 ’

(1.121)

is nonlinear and coupled. Note that the difference operator (5,<€Q> causes
couplings of the equations.

When we apply the standard discrete variational derivative method to a
linear PDE, we obtain a linearly implicit scheme. The implicitness is caused
by the spatial difference operators, inherited from the original PDE. In the
case of a nonlinear PDE, we will always obtain nonlinear (coupled) scheme.
The nonlinearity and the spatial couplings of equations are both inherited
from the original PDE.

As we focus on dissipative or conservative schemes, being nonlinear and cou-
pled is not necessarily bad news, because dissipative or conservative schemes
are usually quite stable and thus time mesh size can be large to reduce
the overall computational cost. It is also possible to design linearly implicit
schemes for nonlinear problems, which are still dissipative or conservative in
some sense. We can also design explicit, or nonlinear but decoupled schemes,
but from the view point of stability, we mainly focus on linearly implicit ones
throughout this book. In what follows, we briefly explain how linearly implicit
dissipative or conservative schemes can be designed for nonlinear problems.

Let us consider the nonlinear PDE:

2
% - % —43,  2ze(0,L), t>0, (1.120)
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which belongs to the class of dissipative PDEs (see Section 1.3.1):
ou 0G

with ) .
Glu,uy) = (“;’) n UZ‘ (1.122)

Let us consider first the nonlinear dissipative scheme obtained by the pro-
cedure described in Section 1.3.1. To this end, let us define a discrete local
energy by

1 [ (st (m)2 57U (M2 U7, (m)y4
Gapoimy & L (O U7+ O )T | (U™)T g g
' 2 2 4
Then we obtain the nonlinear coupled scheme:
Ut — g _ 5@ U, +
At k 2
(U2 + (@) (T 4 0,
- 2 2 ’
(1.124)
which is dissipative in the sense that
N N
D G (UTTN)AT <3 Gap(U™)Az, m=0,1,2,.... (1.125)
k=0 k=0

Now observe carefully how nonlinearity is “passed down” from the energy
function G(u,u,) to the resulting PDE, and at the same time, the discrete
energy function G4 to the scheme. In the continuous case, the equation (1.23)
is defined with the variational derivative of the energy GG. Because variational
derivative is a kind of derivative with respect to u, the nonlinearity in the
resulting PDE, u3, is one order lower than the nonlinear term in the energy,
u*/4. In the nonlinear scheme case, the highest nonlinearity in the resulting
scheme, (U, ™*1)3/4, is also one order lower than the nonlinear term in the
discrete energy, (Uy™)*/4. This is natural since discrete variation process is
just a discrete version of variation. Thus we reach an important observation:

[Key observation]
The order of nonlinearity in the resulting scheme is always one
order lower than in the discrete energy.

This observation, in turn, suggests the next strategy for designing linearly
implicit schemes.
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[Ideal
To design a linearly implicit scheme, the nonlinearity in the dis-
crete energy should be quadratic at most.

In the case of the nonlinear PDE (1.120), the quartic nonlinearity,
(Uk(m))4/4, in the discrete local energy (1.123) should be reduced to quadratic.
For the purpose, let us define a slightly different discrete local energy as fol-
lows.

4

6+U (m+1)
Gar@D, U™) L 2 <( : )2

(6, U+ 1)? )

1 (602 + (6, U ™)
4 2
(m+1)\2(77 (m)\2
4+ O )4(U’“ sy (1.126)

Note that this discrete energy is defined with two consecutive approximate
solutions Uy, ™Y and U, ™, where previously it was defined with a single so-
lution Uy, (™). With this trick the quartic nonlinear term is now quadratic with
respect to the newest value U, ™+ (i.e. the term (U, ™ F)2(U,™)2/4). We
define associated discrete global energy by

N
> G (U UM™) AL, (1.127)
k=0

1IE

Jd(U(m"H), U(m))

which accordingly refers two approximate solutions.

Let us consider discrete variation of Gq(U™*Y U™). We consider the
difference

M=

" (Gd’k(U(m+1), U(m)) _ Gd,k(U(m)y U(mfl))) Az

i//{ ( 5+U (m+1)) (5]-:Uk(m—1))2>
2

k=0
L (@Uk(’"*”)? - <6kUk<’"—”>2>

x>
Il

0

4 2

(m)\2
+(UkT) ((Uk(m+1))2 _ (Uk(mfl))Z) } Az (1.128)
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_ f:’/ Ls+ U 4+ U 5T Uyt — g, Y
P 9 k 2 k 2
. }5— U, (m+ 4, (m=D 5 U, (m+h) _ gy, (m=1)
2 k 2 k 2
(m+1) (m—1) (m+1) (m—-1)
o (B (i

N _ _
U (m+1) U (m—1) U (m+1) U (m—1)
- 2"{—62” ( RO L oy (B
k=0
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2

m+1) m—1)
X (Uk 5 Uk ) Az + (boundary terms). (1.129)

In the last equality we used the summation-by-parts formula (1.34). As-

suming some boundary condition with which the boundary terms vanish, we
can summarize the above calculation as

N
Z// ( m+1)’ U(m)) o Gd,k(U(m), U(mq))) Ar —
k=0

N

> st (U’“(mﬂ) - Uk(ml)) Az, (1.130)
Pt (5 (m+1) U(m) U(m 1)) 2 s

where

6Gq
5(U(m+1)7 U(m)’ U(mfl))k

U (m+1) 4y, (m=1) U, (m+l) o gy, (m=1)
_§]iz>< k -QF k 4 (U my [ + Us

2

1

(1.131)
is a discrete variational derivative.

With the three-points discrete variational derivative (observe that it de-
pends on three numerical solutions) we define a scheme as follows

Scheme 1.10 (Dissipative scheme for (1.120)) Suppose that the initial
data U and the starting value U are given, and appropriate boundary
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conditions are set. Then we compute numerical solutions by, form =1,2,.. .,

Uk:(m+1) _ Uk(m_l) . 6Gd
2A¢t o 5(U(m+1)’ U, U(mfl))k
(m+1) (m—1)
_ 5}(3) <Uk + Uy )
2
. U (m+1) +U (m—1)
_ (Uk( ))2( k 5 k :
k=0,...,N. (1132

Then the scheme automatically becomes dissipative as follows.

PROPOSITION 1.10 Dissipation property of Scheme 1.10
Scheme 1.10 is dissipative in the sense that

JoUmt) gy < jy o™ um), m=1,2,3.... (1.133)

PROOF  Straightforward from the discrete variation equation (1.130). I

Observe that Scheme 1.10 is linear with respect to the unknown variable
U™+ | as expected.

The above idea can be further extended to more general cases where higher
order nonlinearity involves. There, the concept of “three-points discrete varia-
tional derivative” will be further generalized to “multiple-points discrete vari-
ational derivative.” This topic is fully discussed in Chapter 6.

REMARK 1.4 By slightly modifying the definition of discrete local en-
ergy, we can obtain various schemes that preserve the desired dissipation
property in some ways. For example, if we start with a discrete local energy:

Gup(uim gomy & L (OO YGEO) + (6 U™ ) (3, Ue™)
d,k s =3 5
U (m+1) 4 U (m) 4
+ )8+( L (1.134)
we obtain a nonlinear uncoupled scheme
Uk(m-i-l) _ Uk(m—l) B 3Gy
2At B S+ g ylm=1)y,
_ 5@ ((Uk(m+1))2+(Uk(m—l))2> <Uk(m+1)+Uk(m_1)>
=6,"'Up,\™ — . : ’

(1.135)
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which is still dissipative in the sense that
Jo(Umt) gy < o™ um), m=1,2,3....
Note that Jq is defined with the local energy (1.134). I

REMARK 1.5 Similarly to Remark 1.4, if we start with a discrete local
energy:

11ES

Gd,k(U(m+1), U(m))

1 ((5;Uk<m“>)(5;Uk<m>) + (67 U DY (61 U,Jm)))
2 2

(Uk(erl))Q(Uk(m))Q

+ 1 )

(1.136)

then we obtain an explicit scheme

Uk(m+1) _ Uk(m_l) 5Gd

2AL - 5(U(m+1), U(m), U(mfl))k
U + Uk(m1)>

= 5’(€Q>Uk(m) — (U ™)2 ( .

(1.137)
which is still dissipative in the sense that

JoUmY gty < o™ umy om=1,2,3....

REMARK 1.6 As Remark 1.4 and Remark 1.5 show, we can design
various types of dissipative or conservative schemes by considering different
forms of discrete local energy. But we must note that in the linearly implicit,
or explicit or nonlinear unncoupled schemes, the dissipation or conservation
properties do not necessarily guarantee the stability of approximate solution.
We will consider this issue in Chapter 6.

1.4.3 Further Remarks

The last chapter of this book, Chapter 7 is devoted to further remarks on
the discrete variational derivative method. There, the following topics are
covered.

1.4.3.1 Solving Nonlinear Equations

As mentioned earlier, the DVDM schemes usually inherit nonlinearity from
nonlinear PDEs. One way of avoiding the heavy computational cost—the
linearization technique—has been introduced in Section 1.4.2.
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A simpler solution is to employ modern, efficient solvers for nonlinear equa-
tions. In Section 7.1, some information on this issue is summarized.

1.4.3.2 Galerkin Version of the DVDM

So far we have basically limited ourselves to spatially one-dimensional prob-
lems, and this is also our basic focus throughout this book.

It is, however, quite straightforward to see that the method can be extended
to two- or three-dimensional problems, as far as rectangular spatial domains
and their uniform rectangular meshes are sufficient for required analysis. An
example will be shown in Section 4.1.1, where the Cahn—Hilliard problem is
also considered on a rectangular domain.

Another natural way of extending the method is to switch to the Galerkin
(or more specifically, finite element) framework in place of finite difference. A
brief explanation on this extension will be given in Section 7.2. Several ex-
amples including the Ginzburg-Landau equation on two-dimensional domain
describing superconductivity are shown.

1.4.3.3 Extension to Non-Uniform Meshes

In this last subsection, Section 7.3, we will briefly mention another extension
for two-dimensional problems: the extension to non-uniform meshes. More
specifically, here we consider Voronoi meshes and special finite differences on
them such that a certain “summation-by-parts” formula holds.

Quite recently (as of writing this book) many related studies have been
carried out on such special finite differences; they are called (depending on
the context) “compatible spatial discretization” or “mimetic discretization.”
Interested readers may refer to the references mentioned in Section 7.3.



Chapter 2

Target Partial Differential Equations

In this chapter we summarize the target partial differential equations
(PDEs) of the discrete variational derivative method. In short, they
are the variational PDEs that are defined with variational derivatives
of some “energy” functions. The PDEs fall in four categories: first-
order (i.e. with u; only) real-valued PDEs, first-order complex-valued
PDEs, second-order (i.e. with u) real-valued PDEs, and finally sys-
tems of the first three types of PDEs.

2.1 Variational Derivatives

Let us commence by briefly reviewing the concept of variational derivatives.
Let u(z, t) be a function of (z,t) € [0, L] x[0, 00), and G(u, u,) be a real-valued
function of w,u,. We often call G “local energy.” We then define a “global
energy”’ by

J(u):/o G(u, uy )dz. (2.1)

Below we consider three cases: when u is a real-valued scalar function, a
complex-valued scalar function, and vector of real- and complex-valued func-
tions.

Suppose v is a real-valued scalar function. The variation of the global
energy J(u) is defined with the Gateaux derivative:

L G(u+en,ug +eng) — Glu,uy)

6J(u;77)zsh_r% ; . dz
_/L aﬁ _A'_aﬁ dﬂl‘
LroGg 9 aG oG 1*
- (m‘wm)”d“[aum”]o’ 22

where 7 : [0,00) x [0,L] — R is a smooth function, and ¢ € R. Then the

49
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variational derivative of G(u,u,) is defined by

— = - — (2.3)
Note that this coincides with the expression obtained by the intuitive calcu-
lation (1.12) in Chapter 1. Also note that if we take n = uy, then dJ(u;uy) =
(d/dt)J(u), and the above calculation becomes

d Lroa o oG oG 1"

which has been already seen in (1.13).
When u is a complex-valued scalar function, we also need to consider the
variation with respect to the complex conjugate of u.

L —
(5J(U§ 77) = lin(l) G(u+en,uz +ens) — G(u, us)
=0 Jg c

_/L % +a£*+£ _|_87G7 dSC
/SR TR A R T

/L oG 090G\ | (9G _9 0G\_ \
=/ ou  oxou, ) " \ouw  ozow )"

{aa 8G]L
+

dx

+

2.

0

where 7 : [0,00) x [0,L] — C is a smooth function, and @ is the complex
conjugate of u. Partial derivatives with respect to complex-variables are de-
fined formally by 9/9z = ((8/9(Rez) —i8/9(Imz))/2, 3/0z = ((0/9(Rez) +
i0/0(Imz))/2 (see, for example, [7, Section 1.2]). The “complex variational
derivative of G” is then defined as follows.

G a4 0G 0 0G
30 = m_aixﬁu; (2.6a)
oG d oG 9 9G (2.6h)

u ou Ox Ouy

When G(u, uy) is real-valued, the variational derivatives are complex conju-
gates of each other, that is,

3G sG

du 6w’

When u is a vector of real- and/or complex-valued functions, we consider

variations with respect to all variables, including variations with respect to

the complex conjugates of complex-valued elements. To write the calculation

explicitly, let w be a (IV; + N;)-dimensional vector, the first N, of which are

real-valued and the rest, N;, are complex-valued:

(2.7)

T
u:(u17...,uNr,uNr+1,...,uNr+Ni) . (28)
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Then the variation of J(u) is as follows.

L G(u+en,ug +eng) — Glu, ug)

: = 1. d
0J(u;m) lim ; . x
_i / oG, 0G .
_i:1 0 (91,61‘772 8’(1,1‘,;8771’1
+N§N‘/L oG, 0G_ 9G 0G|
o= Jo Vou T om T u, T

= Z/ {(auz é(?xaii) m}dx

e [(RE 20, (006,
aul 0z Ou,; " ou; Ox0u; 5 i

Ny+1
Ny L N;+N; L
0G — | 0G oG
S 3 T | 2.9
=1 ’ i=N;+1 ’ ’

0
In the above calculation, u; , denotes a—(ui), and 7 is a (N, + NV;)-dimensional
z

function whose first N, elements are real and the remaining (V;) elements are
complex.

It is often more convenient to rewrite the calculation introducing the ex-
tended solution vector of length Ney = N, + 2N;:

= (21
U= (UL, UN UN, 415 UN, 425 - - 5 N, 2(Ny—1)+15 UN,+2(Ni—1)+2) > (2.10)

where uy, yo(i—1)42 = Un,+2(—1)+1 (¢ = 1,2,...,N;). That is, we consider
the (N, + 2N;)-dimensional extended vector where the complex conjugates
of complex variables are explicitly included as its elements. Employing this
notation, we can greatly simplify (2.9) as

5J(u;n):/0L{‘;§. }der{gZ-n}j, (2.11)

where
;SZ - gi N aiaii (i=1,...,Nex), (2.12a)
(E:<(§ﬁ""ﬁfgzi&>v (2.12b)
%i = (gi,...,ﬁ) (2.12¢)

BG_(BG aa)

Ouy, Oui 7 Ou,

ex T

(2.12d)
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and n = (91, ...,nn) whose first N; elements are real, and the rest are complex
numbers which satisfy 7y, 12i-1)+2 = TN, +26-1)+1 (¢ = 1,...,N;). The dot
“.” denotes the standard (real) vector inner product. In particular, when
7 = ug, (2.11) reduces to

d LrsG o 1"
) _ . : 2.1
8J (u; uy) dtJ(u) /0 <5u ut) dx + [aur ut] ) (2.13)
which is a generalization of (2.4).

REMARK 2.1 We can consider the variation of J(u) in more general cases

where G also includes u,, or more higher order derivatives of u, by repeatedly
using an integration-by-parts formula. We do not explicitly consider such
cases throughout this book for brevity, but like to emphasize that it is easy
to extend the whole method for the general cases.

Similarly, as noted in Section 1.4.3, we also do not provide full descriptions
for spatially two- or three-dimensional cases. Some two-dimensional examples
will appear in Chapter 4, and treatment by the Galerkin framework will be
covered in Chapter 7. [

2.2 First-Order Real-Valued PDEs

The PDEs of the form u; = --- where u is a scalar real-valued function
belong to this category. Here we consider two subclasses. The first subclass
of “dissipative” PDEs is of the following form.

Target PDEs 1 (Real-valued, single, dissipative PDEs)

2s
Ou 0 ) G se(,L), t>0, (2.14)

T (1)stL [ _—
ot (=1) (856 ou’

where s =0,1,2,....
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The PDEs 1 are “dissipative,” in the sense that they satisfy the following
inequality.

d
a./o G(u,uy)dx

~ [FGou [aaaur

o ou ot T | ou, ],
Lsa A A E
L s 2 s L
_ 9 oG s+ (l—1) (2s—1)
= /0 {<ax> 6u} do+ |y (1)t FI-UE
=1 0
<0. (2.15)

This holds true when the boundary conditions imposed on the PDEs satisfy
the following two conditions:

G au} o
—| =0, t>0, (2.16)
{61% ot |,
and
s L
Z(—l)SHF(l”F(QS”] =0, t>0, (2.17)
=1 0

where F() = ({%)l %. The condition (2.16) is relatively easy to be satisfied;
for example, the Dirichlet boundary condition, the zero Neumann boundary
condition, and the periodic boundary condition satisfy the condition. Whether
the condition (2.17) is also satisfied or not under these boundary conditions
depends on the concrete form of G(u,u,). The inequality (2.15) implies that
the “global energy” decreases monotonically as time evolves; this property is
called “dissipation” in this book.
Below are the examples of the PDEs in this category.

1. Linear diffusion equation: With s = 0 and G(u, u,) = (u;)Q,
ou_ ot
ot 0x2
2. Allen—Cahn equation [9]: With s = 0 and G(u,u,) = qu + £u4 -
5 (1),

ou 5 0%u
E:pu—f—ru +q@ (p>0,9>0,r<0).
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This equation describes a microscopic diffusion theory for the motion of
curved antiphase boundary. The theory is incorporated into a model for
antiphase domain coarsening. The function u(z,t) is an order profile
and not conserved.

3. Cahn—Hilliard equation [25]:
; — _pP o2 T 4 4 2
With s =1 and G(u, u;) = Zu® + —u" — = (uz)?,
2 4 2
Ju 0? 3 0%u

This equation is a model equation of the spinodal decomposition that
describes a conserved domain decomposition phenomenon. We have
already picked this equation as an example in Chapter 1. We will demon-
strate it again in Chapter 4.

4. Prominence temperature equation [10, p.7-8]:
2
With s =1 and G(u,u,) = §ug,
B _ ()
ot 0x2 '

This equation describes the variation of kinetic temperature in the promi-
nence by means of a heat conduction equation. Since the conductivity
depends on the temperature this equation becomes nonlinear.

REMARK 2.2 The Swift-Hohenberg equation [158]:

ou s 53 0% O
is an example of real-valued dissipative PDE with s = 0 and
2, ¢33 14 2, 1 2
G(Uy Uy, Ugy) = —u” + U + ydie (ug)” + i(um) . (2.19)

The parameter ¢ € R is a constant. This equation describes the effects of
thermal and hydrodynamic fluctuations on the convective instability. As
declared in Remark 2.1, we basically do not consider this equation, since it
includes uz, in G.

Another example of this kind is the extended Fisher-Kolmogorov equa-
tion [34]:

ou s 0*u O
— =— — — ], 2.20
ot (p“”“ T T g (2:20)
where p < 0,9 < 0,7 > 0, and v > 0, is a special case of s =0 with
G(Uy Uy Ugy) = P2y Tyt g(ugg)2 + l(um)Q. (2.21)

2 4 2 2
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This equation is a model of a dynamical transition in the propagation of fronts
into an unstable state of a bistable system in biophysics and chemical waves.
See also Section 4.1.3.

REMARK 2.3 The Keller-Segel equation [95]:

-1
du 9 9 9 \?
== | uy —u— — | = , 2.22
ot oz | " “ax{“ (8:5) }“ (2:22)
does not belong to the dissipative class discussed above, but it is dissipative
in the sense that

d/LG()d<0 here () = ulogu — u — ~ NEANY
dt o u)ar < v, whnere Uu) = ulogu u 2'LL a agj u.

(2.23)
Due to the inverse of the Helmholtz operator in G, it formally does not belong
to the target PDEs (1). This equation describes a mathematical model of the
chemotactic interaction of small beings, for instance amoebae, used for their
aggregation. The aggregation is viewed as a breakdown of stability caused by
intrinsic changes. This equation will be mentioned later in Section 4.7.1.

REMARK 2.4 By replacing t with —¢, we obtain the PDEs

du d\** oG
— =1 =) = L), t 2.24
e € - R ST N CEY)
whose energy is now increasing:
d -
—/ G(u,ug)dz > 0. (2.25)
dt Jo

An interesting example in this category is the semi-linear parabolic PDE (of-
ten referred to as “Fujita-type”):

ou  0*u

— = — P 2.26

ot 0z? o ( )
where p > 2 is an integer. This equation is a special case of (2.24) with s =0
and the local energy
(u$)2 e

2 p+1°

This equation has drawn much interest for decades since its solution can
“blow-up,” i.e., some norm of w can be infinite in finite time. See also [90, 91].

G(u,uy) = — (2.27)

The second subclass consists of the “conservative” PDEs defined as follows.
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Target PDEs 2 (Real-valued, single, conservative PDEs)
@ B 2 2541 &
ot \ 0z ou’

where s =0,1,2,....

z€(0,L), t>0, (2.28)

It is assumed that the boundary condition imposed on the PDEs satisfies
the following two conditions

G oul”
{8“ aﬂ =0, t>0, (2.16)
T 0
and
1 L s L
{(1)82F<S>F<S>} + Z(—l)llFUl)F(QS“”] =0, t>0. (2.29)
0 =1 0

Note that the first condition is the same as in the dissipative case. For the
definition of F*)  see (2.17). Under these conditions, the following identity
holds:

a4t
E/o G(u,u,)dx

_[*6G ou [ac;aur

) o | ou, 0t ],
_ (G (a\"TheG
_/0 ou (m) ou
1 L s L
_ |:(_1)52F(3)F(s):| + Z(_l)l—lF(l—UF(Qs-i-l—l)
0 =1 0
=0. (2.30)

This identity implies that the global energy is conserved. Throughout this
book, this is called “conservation property.”
The examples belonging to this class include the following;:

1. Linear convection equation: With s = 0 and G(u,u;) = —

ou_ou
ot ox’
2. Korteweg—de Vries equation [98]:
i u? (ur)2
With s =0 and G(u,u,) = i

ou_ 0 (v,
ot oz \ 2 0x2 )’
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This celebrated equation describes nonlinear long waves propagating on
shallow water surfaces. It has interesting solutions called “solitons,”
which behave as if they are independent particles. This is a typical
example of nonlinear integrable PDEs, whose exact solutions can be
found in analytic ways.

3. Zakharov—Kuznetsov equation [172]:
u? o (ug)® (uy)®

With s =0 and G(U,Vu)z—g—i- 5 + 5
bu_0 (@ _0u_ o o)
ot Oz 2 0x2  0y? )’ '

This equation also models waves on shallow water surfaces, for example,
the KdV equation, but the spatial domain is now two-dimensional. The
solitary waves in this equation do not behave as complete particles after
collisions, and thus they are called “quasi-solitons”. (In Chapter 4,
several examples are shown.)

REMARK 2.5 Recently, an interesting class of equations which is not
immediately covered by the conservative class above has emerged and been
intensively studied:

ou 3u Ou ou ( Ou 0%u 5‘3u)
=712 ;

o ozt "or o 9z 022 “ou

(2.32)

where k,7v € R. The equation with x > 0,7 = 1 was first discovered by
Fuchssteiner—Fokas [62] in the context of completely integrable systems and
then rediscovered by Camassa—Holm [24] with physical derivation in the con-
text of shallow water waves. After their discovery, Dai [33] re-rediscovered the
equation with the parameters ranged in kK = 0,7 € R, in the study of finite-
length and small-amplitude waves in cylindrical compressible hyper-elastic
rods. Furthermore, when x = 1,7 = 0, the equation is greatly simplified,
and coincides with the well-known “BBM” (Benjamin-Bona—Mahony) equa-
tion [14] or a regularized long wave equation [138].

The equation (2.32) can be written with a discrete variational derivative as

follows. 2\ 5 5 /50
u
where ) 5 )
Clu,uy) = — 4+ ;W(“‘T) . (2.34)

Since now we have the additional differential operator (1 — §%/9z?) in front
of ug, this does not belong to any classes of target PDEs described above,
and accordingly the standard procedure of the DVDM shown in Chapter 3
would not apply as is. It is still possible, however, to construct conservative
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schemes; in fact, there are two possible solutions. The first solution is to
appropriately modify the procedure of the DVDM so that it can also apply
to the equation (2.33). Since this involves a lot of further technical details,
in this book we do not formally cover this in the standard DVDM procedure
in Chapter 3. A concrete example in the Camassa—Holm equation case will
be presented in Chapter 4. The second approach is to introduce an inverse
operator K = (1 — §%/02%)~!, and rewrite the equation to

ou 0 (0G

which looks much more similar to the target PDEs 2. A crucial difference is
that the inverse operator is now nonlocal. Recall that it is well known that
the inverse operator is well-defined under some conditions, in particular the
periodic boundary condition (see, for example, [19, VIII, example &]). In
Chapter 7, we construct several conservative Galerkin schemes, based on the
representation (2.35).

2.3 First-Order Complex-Valued PDEs

The PDEs of the form u; = --- where u is a scalar complex-valued function
fall in this category. Here we consider two subclasses. The first class is the
“dissipative” PDEs defined as follows.

Target PDEs 3 (Complex-valued, single, dissipative PDEs)

ou oG
—_— = —— L)t . 2.
5 5o L € (0,L),t >0 (2.36)

In this type of PDE, the global energy decreases as time evolves:

/ —Guuz T

/ 9Gou  0G I | 9G du, | 9G i)
o \ouoat "omat " ou, ot om ot [
B 0Gou  0Gou) - [0G du  0G du]"
- Su at sw ot [T |ou, ot T 0w ot

<0 (2.37)

0
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if the associated boundary conditions satisfy

0G ou  0G oul" _
ou, Ot~ Oug Ot |,

0. (2.38)

The periodic boundary condition and the Dirichlet boundary condition satisfy
(2.38).
Examples in this category are:

1. (A variant of) Ginzburg-Landau equation [106]:
With G/(u,ug) = g\um|2 - %W - g\u|2,

0 0?

%Zpaf;-i-q\uﬁu—kru (p>0,g<0,r €R).
This equation is a special one-dimensional case of the famous Ginzburg—
Landau theory of superconductivity. Originally the equation in-
cluded the effect of magnetic field, but in the above simplified equation,
the effect is ignored. (See also Remark 2.6.)

2. Newell-Whitehead equation [134]:

. ul? ul? i 2
With G(u,ux):—u%+%+ e = oty -
@_ u_|u‘2u+ Q_Lﬁ ’ (, ke € R)
a M ox 2k, Oy? Ho e '

This two-dimensional equation describes Bénard convection flow in
systems close to the threshold of instability. It shows various patterns
such as roll, zigzag and so on, and is an interesting model from the
view point of pattern formation. (In Chapter 4, several examples are
shown.)

The second subclass of this category is the “conservative” PDE defined as
follows.

Target PDEs 4 (Complex-valued, single, conservative PDEs)

.Ou 0G

O
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This equation is called “conservative” because it conserves the global energy
J, as can be easily seen as

d]()_/L 0Gou oGO\ [0G ou  0G ou)”
Ty \suat T smor J U o, ot 0w, ot |,
2
)dz

/L ( 5G 12 |6G
= 1| — — —_—
0 ou

-0, (2.40)

" ou
under the condition (2.38).
Examples in this category include:

1. Nonlinear Schrédinger equation (see, for example, [18, 156]):

2
With G(u, uy) = —|ug|? + —— |ufP+,
p+1

u 2u
i%:—%—\mf’*lu (p=2,3,...).

This is one of the most fundamental nonlinear wave equations, which
arises in various physical contexts such as optical fibers, plasma and
ideal fluid. It also has been attracting mathematical interest since it
has rich mathematical structures; for example, it is completely inte-
grable when p = 3, it has Hamiltonian structure, and the solution
can “blow-up” (i.e. certain norms of the solution can be indefinite in
finite time).

2. Gross—Pitaevskii equation [79, 140]:

1
With G(u,u,) = _|uz|2 - 5(1 - ‘U|2)2a
Ou 9%u 9
5 = "3 (Jul* = 1D)u. (2.41)

This equation describes the evolution of the order profile of quantum
systems with weak interaction between particles. This can be regarded
as an extension of the above nonlinear Schrodinger equation. This equa-
tion in particular describes the Bose—Einstein condensation (BEC)
phenomenon, and it has been shown that simulation results well agree
with experimental results. (In Chapter 4, several examples are shown.)

2.4 Systems of First-Order PDEs

So far only single PDEs have been considered. In some cases, however, the
concept can be generalized to systems of PDEs. An example is the Zakharov
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equations [72, 171],

OE 0°E ?n  0°n 0?

OE _ap LN om0 e 2.42

B T " e e a2 (2.42)
where E(z,t) is a complex-valued, and n(z,t) is a real-valued function. They
can be written in variational form:

E 0—i0 0 5G/0E

d|lE| _|i000 §G/SE

aln| = looo-1|]|samn| (2.43)
v 0010 G /bv

where v(z,t) is a real-valued intermediate variable such that v; = n + |E|?,
and G(F,n,v,) is an energy function defined by

G(E,n,v,) = |Es[2 + n|E + 1(71 + (00)?). (2.44)

By easy calculation the system is shown to be conservative (again under ap-
propriate boundary conditions):

d L
— / G(E,n,vy)dx = 0. (2.45)
dt J,

The discrete variational derivative method can handle this kind of PDEs.
Our aim in this section is to define general classes of such systems. To

this end, we employ the notation of extended solution vector introduced in

Section 2.1, and suppose that a real valued energy function G(u,u,) and

accordingly the global energy J fo (u, u,)dx are defined.
Then the systems of PDEs we con81der here are of the following form:
0 ]
%:A%, € (0,L),t >0,
Bu =0, 2 =0,L, t>0, (2.46)

u(0,z) = uo(x), z € (0, L),
where A is an Neyx X Nex matrix (Nex = Ny + 2N;), whose elements are either

e constants, or

e c0,° (s€{l,2,...}), where 0, 4 0/0z and ¢ € R.

In the second equation of (2.46), Bu = 0 denotes a specific boundary condi-
tion. The above systems of PDEs become conservative or dissipative, when
A and B are of certain special forms. Notice that when

ngi) '?Z]j =0 (2.47)
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the identity (2.13) reads

%J(u) = /OL (gj 'ut> dx. (2.48)

It is easy to understand that, the system is conservative when A is skew-
symmetric, and dissipative when negative-semidefinite, provided appropriate
boundary conditions. In what follows, we further clarify such examples.

We first consider conservative cases.

Target PDEs 5 (Conservative systems) The following systems of PDEs
are conservative under the specified assumptions.

Type C1 The real-valued systems (2.46) where
Ny =N, =1,N; =0, A=8,>", s=0,1,2,....

We assume that the imposed boundary condition satisfies the condi-
tion (2.47) and the condition:

o[ o o (o ()]

0 J=1 0
This is nothing but the real-valued single conservative PDEs 2.

Type C2 The systems (2.46) where

01
N 4= (50).

The variables uy,us are either

e both real-valued (i.e., N, = 2), or

e both complez-valued (i.e. Ny =0,N; =1), and us = uy (i.e., a pair
of complex conjugate variables). Multiply matriz A with i = /—1,
we find this class of systems equates to the complez-valued single
PDEs 4.

We also assume that the imposed boundary condition satisfies the condi-
tion (2.47). These systems are often referred to as “Hamiltonian PDEs.”

Type C3 The real-valued systems (2.46), where

Ny=N, =2, A=D,*T' 5=0,1,2,....
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We assume that the imposed boundary condition satisfies the condi-
tion (2.47) and the condition:

:
i [0 22) o0,

ou ou +

L

S [foor () s ()] -0

j=1 0
0 O, d (01
(5.5)- 52 (1s):

Type C4 The systems (2.46) that are combinations of the above C1-C3 sys-
tems (see the examples below).

where

llla

D,

It is easy to see that the above PDEs are in fact conservative in the sense

that the identity
d
—J(u)=0 2.50
() (2:50)
holds. For Type C1 systems, the identity (2.50) has been already proved in
Section 2.2. In Type C2 systems, the obvious skew-symmetry of A immedi-
ately yields the conservation property. For Type C3 systems, we make use
of the following identity, which holds for any sufficiently smooth functions

v(x) = (v1(2), va(2)) and w(z) = (w1 (x), wa(x)):

/OL v(z) " Dyw(z)ds = —/OL {D,v(z)}" w(z)ds + [v(xfsw(x)]j. (2.51)

By repeatedly applying this identity, we can easily prove that the identity
(2.50) holds for Type C3 systems under the assumption (2.49).

We list several examples below. The Zakharov equations (2.43) are a con-
servative system of PDEs of Type C4; they combine two Type C2 systems
(one is a real-valued Hamiltonian PDE, and the other is a complex-valued
Hamiltonian PDE).

The so-called “good” Boussinesq equation (e.g. [111]):

Pu  0? 5  O%u

can be regarded as another example of the conservative systems. If we in-
troduce an intermediate variable v such that v, = wu;, and define the energy
function by G = u?/2 +u3/3 + (u;)?/2 +v?/2, the equation can be rewritten

()= ()
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Hence it can be regarded as an example of Type C3 with s = 0.
The Boussinesq—Schrodinger equation (see [17]):

E 0-i0 0 6G/6E
d|E| [i0oo00 6G/SE
dtln]| 100 08, 6G/on |

u 00,0 6G/du

where

1 1 1 1
G(E,Ey,n,u,n,) = |E.|* +n|E]* + 5112 + §n3 + i(nwf + §u2,

is an example of Type C4; a combination of Type C2 and Type C3 systems.
Other examples include the coupled Klein—Gordon—Schroédinger equation
(see, e.g., [12]), the Boussinesq—Schrédinger equation (see [17]), and the short-
and long-wave interaction equation (see, e.g., [169]).
Next we consider dissipative cases.

Target PDEs 6 (Dissipative systems) The following systems of PDEs are
dissipative under the specified conditions.

Type D1 The real-valued systems (2.46), where
N =N, =1,N; =0, A= (-1)*"19,%, 5=0,1,2,....

We assume that the imposed boundary condition which satisfies the con-
dition (2.47) and the condition:

s L

> (=1 o, 0GN o2 (2G|~
; ' ou) " du /],

Jj=1

This is just the real-valued single PDEs 1.

Type D2 The two-variable complez-valued systems (2.46), where us = Ty,
and

0 —1
Nee =2, N, =0, N, = 1, A_(l 0 )

We assume that the imposed boundary condition satisfies the condi-
tion (2.47). This is nothing but the complez-valued dissipative PDEs 3.

Type D3 The systems (2.46) which are combinations of the above Type C1-
C38 conservative systems and Type D1 and D2 dissipative systems.

O
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It is easy to see that the Type D1-D3 systems are dissipative in the sense
that the inequality

d
— < 2.
dtJ(u(t)) <0 (2.53)
holds.
For example, the Eguchi-Oki-Matsumura equation [45]:

ou 0% [6G

Ov oG

%= 50 (2.54b)

where @ > 0, b € R, and

2

G (U, Uy, 0, Vy) = E(UI)Q + %(vz)2 + Su + %1)4 - gv2 + %u2v2,
is a dissipative system which is a combination of two Type D1 systems (one
with s = 1, and the other with s = 0). This equation describes the dynamics of
order and composition profiles in phase separation processes, such as spinodal
decomposition, on alloy or polymer mixture materials. This can be regarded
as an extension of the Cahn—Hilliard equation, and has the same difficulty
mentioned in Chapter 1. That is, it includes a negative diffusion term (note
the u?/2 term in G and the equation (2.54a)). For the studies on this equation
using the discrete variational derivative method, see, for example, [80].

REMARK 2.6 The full Ginzburg—Landau equations with magnetic effect
(see, e.g., [40]) form a dissipative system when appropriate gauge is chosen.
Since they inevitably require vector calculus, which is not easy to mimic in
finite-difference regime, we do not consider the finite-difference discretization
of the equations in this book. A better approach is the Galerkin framework,
which will be described in Section 7.2.

2.5 Second-Order PDEs

The PDEs which involve u;; belong to this category. Let u(z,t) be a real-
valued function of z,t and G(u,u,) be a real-valued function of u,u,. Then
the PDEs in this category can be written as follows.

Target PDEs 7 (Second-order conservative PDEs)

2
%:—%, z e (0,L), t>0. (2.55)
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These PDEs have associated conservation property as follows.

d [“(1 L 5G G oul”
a ; {Q(Ut) +G(U;Uz)}d$—/0 (utt+(5u) utdx+[8umfﬁ}o

=0, (2.56)

which holds when the imposed boundary conditions satisfy the condition

=0. (2.57)
0

9G dul”
Oug Ot

Below are the examples belonging to this class.
. . . 1 9
1. Linear wave equation: With G(u,u;) = i(uw) ,

%u  O%u

ot 9x?

2. Fermi—Pasta—Ulam equation I [57]:

Pu_uf  Ou
o2~ ox? “or )

This and the following equations model vibrating strings with nonlinear
connectivity effects. These equations have interesting history in terms
of numerical analysis. When the discoverers, Fermi, Pasta and Ulam,
first considered this equation, they expected that these systems would
asymptotically become ergodic, i.e. almost random, due to their non-
linearity. The discoverers then carried out numerical simulations to find,
to their surprise, the systems’ behaviors were quasi-periodic. Their
report was an important milestone both in nonlinear science and numer-
ical analysis; for nonlinear science, it demonstrated how nonlinearity can
produce rich, unexpected dynamics. For numerical analysis, it proved
numerical simulation was (and was going to be) an indispensable tool
for other areas of science.

3. Fermi—Pasta—Ulam equation II [57]:

1
With G(u,u;) = i(um)2 + %(Uw)4>

Fu _Qu du\?
o2~ 022 \oz) |
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4. String vibration equation [30]:

With G(u,uz) = —/1 + (ug)2,

Pu_ 0w
o2 Oz 1+ (ug)? '
This is one of the oldest nonlinear string equations. In this model, the

changes in amplitude and in tension are assumed to be relatively large.
Carrier [30] derived this equation via perturbation theory.

5. Nonlinear Klein—Gordon equation [59, 60, 76, 96]:
1
With Glu,ug) = 5 (ue)? + 6(u),

0%y 0%u

BE " 92 &' (u) (¢ : given function). (2.58)

This celebrated equation was first introduced to describe motion of
relativistic quantum fields, and is also referred to as the relativistic
Schrédinger equation. In this family, the so-called “sine-Gordon equa-
tion,” in which ¢'(u) = sin(u), is the most famous example. Recently
they are used in various contexts such as condensed matter physics and
nonlinear optics. (In Chapter 4, several examples are shown.)

6. Shimoji-Kawai equation [154]:
1
With G(u, uy) = — (ug)?,

12
Pu  [(u\® 9Pu

This equation was discovered in Shimoji-Kawai [154], where they proved
that beyond some time the solutions can be multi-valued. (In Chapter 4,
several examples are shown.)

7. Ebihara equation [44]:

1 -
With G(u,uy) = 5560(%-)2 _ 2;?#%27

2
Ou _ i (z%uy) — T AR

52 = 92 (a,y>0,peN,a+2y < 2p+2).

This equation is a mathematical model of the wave propagation on the
materials in which density depends on the distance from the origin. Ebi-
hara showed that the existence of spherically symmetric global solutions
to this equation.
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REMARK 2.7 The PDEs 7 can be rewritten in systems of first-order
PDEs by introducing new variable v = uy.

u aG

E =V = %, (260&)
v oG

% ou (2.60b)

where G = v2 /2 4+ G(u,uy) is a modified local energy. The conservation law

drt 1( )2+ G(u,uy) pdz =0 (2.61)
a J, 3 Uy U, Uy =0, .
is rewritten accordingly as
d [t~
—/ G(u, ug,v)de = 0. (2.62)
dt J,

REMARK 2.8 The equation proposed in Feng [55] (see also Feng-Doi-
Kawahara [56]):
0%u 0*u
o2~ oo
where v > 0 and ®(u) is an arbitrary function, does not belong to the con-
servative class above, but is conservative in the sense that

= ' (u), (2.63)

O L 2 4 L u)? + B(w) ) do = 0 2.64
3/ (Q(ut) + L) + 0(u) ) dz =0 (2.64)
This models chains of particles connected by nearest-neighborhood interac-
tions with nonlinear non-harmonic potentials. This model was introduced to
investigate discrete breathers or intrinsic localized modes in one-dimensional
non-harmonic lattice. Feng et al. [56] found some exact solutions that form
spatial stationary breathers. I



Chapter 3

Discrete Variational Derivative
Method

In this chapter we give the full description of the discrete variational
derivative method. We first define discrete symbols and formulas re-
quired to describe the method. Then we present concrete and rigorous
procedures of the method for each of the target PDEs introduced in
Chapter 2 in turn. Readers can refer to Chapter 4 as needs arise,
where many concrete examples that are useful for understanding the
method are given. In the end of this chapter, a brief explanation on
discrete functional analysis is given, which will be used in the subse-
quent chapters.

3.1 Discrete Symbols and Formulas

The discrete symbols and formulas frequently used in this book are defined.
Let {fx}rez be a sequence and Az > 0 be the spatial mesh size. Below are
the standard operators.

[Shift operators]

0)

RONCET (3.1a)
d
Sz_fk = fk+1, (31b)
_, d
S fx = fi—1, (3.1c)
Sl<91>fk 4 Jr+1 42- fk—l' (3.1d)
[Difference operators]
PICEES (3.2a)
v d S — fa
O fe = T (3.2b)
_ o4 [ frr
(Sk, fk = Az 5 (32C)

69
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Jrt1— fo—1

(1 4
sVg, L A (3.2d)
—2fi + fr—1
5@ % Se+1 2
k fk (Ax)2 ’ (3 e)
5}(925-&-1) g 6I<cl>6l<c2s>’ s=1,2,..., (32f)
6[i28+2> % §]<€2>51<€28>’ s = 17 2, e (32g)
[Averaging operators]
MONET (3.32)
d +
it & fkffkﬂ (3.3b)
_ d + Jr—
i fe & % 7 (3.3¢)
2 —

Regarding the difference operators, it is easy to see that the identities

5 (8 fr) = 0 (8 f) = 63 s (3.4)

(ﬁ;%>n:$% (35)

hold. Sometimes we use the following difference operator as well.

d Jrv2 = freer — fo + fr— iy

2
6]2 +>fk (Ax)

They will be quite frequently used in the subsequent sections.
As a discretization of integral, the following summation rule is used:

ol a (1 al 1
E kaAJ,’ = <2f0 + E fr + 2fN> Azx. (37)
k=0 k=1

This rule is called the trapezoidal rule. It is also possible to adopt other
summation rules; actually, in some cases other choice is advantageous. See
Section 3.2.3.2 for an example.

As to the summation rule, the following identity holds.

PROPOSITION 3.1 Summation of differences

N

Z’ kAx— [

,i fk} if s is even,
N
k=0 [ (1 >(5< >fk}0 if s is odd,

(3.8)
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where

Y 2 fa = fo. (3.9)

PROOF This proof is based on the general summation-by-parts formula
shown in the next proposition. When s is even, using (3.12a) with fx =1 or
gr = 1, we see

2

S8 fudsw

k=0
N
Z”<5+6 ;(5 5 >5<S2>f Az

k=0

N
Z”{ﬁ( 588 2>fk)+6 ( 5ol Zf)}m

=0

s— s— _ s— s— N
_ [0 ) + G0 ) w%ﬁi”hw(wﬁé”hﬂ
- 2 2
L 0
B s— — o{s— — o{s— s— N
GO 1)+ GO ) | (500 i) + (300 2>fk)]
2 2
L 0
- L N
= [s05ts=2 fk]o . (3.10)
Similarly, when s is odd, we see
N
S8 fudse
k=0
N
_ Z// <5 —|—5 > 5’(:—1}ka$
=0
N 1
_ Z" {5+ ( sl fk> + 65 (25,<jl>fk> } Az
=0
S S S— S— N
[Sg 1>f + (30 Y fk) s (3 3y 1>fk)+(%5;<c 1>fk)‘|
2
0
s, +2 + s N
K k k > 5,<jl>fk} . (3.11)
0

This completes the proof. I
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The above identity corresponds to the continuous integration

/OL (;$>sf(x)dz _ [(ai)s_lf(x)r

0

Next we introduce the so-called summation-by-parts formulas, which cor-
respond to the integration-by-parts formula. These formulas hold in various
forms depending on the choice of difference operators. Below we show several
examples which are frequently used in this book. Let us introduce another
sequence {gk }rez, in addition to {fx}. The following first-order summation-
by-parts formulas hold.

PROPOSITION 3.2 First-order summation-by-parts formulas

N N i _ N
S e (6 ) D+ 0 (8 fi) gedx = [fk(sk g’“);(sk f’“)gk] . (3.12a)
k=0 k=0 0
N N (1) (1) N
" (1) (1) o fk(s gk:) + (s fk)gk
];J Ik (5k gk>A$+kZ_0 (5k fk)gkﬁx— L 5 k L.
(3.12b)
PROOF For (3.12a),
N
Z//fk kgk A:c—i—z (S fk gkAx
k=0 N
= " { (st g — k) + (fx — 55 fi)gn}
k=
NO
= > hulston) — (s fi)gn}
k=
NO
= k(54 9r) Z " fie(si gn)
k=0 k=-1
_ {fk(SiM;(Sz?fk)gk]N, (3.13)
0

Exchanging fi and gx in (3.12a), and adding it on (3.12a) itself, we obtain
(3.12b).

Based on the first-order summation-by-parts formulas, second-order summation-
by-parts formulas can be obtained.
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PROPOSITION 3.3 Second-order summation-by-parts formulas

2

N _ _ N
o (0 ) I ) 50 (50 5)

= =
_ [@;*fk)(u;*gk) + (6,:fk><u;gk>} "
2 3
In particular, when fi = gi,
i”(é i ) i (52 ) e =[G ) 0]
= =
(3.14b)

PROOF Substituting 62‘fk into fi in (3.12a), we have

{(ﬁfk)(ﬁgk) + (5kfk)gk:|N

N
> {6t )G90 + 6 g} Az = )

k=0 0o
(3.15)
Similarly, reversing f;, and gi and substituting J, fi into fj in (3.12a), we see

N n _ _ N
1 5( > 6— ALE — gk((sk fk?) + (Sk gk?)(ék fk) .
Z {gk Tr) + (6 9x)( kfk)} { L

2
k=0

(3.16E|
From these two equations we immediately obtain the claim.

Although in most practical problems the first- and second-order summation-
by-parts formulas are adequate, it is also possible to construct further higher-
order formulas by repeatedly using (3.12b).

PROPOSITION 3.4 Higher-order summation-by-parts formula
Suppose s € {1,2,3,...}. When s is even,

N N
Z"fk5,<€8>kax = (71)8/22 //Flss,s/z)AI

k=0 k=0

2f1§l—1)f1§s—l) 4 (5+f<l 2)) ( f}is—w) 4 (6k_flil72>> (Sl:fékw)

+ 1= > .

1<1<s/2
ireven
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2f,§l_1>f,§s_l>+(sk (1—1) ) (5+f(s I— 1))+(s;f]§l 1) ) (5 f(s - 1>>

+y 7

1<i<s/2
1:odd 0
(3.17)
Otherwise (when s is odd),
N
S fubf o =
k=0
1-2 s—1-1 (-2 ~ p(s—1-1
> (572 (a0 + (0 £77) (e pe™Y)
2
1<I<(s—1)/2
r.even
(I-1 1) p(s—1 (1) (s—1
R e
, 2
1<1<(s—1)/2
1:odd
1 N
+2(—1)(5_1)/2F;£5’(S_1)/2)] : (3.18)
0
The symbols are defined by
d
=00 (3.19)
: fk/ (l mod 2>f,§l >, if I is even,
FM 2 (3.20)

2{(5+f<l‘1>) (5 f”‘”) },ifl’ is odd,

for 1, € {0,1,2,...}.

PROOF  This is left to Appendix B. I
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3.2 Procedure for First-Order Real-Valued PDEs

In this section the complete procedure of the discrete variational derivative
method for the first-order real-valued PDEs 1 and PDEs 2 in Section 2.2
is presented. First, the concept of “discrete wvariational derivative,” which
corresponds to the continuous variational derivative, is introduced for real-
valued and scalar function u. Then dissipative and conservative schemes are
defined with the discrete variational derivative analogously to the original
(continuous) equation.

3.2.1 Discrete Variational Derivative: Real-Valued Case

Numerical solutions are denoted as
U™ ~u(kAz,mAt),  k=0,1,...,N, m=0,1,2,..., (3.21)

where N is the number of spatial mesh points (i.e. Az = L/N), and At is the

time-mesh size. They are also written in vector as U™ = (Uém)7 ey UI(Vm))
The superscript (m) is omitted where no confusion occurs.

Here an assumption is set: the energy function G(u,u,) is assumed to be
of the form:

G(u,uz) Zfl w)gi(ug), M eN. (3.22)

That is, the energy function is assumed to be a combination of M terms, each
of which can be split into functions of u and u,; for example, for G(u,u,) =
u3/6 — u,2/2 (the KAV equation), we can take fi(u) = u®/6, g1(uy) =
1, fa(u) =1, g2(u,) = u,?/2. Practically this assumption is not restrictive
at all. In fact, all the examples described in Chapter 2 meet the assumption.
Although it is also possible to generalize the theory to allow more general
cases, it is generally much more advantageous to stand by the above “special”
cases (see Remark 3.4).

For such a G(u, u, ), suppose that we can define a discrete analogue of G as
follows.

E

Gar(UM™) = Z U™ g (65U ™) g (67 UL™), k=0,...,N.

(3.23)
The discrete quantity Gq is called the discrete energy (function). The sub-
script “d” denotes that it is a discrete quantity, and “k” the spatial index.
Since generally the first derivative u, is approximated by some combination
of 6,;"Uk(m) and 0, U,™), the term g;(uz) in (3.22) now consists of two terms
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g, 9; - Recall, for example, (1.26) and (1.28). Since now there is a possibil-
ity that one derivative term can be approximated by two finite-differences, for
example,
s (57U + (6 U)?

2 )

Uy

we suppose the discrete energy function is a combination of M (> M ) terms.
Note also that the central difference operator 5,il> is covered by the expres-
sion (3.23) as well, since it can be written as 5,il> = (6; +0;)/2. The discrete
energy function is a real-valued scalar function of U™ which approximates
G(u,u,) at © = kAz, t = mAt. We also write Gq(U™) as a vector func-
tion!. In order that G4 is an appropriate approximation of G(u,u,) in the
form of (3.22), gl+ and g, should be carefully chosen, such that, for example,

g (G5 Ux"™)gr (6, Uk"™) = gi(ug|o=rae ). (3.24)

t=mAt

Note that at boundaries k = 0 and N, Gq (U™ possibly refers to unde-
fined values US'I”) and U ](V’rj')l (recall that in (3.21) approximate solutions are

defined only on k = 0,..., N). We assume that these values are resolved with
the known values Uo(m)7 e U](Vm), in accordance with the imposed discrete

boundary condition (see, for example, Example 3.1). Based on the discrete
local energy, an associated discrete global energy is defined by

N
> Gar(U™)Az. (3.25)

k=0

JaUmy L

Notice that this corresponds to the definition of the continuous global en-
ergy (2.1). Again, the subscript “d” indicates it is a discrete quantity.

Next we consider a discrete version of the variation (or Gateaux differenti-
ation) process (2.2) to get a discrete variational derivative. For the purpose,
let us consider the following difference:

N
S Gan(U) - Gar(V)}Ax,
k=0

where U,V € RV, Notice also that this directly corresponds to the ele-
mental variation calculation (1.12) in Chapter 1:

L
/ {G(u+ du,uy + uy) — Gu, uy) yda.
0

!To summarize, Gq : RN+t! — RN+1 and G4 : R¥V*T! — R. Note that G’dyk(U(m)) is an

element of the vector G4(U™)), i.e., Gq 1 (U™) 4 {G4(U™)};,. Although the notation
might be a bit confusing, we employ it for the sake of saving space.
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In the present setting, we know that the discrete local energy is of the form (3.23),
and for such an energy function, the difference can be explicitly calculated by
factorization as follows.

Z//{Gdk Gdk )}ACIL‘

/ l fl Uk) +f1(Vk)> o
0

k=
+ +
{<91 (0, Ug) +gl 5Vk) g, ( (5U;€ 6Vk>5k_Uk—Vk
Uk - Vi)
(6, Ug) (6, Vi) + 5+U (6 Vi)
+<gl ’“+gl ’“)(gl k) =01 ( k)a,jUk—vk}
LU, — Vi)
_'_% - (Vi) gl+ 5+Uk: )9, (6, Uk)+gl (6+Vk)gl (6 Vi)
— Uk - Vi 2
X (Uk — Vk) Azx. (326)

In the above factorization, a trivial identity:

ab — cd = <“;C) (b—d)+ (a—c) (bzd>

which holds for any constants a, b, ¢, d, is repeatedly used.
In order to simplify this expression, let us introduce new symbols:

9G4 = (S0 — Hi(Vi)
oU, V)i l;( Ui — Vi )
y (gf(é,‘:Uk)gf (0 Uk) +gl+(6,;*vk)gf<6kvk)> (3.272)
. (3.
M
AU+ (Ve (97 05 Uk) + g7 (65 Vi)

9 (0, Uk) — g; (6, Vi)
h ( 6 (U — Vi) ) ’ (3.270)

M e e
fl(Uk)+fl(Vk) g, (5k Uk)+gl (6k Vk)
y (M) ()
9 (6 Uk) — g/ (6 Vi)
) ( 6 (Up — Vi) ) '

11ES

0G4
06~ (U, V)k;

e

0G4
06+ (U, V),

e

(3.27¢)
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The first one is a discrete approximation of G/du. The other two approx-
imate 0G/0u,, based on the difference operators 6; and §, , respectively.
With these symbols, the difference (3.26) can be simply written as

Sy N[ Gy
> (GaalU) - Gar(V)} A = 30" | 5 Z (U = Vi
k=0 k=0 ’

oG oG

This corresponds to the second line of (1.12). Applying the summation-by-
parts formula (3.12a), we have

" {Gd’k(U) — Gdk(V)} A.%‘ =

oo~ Grav) - (G ) @i
1
2

MZEMz

>
Il

0

+ {nglv)(sk Uk = Vi) +{ (35+UV >} Yot
+ g e v+ st (5 k)}U’“‘V’f}’

(3.29)

which corresponds to the third line of (1.12). If we further introduce new
symbols:

5G4 0Ga 9G4
SU, Ve — 0U, V), " \ost(U,V)y

0G4

st 774

o <66—<U7v>k>’ (3.30)
0G4

% [M(sﬁ(Uk — Vi)
R

(s, (Ux — Vi)

1IES

e

B,1(U,V)
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we finally obtain the following expression:

N

Z "{Gak(U) — Gap(V)} Az =
k=0

i ! [(%) (U — Vk)} Az + B, (U, V). (3.32)

k=0

This corresponds to the last line of (2.2). The symbol 0G4/6(U, V') approx-
imates 0G/du, and hence is called the discrete variational derivative of Ggq.
This and the discrete variation identity (3.32) play a central role in the discrete
variational derivative method. The symbol B, (U, V') denotes the boundary
values, corresponding to the last term in (2.2). “B” is for “Boundary,” “r”
denotes “real-valued case,” and “1” is the index for distinguishing it from

other boundary values that will appear later.

REMARK 3.1 In the above calculations and definitions, we find quan-
tities in the form (f(a) — f(b))/(a — b), such as (fi(Ux) — fi(Vk))/(Ur — Vi)
in (3.26). Such quantities should be understood as f’(a) when a = b. This
remark applies to all the similar expressions in this book.

REMARK 3.2 In more general cases where G involves gz, Ugzz, - - -
or where the spatial dimension is more than one, the discrete variational
derivative of GG can be defined in a similar manner.

REMARK 3.3 For a given discrete energy function G4, the discrete
variational derivative can be automatically calculated by (3.30), with associ-
ated definitions (3.27a), (3.27b) and (3.27¢). In practical situations, however,
it is often more convenient to directly consider the factorization of the dif-
ference of the given discrete energies, the LHS of (3.32), as will be shown in,
for example, Example 3.1 and Remark 4.5. The above formal expressions are
mainly for mathematical completeness.

REMARK 3.4 The most crucial property demanded for “discrete varia-
tional derivative” is that it has an associated discrete variation identity such
as (3.32). The discrete variational derivative shown above indeed keeps it,
but we would like to mention here that it is not the only possibility.

Let us suppose the given PDE is already discretized in space and we have
a semi-discrete scheme, as will be discussed in Appendix A, and we have a
concrete form of semi-discrete variational derivative

5Ga G
5(U)k - du z:kAm,
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which satisfies the semi-discrete variation equality (A.10). (For the notation,
see Appendix A.) Then the quantity

$Ga 686G .
SU, V) 4U),
Gar(U) = Gar(V) — ivo"(?Gd (Uy — Vi)Az

U - VI3

Uk — Vi), (3.33)

also satisfies the full-discrete variation equality

N N TG\
Z” Gdk Gd k(V))ACL’: Hid(Uk—Vk)Al‘,
k=0 ’ = UV

provided that some appropriate boundary condition is imposed so that the
boundary terms vanish. We can rewrite the whole procedure of the discrete
variational derivative method utilizing the above definition.

The definition is in one point superior to the one defined in (3.30); if we
employ this definition, we can drop the assumption (3.22), which was required
to factorize the difference of energies. In fact, (3.33) only refers to Gq x itself
and the semi-discrete 0Gq/0U, and does not need any factorization. Thus it
can also handle, for example, G(u,u;) = sin(uug). If such energy functions
are important, the above definition deserves consideration.

Usually, however, we do not adopt the definition from the following two
reasons. First, as stated earlier, we barely find such PDEs in practice that
unfactorizable terms like sin(uu,) are inevitable. Second and more impor-
tantly, the definition (3.33) is always nonlinear with respect to Uy, V%, even
when the original variational derivative 6G/du is linear, and at the same
time, it causes global couplings of variables Uy, ..., Uy (and Vi,...,Vx) even
in separable cases. Due to these drawbacks, we essentially do not utilize the
definition.

3.2.2 Design of Schemes

Now we are in a position to define dissipative or conservative finite difference
schemes.

Let us first define a dissipative scheme for the dissipative PDEs 1 (Sec-
tion 2.2, page 52) as follows.

Scheme 3.1 (Scheme for the PDEs 1) Let U,EO) = u(kAz,0) be initial
data. Then, a dissipative scheme for the PDE 1 is given by, form = 0,1,2,...,

Uk(m+1) _ Uk(m) B

( 0Gyq
At o

5(U(7n+1)7 U(m))k_

_1)s+1515:25> , k/’ — O7 ey N. (334)
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In order to state the dissipation property of the scheme, it is inevitable to
introduce the following discrete quantity:

B<225) (U(m-&-l), U(m) —

') )

22‘%(@11)901?8”"‘(5;905@[2)) (5;@2257”)"‘(51;905@[72)) (5129056257[))
1<I<s
r.even

I— s—1 [— s—1— — l— — s—1—
260 ol (stel ™) (el )+ (seel ) (el )
+y 7 ,

1<i<s
1zodd 0
(3.35a)
where
oG
o) £ 5 g (3.35b)

k (S(U(erl), U(m))k ’

for I € {0,1,2,...}. The quantity szs)(U(mH), U(m)) corresponds to the
boundary terms appearing in (2.17) and (2.29) (see the subsequent theorems
below). The subindex “2” and superscript “(2s)” are for distinguishing it
from (3.31).

THEOREM 3.1 Discrete dissipation property of Scheme 3.1
Assume that a discrete boundary condition satisfying the following two con-
ditions is imposed on Scheme 3.1:

(i) B (U™ UM™Yy =0 (m=0,1,2,...), and

(i) B 0mD U™y =0 (m=0,1,2,...) when s = 1,2,....
Then the scheme s dissipative in the sense that the inequality
JoU ™Yy < Jq™), m=0,1,2,... (3.36)

holds.

PROOF  Substituting U™ into U and U™ into V in (3.32), we have

1 N

Ktz ”{dek(U(erl)) o Gd7k(U(m))}AIC
k=0
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- g:// ( 0Gq ) (Uk(m+1) — Ukm)) Az
= [\t utmy, At
+ Br,l(U(m+1)’ U(m))
N T
_ Z// 0Gq . (71)s+15’(€28> 6Gq Az
= | 5(U(m+1)’ U(m))k 6(U(m+1), U(m)>}€
N
=" Ax + (1) BE W Um)
k=0
<0, (3.37)
where
()
4 (gokf ) if 5 : even,
v = (3.38)

% {(5;;%(:—1))2 + ( ;4,0,28_1>>2} if s: odd,

In the second equality, the condition (i) is used. In the last inequality, the
summation-by-parts formula in Proposition 3.4 and the condition (ii) are used.

We here present an easy example to help readers’ understanding. More
practical examples will be found in Chapter 4.

Example 3.1 Linear diffusion equation

Let us consider the linear diffusion equation. We have already seen the
example in Section 1.3.1, but this time let us try a more rigorous approach
explicitly clarifying the boundary term. To this end, let us set the Neumann
boundary condition as follows.

{utum, x € (0,L), t>0,

Uy =0, z=0,L, t>0. (3.39)

This is an example of the dissipative PDE 1, where s = 0, G (u, uy) = (uz)?/2.
Let us define a discrete energy function by

(60U)° + (0, Ux)°

Gar(U) £ y , (3.40)
which means that we take in (3.23) M = 2 and
fi=rf=1,
(04 Ux)® (9% Uk)

g;r((sljUk) = Tv g; = 1; g;_ = 1, 92_(51:(]16) =
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Putting them into (3.30) (and the associated expressions (3.27a)—(3.27¢)), we

obtain
0Ga __ _ —5% (U’“ + V’“) . (3.41)

3(U, V)i 2

This agrees with (1.35) if we put Uy = U™ and Vi, = U, ™. Recall that
the formal expressions (3.30) and (3.27a)—(3.27¢) are derived by factorizing
the difference of Gg’s in (3.26), and it is natural that they agree with the
direct result (1.33). We here would like to stress again that, as commented
in Remark 3.3, we usually do not refer to the formal expressions; they are
mainly for the completeness of the theory, and in practice we always consider
the factorization for each given energy function.

Now Scheme 3.1 reads: for m =0,1,2,..

*)

Uk(m+1) _ Uk(m) _ e _ 5<2> Uk(M+1) + Uk(m)
At S0, gl % 2 ’
(3.42)
for k = 0,..., N, which is known as standard Crank—Nicolson scheme [147].

Let us check if it is really dissipative under the discrete Neumann boundary
condition:

sV ™ =0, k=0,N, m=0,1,2.... (3.43)

According to Theorem 3.1, it is sufficient to check if Br,l(U(mH)7 U(m)) = 0.
By easy calculation we see
B, 1(U(m+1), U(m))

5 U 4+ U, )
4

ST L (m)
+ {Sk ( x (U ; + U'™) (Uk(erl) _ Uk(m))

O (UR™+D 1 [ my
+ k ( k i k )(sk (Uk(erl) _ Uk(m)))

5= (m+1) (m)
i {Sﬁ ( k (Uk : +U™) U™+ — g, (™)

5$(Uk(m+1) + Uk(m)) .
2

(Sz(Uk(erl) _ Uk(m)))

[N

N

0

it (U — 0 ()

_1
2
N
5;;(Uk(m+1) + Uk(m))

* 2

g, (UMD — g (m)y

0

The last term vanishes due to the discrete Neumann boundary condition,
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which implies

5;r(Uk(m+1) + Uk(m)) _ _§;(Uk(m+1) + Uk(m))7
(U = U ) = i (U D — 1)

at k=0,N.

Note that in (3.42), undefined exterior numerical solutions U_; and Un 1
are used. We regard that they are eliminated by the boundary condition (3.43).
This is a concrete example of the notice given right after (3.24).

Similarly, the conservative scheme for the conservative PDEs 2 is given as
follows.

Scheme 3.2 (Scheme for the PDEs 2) Let U,EO) = u(kAz,0) be initial
values. Then, a conservative scheme for the PDE 2 is given by, for m =
0,1,2,...,

Uk(m+1) _ Uk(m)

_ 6;623-&-1) 0Gq

N ST g 0,...,N.  (3.44)

In order to state the conservation property of the scheme, it is also inevitable
to introduce the following discrete quantity:

B(25+1> (U(m-&-l)’ U(m)) _

r,2
(el (e ) + (600l ™) (o)

-y 5

1<i<s
(1-1) (3199012257”1)) n (S]<C1>%<€zf1>) (pl(€2571+1)

r:even
P
+ D 5

1<I<s
1:odd
1 N
+2(1)S‘I’§f)] ; (3.45a)
0

where <p,<€l> is defined in (3.35b) and

S0;<:> (SziD‘Pl(ﬁ) 7 if s : even,
g 4
= 1

2 {(5er0](€3—1>)2 + (51@@115_1))2} ,if s : odd.

THEOREM 3.2 Discrete conservation property of Scheme 3.2
Assume that a discrete boundary condition satisfying the following two con-
ditions is imposed on Scheme 3.2:
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(i) B,(U™D U™y =0 (m=0,1,2,...), and

(i) BETWmD UMy =0 (m=0,1,2,...).
Then the scheme s conservative in the sense that the inequality

Jd(U(M)) :Jd(U(O))v m = 1727"'7

(3.46)
holds.

PROOF  Substituting U™*Y into U and U™ into V in (3.32), we have

L=
M=

[}

{Gan@ ™) = GaaU™) } A

I
e

|
wMZ

0

N

(

(

+ By (U(m+1), U(m))

0G4

Uk(m+1) _ Uk(m)
5(U(m+1)’ U(m))k

At

)

0Gyq
5(U(m+1)’ U(m))k

)]m

5(U(m+1)7 U(m))k

k

) . 5(25+1>

Az

B W Ut
0.

(3.47)

In the second equality, the condition (i) is used. In the last inequality, the
condition (ii) is used.

Example 3.2 Convection equation

Let us demonstrate Scheme 3.2 with the convection equation:
Up = Uy, xz € (0,L), t >0,
under the L-periodic boundary condition:

u(0,t) = uw(L,t), uz(0,t) = uy(L,t), t > 0.

This is an example of PDEs 2 with s = 0, G(u,u,) = u?/2. Let us define a
discrete energy function by

a (Ug)?
Goa) 2 8 (3.48)
which means that we take in (3.23) M =1 and
Ur)? _
=t ;“) 9 =91 =1
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Then by the formal expression (3.30) (and the associated expressions (3.27a)—
(3.27¢)), we obtain
060Gy . Ui+ Vi
(U, V) N 2 '

This can be also obtained by a direct factorization,

OF _MF (Uk ; Vk) (U — Vi),

(3.49)

2 2

which is again far simpler than to utilize the formal expressions.
Now Scheme 3.2 reads: for m =0,1,...,

Uk(m+1) _ Uk(m)
At

_5<1> 5Gq _5<1> (Uk(m+1)+Uk(m)
- Yk ) - Yk
k

6(U(7n+1)7 U(m) ) 5
(3.50)
for k =0,...,N. Suppose that the discrete periodic boundary condition:

Uom) = Uz(vm)a UST) = UJ(vm—)la Ul(m) = UJ(vnjr)lv (3.51)

is imposed. Then it is trivial that the assumptions (i) and (ii) in Theorem 3.2
are satisfied. In fact, when s = 0 the expression (3.45b) reduces to

Q) prm+1) prem)y _ | L 0Gq ) 0G4
B, (U U™ = 25(U(m+1),U(m))k Sy, 5(U(m+1),U(m))k

0

and it obviously vanishes due to the periodicity. This boundary term can be
also more directly and easily obtained by following the proof of Theorem 3.2
with s = 0. Then by (3.12b) we immediately see

N

1

EZ {Gax(U™) = G (U™} Az
k=0
N

=3 0G4 50 6Gq Az
poars (5(U(m+1), U(m))k 5(U(m+1), U(m))k

N
_ [1 0Ga (1 0Gq ] . (3.52)

25D, ), S gy, |
As in the calculation of discrete variational derivative, in practice it is often
much easier to derive boundary terms by directly following the proof with the
summation-by-parts formulas.

Finally, it should be mentioned that the resulting scheme above is nothing
but the standard Crank—Nicolson scheme, and it seems a trivial result. In
nonlinear problems, however, resulting schemes are generally non-trivial.
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REMARK 3.5 Scheme 3.1 and 3.2 have one favorable feature that the
dissipation or conservation property is kept even when the time-mesh size
is changed during the time evolution process. We can easily observe this
since the inequality (3.36) and the identity (3.46) involve only the numerical
solutions at two consecutive time steps m 4+ 1 and m, and thus the dissipation
or conservation property is a local property with respect to this single time
step. By exploiting this welcome feature, we can reduce overall computational
cost by utilizing some adaptive techniques to control time-mesh size while
keeping the dissipation or conservation property.

REMARK 3.6 When the PDEs 1 or PDEs 2 are nonlinear, the resulting
schemes are also nonlinear, and some iterative solver such as the Newton
method is inevitable. It does not necessarily imply that the schemes are too
expensive (compared to standard schemes), since they generally allow larger
time-mesh size At thanks to the dissipation or conservation property.

If one still hopes for a linear scheme, then it is also possible to consider
linearly implicit versions of Scheme 3.1 and 3.2. Interested readers may refer
to Chapter 5.

3.2.3 User’s Choices
In a nutshell, the procedures described above are used in the following way:
1. User defines a discrete energy Ggq.

2. Then by the given procedure, the discrete variational derivative, (ac-
cordingly) the resulting scheme, and the necessary conditions on the
discrete boundary conditions for dissipation/conservation are autormnat-
ically derived.

3. Finally, user defines discrete boundary conditions so that the conditions
above are satisfied (and of course consistent with the original continuous
boundary conditions).

The second step is automatic and there is no freedom (except the possibility
of other definitions of discrete variational derivative; see Remark 3.4). In this
subsection, we would like to make further useful remarks on the freedoms in
the first and third steps.

3.2.3.1 Choice of the Discrete Energy

As emphasized several times (see, for example, Remark 1.2), there are de-
grees of freedom in defining discrete energy function. It can be chosen arbi-
trarily as far as the consistency condition like (3.24) is satisfied. For example,
in the linear diffusion equation case where G(u, u,) = u,2/2, there are at least
four possibilities as (1.26) suggests. Let us see how things would go differently
with these choices.
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[First choice]

(6 Ux"™)2 + (8, U ™)?

Ga = 1

In this case,

UM™Y
M:27f1:1a g;r:%7 91 =1

)

B 5 U, ™)2
f2:15 g;_:lv 9o :My
4
and from which the discrete variational derivative is automatically calculated
as

0Ga _ 5@ Ut 4y,
(5(U(m+1),U(m))k -k 2 ’
Thus the resulting scheme is
Ut — gt 5Gq e U™+ g, )
At st glmy, Tk 2 '

The condition (i) in Theorem 3.1 reads

Br,l(U(m—H), U(m)) — .MZ‘(Uk(T’H‘l) _ Uk(m))

2 2
57(Uk(m+1) + Uk(m)) N
+-k 5 -y (UMD = T )
0
=0. (3.53)

This is the case in Example 3.1.

[Second choice]

5+U (m)y\2
Gar = O U ) :
’ 2
In this case,
5+Uk(m) 2
=1 =1, g = OO oy

from which we obtain the same discrete variational derivative and accordingly
the same scheme as in the first choice case. However, the condition (i) in
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Theorem 3.1 is different:

+ (m+1) (m)
Br’l(U(m-i-l), U(m)) _ % 5k (Uk 5 + Ug )(s:(Uk(m+1) o Uk(m)>)
N
+ {Sk ( r (Uk . ) (U +D) _ 7,
0
=0 (3.54)

[Third choice]

In this case,

B 5+Uk(m) 2

M:17f1:1’ gf_zl 91 :%a

and from which we obtain the same discrete variational derivative and scheme
as in the first and second choices, again. In this case, however, the condition
(i) in Theorem 3.1 reads:

8, (U™ + U, )

Br)l(U(m'H), U(m)) _ (S;(Uk(m-i-l) _ Uk(m)))

2
N
5 (U, (m+1) 7, (m)
+{5,Jg ( x Uk . +Up™) (U, _ g7, 6m)
0
_0 (3.55)

[Fourth choice]

2
oo O AR L W g AR e A
S 5 .

In this case,

5+Uk(m) 2 B
M:35fl:17gfz%ag1:17
stu,m o 5oy m)
f2:17g;:%792:%7

(6, U"™)?

3:179;:1,93_: S
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Then we have

0Gq = —(5<1>)2 U™t 4y,
sty ylmy, — F 2 ’
and accordingly
Uk(m-i-l) _ Uk(m) _ 5Gyq _ ((5(1))2 Uk(m—i-l) + Uk(m)
At s ytm), Tk 2 '

The condition (i) in Theorem 3.1 reads

5}?) (Uk(m+1) + Uk(m))

Br,l(U(7n+1)7 U(’!)’L)) _ (SI(CD (Uk(m+l) _ Uk(m)))

2
N
s (g7, (m+1) (m)
+ {S;D ( k (Uk 5 +Uc™) (Uk(m+1) _ Uk(m))
0
-0, (3.56)

Thus in the present problem, we see that from the four different energy
functions we obtain the two different schemes, and the four different conditions
for discrete dissipation property. Then a natural question arises: which choice
is the best? Or more generally, are there any general principles by which even
the choice of discrete energy function can be automated? In fact, this is one of
the most frequently asked questions the authors have received regarding the
method.

This is really a difficult question to answer, and here we would like to
explain our attitude in the following way. Whether a choice of discrete energy
function is good or not depends on several factors:

1. How the form itself matters:

Sometimes the concrete form of the discrete energy function itself can
have serious meaning in mathematical analysis. For example, suppose
an energy function G(u,u,) = (u? + (uy)?)/2, which is obviously the
H'-norm of the solution, is given (the Camassa—Holm equation [24] has
this energy function; see Chapter 4). In this case the boundedness of
the energy function implies by the Sobolev lemma (Vu € H!, 3¢ > 0,
lu|loo < cl|u]lzr) the uniform boundedness of the solution. Then it is
natural to expect that its discrete version would serve as discrete H -
norm, and assure the uniform boundedness of discrete solutions. On this
issue, interested readers may refer to Chapter 4, where in some examples
mathematical analyses utilizing discrete functional analysis are given.

2. Symmetry:
Keeping the energy function spatially symmetric is generally advanta-
geous, since by doing so the resulting schemes always become spatially
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symmetric as well, which in turn means that they are of second-order
accuracy in space.

In the former easy example of linear diffusion equation, the resulting
schemes are all spatially symmetric regardless of the discrete energy
functions. In general nonlinear cases, however, it is not the case: for
example, consider a conservative equation u; = (§G/6u), = 3(ug)*Ugs

with an energy function G(u,u,) = —(uy;)*/4. If we define a discrete
energy by
5+U (m)\4
Gap = _%7

then we would obtain a scheme:

Uk(m+1) . Uk(m) B 5(1>57 { ((5]:-Uk(m+1))2 + (52-Uk(m))2>
— Yk "k

At 2

y (52-Uk(7n+1) + 62_Uk(m)>}
2 )

which is not symmetric (and thus it is only of first-order in space).

. Relation with discrete boundary conditions:

In the former example, we have seen that the choice of discrete energy
function substantially affects the conditions needed for discrete dissipa-
tion property. In fact, with the four different discrete energy functions,
we had the four different conditions (3.53)—(3.56). This is also the case
in general problems, and from this point of view, it is considerably ad-
vantageous to choose such an energy function that the conditions can be
easily satisfied by natural choices of discrete boundary conditions.

For example, let us carefully investigate the four conditions (3.53)—
(3.56). As demonstrated earlier, the first condition (3.53) can be satis-
fied by the standard discrete Neumann boundary condition (3.43). The
second condition (3.54) cannot be satisfied by the same discrete Neu-
mann boundary condition; in fact, due to an obvious identity s,?d,j =
6, , the terms &, (U™ + U,,(™)/2) and 6, (U™ + U, ™) /2)
can be handled similarly to the first case, but now the other terms
s;*(Uk.(mH) — U™ and (U™ — U,™) are not equal under the
Neumann boundary condition. Notice also that the condition (3.54)
is not symmetric with respect to the spatial index k, which is clearly
caused by the asymmetry of the discrete energy function Gq ;. The third
condition (3.55) cannot be satisfied by the discrete Neumann boundary
condition (3.43), either. The fourth condition (3.56) even refers outer
stencils at k = —2, N 4+ 2 because of the operators s,il>5,<€1>, and thus
obviously cannot be fulfilled by (3.43), even though the condition itself
is symmetric as opposed to the second and third conditions.
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On the treatment of discrete boundary conditions, see also the next
subsection.

3.2.3.2 Treatment of Boundaries

As demonstrated above, it is generally quite essential to choose appropriate
discrete energy function so that conditions for discrete dissipation/conservation
properties can be easily fulfilled by “natural” discrete boundary conditions.
In some cases, however, it turns out to be difficult to choose appropriate (nat-
ural) set of discrete energy function and discrete boundary conditions, and it
is more convenient to consider a slightly modified procedure.

For example, let us consider the linear diffusion equation (3.39) again, but
this time under the Dirichlet boundary condition:

Up = Ugy z € (0,L), t>0,
{u((),t) =a, w(L,t)=b, t>0, a,beR. (3.57)
This problem is still dissipative, since
d rE L
I G(u,u,)dr = f/ (tzz)?da + [upus]l < 0. (3.58)
0 0

Note that the boundary term vanishes since u; = 0 at « = 0 and L. If
we follow the proposed method to obtain a dissipative scheme, we reach the
same condition (3.44) as in the case of the Neumann boundary condition.
It seems, however, considerably difficult to find a set of discrete boundary
conditions which is an approximation to the Dirichlet boundary conditions
and also satisfies the condition (3.44). The terms pZ‘(Uk(mH) — U™) and
My (Uk(m+1) — Uk(m)) are the discrete versions of the term u;, but if we assume
both terms vanish by the discrete Dirichlet boundary condition, a difficulty
arises that the system becomes overdetermined.

One way of circumventing this difficulty is to slightly modify the whole
process by exploiting the following identity:

N N

SO O g Az = =087 fi)geAx+ (8 fx)gn1 — (0 f-1)g0, (3.59)
k=0 k=1

which is a variant of the summation-by-parts formulas (compare it with (3.14a)).
Let us define the discrete energy function by

2
e’ a0

e

Gax(U)

and the discrete global energy by

N
ZGd,k(U)Al'. (3.61)
k=0
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Note that in the above expressions, the rectangle rule is used as the summation
rule instead of the trapezoidal rule. Under these conditions, let us consider
the discrete variation:

EN:{Gd,k(U) — Gar(V)}Az
e (B

o () - i (P o

(3.62)
Then we obtain a scheme: for m =0,1,2,...
(m+1) _ g7, (m) (m+1) (m)
Uk Uk 5,§2><Uk + Uk ) k=1, N—1,
At 2
U(gm) =a, Uz(vn-lk)l =
(3.63)
The scheme is dissipative in the sense that the inequality:
N
> {GarU ™) = Gar(U™)}Az <0 (3.64)

k=0

holds, which can be easily verified in light of (3.62). To summarize, it is often
convenient to consider another summation rule and another summation-by-
parts formula so that a discrete boundary condition can be implemented in a
natural way.

3.3 Procedure for First-Order Complex-Valued PDEs

In this section we consider the first-order complex-valued PDEs 3 and
PDEs 4, described in Section 2.3. The main tool is the concept of the “complex
discrete variational derivative,” i.e., a rigorous discretization of the complex
variational derivative.

3.3.1 Discrete Variational Derivative: Complex-Valued Case
As in the real-valued case, suppose that G(u, uy) is in the form:
M R o
Glu,ug) =Y alp(u)| ™ g (ug) [N (3.65)

=1
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where M € N, NlP,NlQ €{2,3,4,...}, ¢ € R, and py, ¢ are assumed to be
complex-valued functions that satisfy p;(z) = p;(u), ¢;(@) = ¢(u). Though it
could be more general, we do this to keep discussion simple and to give the
explicit forms of the complex discrete variational derivatives.

Suppose that we can define a discrete local energy by

M
m m P m o e— .
Gar@™) =" alp U™ N g (6 UL™) N g (8, U™ M
=1
(3.66)

where NlQ = Nfr + N, €R, and q;“,ql_ are functions approximating g;.
They must be appropriate approximations, for example,

¢ (67U )ar (67 U™) 2 @] s=rae ). (3.67)
Hereafter we abbreviate \pl(Uk(m))|NlP as Pl(Uk(m)), |ql'~'((5,;"U;€(m))|Nl+ as
Q (U™, and |g; (6, Ux"™)|N as Q; (Ux™). We define an associated
global energy by

N

> "G r(U™) Az, (3.68)
k=0

Ja(U™) = <

To follow the continuous variation calculation, let us consider the difference
of the discrete energies at the different points U and V| as in the real-valued
case.

N
Z "{Gax(U) - Gax(V)} Az
k=0

N
_ Z//{a(aGd(Uk - Vi) + &(mﬂ-

k=0 U, V)i oU, V)
__0Ga s by 0G4
+ 95T (U, V)r ((5 Uy -9, Vie) + 35+(U V) ((5 U, — 6} Vi)
0Gyq 0Gyq
er(é Uy, — 5 Vk) m((s Uk—5 Vk)}Ax

-5 {awown o (i) - (a0

=0
Voo (o) % (amorm) ) T ) e
B

U,v), (3.69)

S
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where
USTHE o ( (Un)QL (Uk) + O (Vi)Qr <Vk>>
oU, V), — =" 2
X (W) F (N5 p0(U), (Vi) (3.70a)
0Ga 4 ic (H(UkHB(Vk)) (Qz(UkHQl(Vk))
o0t (U, V), = 2 2
+ 5+U S 5+V
(S g
(3.70D)
UTHE o (LOERLEY (ka)wﬂm)
26U, V), — =" 2 2
(0. U) —qr (6. V) e
(T )
(3.70¢)
B(U,V) =
1 0Gy 0Gyq
[85+(U, V) Sz(U Vi) + sp, (55+(U, V)k> (U — Vi)
9G4 N 9G4 ) —
AL <86+<U, v),) (e
0Gyq 0Gq
o (G ) e
9G4 N 0G4 — 1"
AL (86—<U,V>k> (0 V’“)L ’
(3.70d)
and
d = ;22 (lz[" 72 + |z Yzl + - + |22["7?), n : even,
f(n;z1,22) = T3 |l A 2 e e o [ o
2 [zl + 2] B
(3.71)

In the second equality of (3.69), a trivial equality ab — c¢d = %(a —co)(b+
d) + 1(a + ¢)(b — d) is repeatedly used (note that in particular |a|? — [b|> =
2(@+¢)(b—d)+3(a—c)(b+ d)). In the third equality, the summation-by-parts
formula (3.12a) is applied. 0G4/9(U, V') corresponds to dG/Ou, and both
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0Gq/06FT (U, V) and 0G4/05~ (U, V), correspond to dG/Ou,. Obviously,
the discrete variation calculation (3.69) corresponds to (2.5). The symbol B,
denotes the discrete version of the boundary term, where the subscript “c” is
for “complex.”

Now we define the complex discrete variational derivatives as follows.

(5Gd i 6Gd 5 ( 8Gd ) _ (5+ ( 8Gd )
(5(U,V)k - 8(U,V)k k 85+(U,V)k k 8(57(U,V)k ’
(3.72a)
_ 0G4 4 (3@1)_5 (8Gd>_5+(3Gd)
(U, V)  \0H(U, V)i " \oo+ (U, V)i F\oo-(U, V)i /)
(3.72b)

Note that the complex discrete variational derivatives are complex conjugates
of each other (as in the continuous case), that is,

0Gyq 0Gyq
S — 3.73
U, V)i 66U, V) (8.73)
It should be also noted that when
B.(U,V) =0, (3.74)

the discrete variation (3.69) becomes

N
> "{Gax(U) = Gai(V)} Az
k=0

N
N | 9Ga o 0Ga N o 0Ga -
_ZO [{a(U,V)k O, 95+ (U, V)i o 95— (U,V); (U — Vi)
(sss). - (o) - (e ) =70
oU, V)i / 05+ (U, V)i 96— (U, V)1

N

1" 0Gq 0Gq :|

- o Uk = Vi) + ——==— (U — Vi) | Az. 3.75
ZLS( W = Vo) + 55 37, (Ur = V)| A2 (3.75)
This will be frequently referred to in the subsequent procedures.

3.3.2 Design of Schemes

With the complex discrete variational derivatives, dissipative or conserva-
tive finite difference schemes for the target PDEs 3 and PDEs 4 are defined
below. A dissipative finite difference scheme for the PDEs 3 is given as follows.
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Scheme 3.3 (Scheme for the PDEs 3) Let Uéo) = u(kAz,0) be initial
values. Then, a dissipative scheme for the PDE 3 is given by, for m =
0,1,2,...,

A G4

At 5(U(m+1)7U(m))k’

THEOREM 3.3 Discrete dissipation property of Scheme 3.3
Assume that a discrete boundary condition satisfying the following condition
is imposed on Scheme 3.5

B.(U™D U™y=0, m=0,1,2,.... (3.77)
Then the scheme is dissipative, in the sense that the inequality
Jo(UmH)y < JqU™), m=0,1,2,... (3.78)

holds.

PROOF In light of (3.75),

N
ltZ/ { m+1)) Gd,k(U(m))} Az

k=

i\]: " Gd Uk(m+1) - Uk(m)
U("H-l) Um )) At

k=0
(m4+1) _ 7, (m)
+ (5Gd Uk Uk Az
ST UM, At

2

[=)

N
0Gy
-2y 7 Ax
kzzo 5(U(m+1), U(m))k
<0. (3.79)
I
Example 3.3
Let us consider this example:
Up = Ugg, z € (0,L), t >0,

under the L-periodic boundary condition:

w9 (0,t) =u9(L,t),  j=0,1,2
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The superscript “(j)” denotes the j-th derivative. This is an example of
PDEs 3 with G(u, u;) = |u,|?. This can be regarded as the linearized version
of the complex Ginzburg-Landau equation (see Section 2.3). It is easy to see
directly that

a4t L L
—/ G(u,uy)dz = / (—Ugztt — Uz Uy )dx = —2/ lug|?dz < 0.
dt Jo 0 0

In order to construct a dissipative scheme, let us define a discrete energy
function by

STUR? + |05, Ur)?
Gd,k(U) | k k| 5 | k k| ,

which means that we take in (3.66) M = 2 and

11E

(3.80)

n=1, Nlpzl, (1=1,2)
’qf_:g;:UkW N1+:27 Q1_:1a Nl_:L

. gy =1, Nf =1, g5 =6, Uy, Ny =2.

Then by the formal expression (3.72a) and (3.72b) (and the associated ex-
pressions (3.70a)—(3.70c)), we obtain

0Gq 52 (Uk + Vk>

ST V) F 2 350

This can be also obtained by a direct factorization:

(16, Ukl® = 16, Vil?) A
N1 U + V4 Uk + V,
=Y 2{5+( k2 ’“) 5 (U, = Vi) + 6 (T — Vi) - 5+( ’“2 k)}Ax

0
i ;{ <Uk—2wk> (U = Vi) + (T = Vi) - 67 (U’“;V’“>}AI

1 U +V; U +V,
+4|:(5 ( k2 k) (Uk—Vk)—FSk ( k k) Uk—Vk

U % U, \%
+(5,—:< k;r k) (Uk_Vk;)—"_Sk ( kt k) Uk—Vk:| ,

(3.82)

I
N

which is again far simpler than to utilize the formal expressions. The terms
regarding |6; Ux|?/2 can be handled in a similar manner. Now Scheme 3.3
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reads: for m =0,1,...,

Uk(m+1) _ Uk(m) _ 5Gq B 5<2> <Uk(m+l) + Uk(m))

At @y gy, 2

(3.83)
for K =0,...,N. Suppose that the discrete periodic boundary condition:

R N N U D)

is imposed. The condition (3.77) in Theorem 3.3 reads (by the formal expres-
sion (3.70d))

BC(U(m-H)7 U(m)) =
U, (m+1) 4 gy (m) . .
52‘ ( k 5 k .SZ‘(Uk( ) _ ))

U7, (m+1) +U (m)
+ 57,05 ( k 5 k

1
4

) . (Uk(m+1) _ Uk(m))

U, (m+) 4 gy, (m)

2
U (m+1) 4 g, (m)
v o ( k 2+ k ) (Uk(m+1) _ Uk(m))
N
+ (similar terms regarding |6, Uk(m)|2)}0 . (3.85)

This is obviously identical to the boundary term in (3.82). The boundary
term vanishes due to the periodicity.

A conservative scheme for the conservative PDEs 4 is defined as follows.

Scheme 3.4 (Scheme for the PDEs 4) Let U,EO) = u(kAz,0) be initial
values. Then, a conservative scheme for the PDE j is given by, for m =
0,1,2,...,

: (Uk('rn-i-l) _ Uk(m)> 5Gd

. . k=0,...,N. (3.86
At 6(U(m+1), U(m))k ( )

O

THEOREM 3.4 Discrete conservation property of Scheme 3.4
Assume that a discrete boundary condition satisfying the following condition
is imposed on Scheme 3.4:

B (U™ U™y =0, m=0,1,2,..., (3.77)
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form = 0,1,2,.... Then the scheme is conservative in the sense that the
equality

Jo(U™) = J,(U®), m=1,2,... (3.87)
holds.

PROOF In light of (3.75),

N
72// {Gd,k(U(7n+1)) _ Gd,k(U(m))} Az
B i" 6Gy U, (MY _ g, (m)
T & Lo U™, At

(m4+1) _ g7, (m)
n 0Gq Ug Ug A
(5(U(m+1), U(m))k At

2

2

- ivj s 0Ca —i 2 Az
P (;(U(erl)7 U(m))]C 5(U(m+1), U(m))k
=0. (3.88)
[
Example 3.4
Let us demonstrate Scheme 3.4 with the linear wave equation:
Uy = —Ugy, x € (0,L), t >0,
under the L-periodic boundary condition:
u(0,t) =u9(L,t),  j=0,1,2.
This is an example of PDEs 4 with G(u, u,) = —|u,|?, and can be considered

as a linearized version of the nonlinear Schrédinger equation (see Section 2.3).
Let us define a discrete energy function by

d |§:Uk|2 + |(5;U1€|2
= 5 .

Then the story goes almost the same way as in the previous example to find
the concrete form of Scheme 3.4: for m =0,1,2,...,

, Uk(erl) _ Uk(m) _ §Gyq _ —5<2> Uk(m+1) + Uk(m)
At sy glmy, 2 ’

(3.90)
for £k = 0,...,N. This becomes conservative under the discrete periodic
boundary conditions (which can be easily verified). I

Gar(U) (3.89)
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3.4 Procedure for Systems of First-Order PDEs

In this section we consider the systems of first-order PDEs 5 and PDEs 6.
In view of the extended vector expression (2.10) we denote the numerical
solutions by

U ~uj(kAz,mAt), (j=1,...,Nex, k=0,...,N, m=0,1,2,...).
(3.91)
The first subindex j corresponds to the j-th variable u;, and the second
one k denotes the spatial index. We also introduce a discrete version of the

extended solution vector introduced in Section 2.1, which is a vector of length
Nex X (N +1):

T

U = (U1707'"7U17N""7UNeX)07""UNeX)N) . (392)

We assume that the discrete version of the energy function G(u,u,) is of
the form

M  Nex

Gax(U) = Z H Jr5U)05(0 Ui k) g1, (05 Uj i) (3.93)

1=1 j=1
The discrete global energy is defined accordingly by
W
Ja(U™) =3 "G (U)Ax. (3.94)

k=0

For the discrete energy function defined above, we hope to find an identity of
the form:

WE

" (Gdyk(U) — Gng(V)) A:c

el
I

0

N N,
= 0Gy 0Gy
— E " § < =V -9 (5tU. . =TV
{a(U, V)j’k(UJgk V7ak) + 8(5+(U,V)j’k( k U.?vk k ‘/J,k)

k=0 j=1

0G4 _ -
NEZRCASI R VJ”“)}

where 0G4/0(U, V), 1, and 0Gq/05% (U, V), are supposed to represent 0G/du;
and 0G/0u; ., respectively. If an identity in the form of (3.95) is realized, then

Az, (3.95)
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by the summation-by-parts formula, we obtain a discrete variation identity:

N
Z " (GdJC(U) - Gng(V)) Az
k=0
N N,
, =X 0Gy
= Z ’ Z W ' k(Uj’k —Vik)| Az + Beys(U, V), (3.96)
k=0 |j=1 s
where
0Gyq d 0G4 5 0Gyq 5+ 0G4
SU,V)., _ a(U,V) 96+ (U, V) 96— (U, V)
(3.97)
and
d
B,s(U,V) =

N,
1 9Ga N _ ileR
N CATT L (auvm) (i = Vi)

N
8Gd _ + aC"Vd
s, b v} i (gt ) e )
(3.98)

The symbol 6Gq4/0(U,V); 1 is a discrete variational derivative in the multi-
variate case. The identity corresponds to the continuous case (2.9) (or more
simply, (2.11).) The term Bsgys corresponds to the boundary terms in (2.9),
where “sys” is for “system.”

A troublesome issue remains to be discussed: How can we fix an iden-
tity (3.95)? The trouble is not that it is hard to find one; the truth is that
we find too many, and it seems impossible to determine a single choice as a
universal template that adapts to wide range of problems.

The next lemma shows that at least one identity of the form (3.95) can be
found.

LEMMA 3.1
Let J be a positive integer, a; : C — C (j =1,...,J) be sufficiently smooth
functions, and uj,v; (j = 1,...,J) be their arguments. Then there exist

functions F; (j = 1,...,Nex) that are polynomials of aj(u;),a;(v;) (i =
. J, i1 # J) such that

(i) for any uj,v; (G =1,...,.J)

J J J
Haj(uj)_Haj Z a;(u;) — a;(v;))F;
j=1 j=1

j=1
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holds;
(il) whenu; =v; (i=1,...,J, i #j),

Fj = Hal(ul)

i#]
Thus it follows that
aj(uj) — aj(vj) 0
I g\U5) = 4\ \ p 9 ().
ujligj ( u; —v; ) I By il;[la (us)

PROOF It can be explicitly constructed by repeatedly using the trivial
identity ab—cd = (a+c¢)(b—d)/2+ (a—c)(b+d)/2. Let us abbreviate a;(u;)
as a; and a;(v;) as b; to save space. If we choose to separate (a; — b;) first,
then

J J J—1 J—1
_ra;+ ]2 b, b
Haj—Hbj:<H7_1 321_[7_1 j) aj—by)+ Ha] Hb (aJ+ J).
j=1
T

he same identlty holds true with J replaced with J — 1, by which the term
llaj - HJ 1 b can be further factorized. By repeating this process for
—2,J—3,...,27 we find that

J I a TV b
FJ:.H (“;rb> (Hiﬂ ’;Hmlbl) G=1,....J). (3.99)

I

Setting J = 3Ny, and taking fl,j(ijk),gl'fj(c?,;"Uj’k),gl_,j(5,:Uj7k) as a;(uj)
and fl,j(‘/jyk),glfj(éz‘@k),gljj(ék_Vj,k) as a;(v;), we see by the above lemma
that

Nex
Hfl,g ]k))glj((; U]k))gl] 5 Ujk Hfl] glj 5 V )g;j(élz‘/},k)
j=1

(cf. the energy (3.93)) can be factorized so that the terms (U;i — Vji),
(52[(Uj,k — V; i) are separated. Then by summing them for [ =1,..., M, we
obtain the concrete forms of 9G4/0(U, V)i, and 0Gq/05*(U,V); ;. More-
over, they are in fact valid approximations to the continuous partial derivatives
(due to (ii) of the above lemma).

The proof of the above lemma reveals that there are combinatorially many
choices for F}’s. In fact, we can arbitrarily change the order of separation, such
asj=1,2,...,J (instead of j = J,J—1,...,1 in the above proof), by which
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a different set of F}’s that are still valid approximations of the continuous
partial derivatives are obtained. Furthermore, it is also possible to separate
two or more terms at a time; for example,

4 4

arts £ 0 + bsb
Haj - H b] = <1(12212> (a3@4—b3b4)+(a1a2_b1b2) ((13&4234) .
Jj=1 Jj=1

(3.100)
If we allow these possibilities as well, the number of possible choices soon
blows up as J (or equivalently, Ney) increases. It also seems impossible (or
useless) to give a single fixed choice such as (3.27a)—(3.27¢) in the real-valued
single PDE case, and (3.70a)—(3.70c) in the complex-valued single PDE case.
The group of the systems of PDEs is too large to deal with by a single fixed
pattern; the best choice should be judged on a case-by-case basis. In practical
situations, this is not a hard task since appropriate factorizations are usually
few, if not unique, for a given system of PDEs, in view of symmetry:

o Symmetry as to 5,?: It is often preferable that in the resulting identity
the symmetry as to 57; is preserved (since it affects the spatial symmetry
of the resulting schemes). To that end, the terms regarding 5,:5 Uj.r (and
5,fVJk) should be grouped.

o Symmetry as to conjugate variables: If u; and u;41 are complex conju-
gate of each other, then they should be grouped.

e Other physical symmetries: If there are any symmetries in variables
coming from physical derivation, it might be preferable to preserve them
by appropriately grouping variables.

Observe that the factorizations in the single PDE cases (i.e. (3.27a)—(3.27c¢)
and (3.70a)—(3.70c)), have been given with full respect for such symmetries.
Note also that practically Ny is often 3 or 4, at most (see, for example, the
Zakharov case in Section 2.4).

REMARK 3.7 Lemma 3.1 can be generalized so that it allows the factor-
izations like (3.100); i.e., even when we utilize such factorizations, the resultin
F}’s satisfy the conditions (i) and (ii). ﬁ

REMARK 3.8 If the symmetry as to u; (j = 1,...,J) is demanded, it is
possible to recover the symmetry, for example, by averaging all the possible
factorizations of the form (3.99). It is also possible to partially recover the
symmetry for a subset of u;’s by appropriately averaging factorizations. But,
by these averagings, the computational cost should increase accordingly. f
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3.4.1 Design of Schemes

The general form of the proposed scheme for the target PDEs 5 and 6 is
given as follows.

ym+l) _ym) Yen
— X = A4 6(U(m+1),U(m)) , m=0,1,2,.... (3.101)

The matrix Ay is defined automatically based on the original matrix A in
PDEs 5 and 6. The subscript “d” stands for “discrete.” The scheme becomes
conservative or dissipative when the matrix Aq and the discrete boundary
condition imposed on the scheme are of certain special forms. In what fol-
lows, we give the definitions of Aq and the necessary conditions for discrete
dissipation or conservation, for each of Type C1-C4 and D1-D3 systems in
turn.

Scheme 3.5 (Scheme for the PDEs 5) Let U\ = u;(kAz,0) be initial

values. A scheme for PDEs 5 is given by (3.101) with the matriz Aq defined
as follows:

For Type C1 Aq is an (N +1) x (N + 1) matriz:
Ag = AP

where AS) is an (N + 1) x (N + 1) matriz which is defined as
AP £ diag { (6") }.

For Type C2 Ay is a (2N +2) X (2N + 2) matriz:

0 I
-10)°
where I is the (N + 1) x (N + 1) identity matriz.

For Type C3 A4 is a (2N + 2) X (2N + 2) matriz:

D](fs—&-l)

)

0 A
A0 )

For Type C4 Aq is a block diagonal matriz where each block matriz is what
is defined above for the corresponding Type C1-C8 systems.

where

11E

D

O
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THEOREM 3.5 Discrete conservation property of Scheme 3.5
Assume that discrete boundary conditions that satisfy the two conditions
below are imposed. Then Scheme 3.5 is conservative in the sense that the
equality:
JoU™YY = Jy™), m=0,1,2,... (3.102)

holds. The first condition is
Bys(U™D U™y =0, m=0,1,2,.... (3.103)

The second condition is given independently for each type as follows:

For Type C1

b | (s ) GO

S

+%Z {( >)j71 Pk-s]iw (6’<cl>>2s+1fj P

Jj=1
1 25+1—j N
s (50) 7 B (o) Pk] =0,
0
(3.104)
where
p 4 0G4
T S @ o),
(Because M =1 in this case, we omit the subscript j here.).
For Type C2 No additional conditions.
For Type C3
T N
(-1 [(DkPk) s (DkPk)]
0
+1 s 1) (Dj 1Pk.)TS<1> <D23+1 ]Pk>
2 =
N
s (pDi—tp D»tl-ip } ,
A ON ),
(3.105a)
where 5C
Py = d j=1,2, (3.105h)

5(U(m+1),U(m))j k,

P2 (P, Por) ', (3.105¢)
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m <1>
00 ) smd [0 s (3.1054)
a0 5,7 0

are 2 X 2 matrices.

and

Dy,

11EN
EN

For Type C4 We assume that for each block of Aq components, the corre-
sponding conditions defined above are satisfied.

PROOF We consider Types C1 to C4 in order.
[Type C1]

By repeatedly using the summation-by-parts formula (3.12b), we have

1 N

<> "GapUHY) = Gap(U™)Ax

L (o) B s (50) B

+% (—1)77* [<5él>)j_1pk . s}<§1> (5lil>>2‘9+1—j N

+SI<€1> (5;;))]'—1 P, (5;;))254-1—]' Pk} 0

_ 0. (3.106)

N

In the second equality, the assumption (3.103) is used. The last equality is
from the assumption (3.104).

[Type C2]

We note the scheme is rewritten with P;; as

(3.107)
m—+1 m
Ugy ™ Uy

At
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Then, from (3.96),

B~
] =

/IGd,k(U(m+l)) _ Gd’k(U(m))Ax

=
Il
=]

2 U(m""l) U(Vg)
S () e o)

Jj=1

M= 11

1
PPy — Po P pAx

I
=1
o

(3.108)
[Type C3]

Using the abbreviation P; y, the scheme is rewritten as

m+1 m
Ul(,k ) _ Ul(,k) _ (5<1>>2s+1 P
At k 2,k

(3.109)
(m+1) (m)

Upy = Usly _ ((5<1>)2S+1 p

At k bk

To prove the conservation property, we use the following summation-by-parts

formula which corresponds to (2.51). For any sequences Fy = (F} i, F» k)T,
T

G = (G, Ga)

N

_ N T
Z//FkTDkaAl‘ = 72” (Dka) GkA{E
k=0 k=0
Lip Tom Y el
+3 [Fk ShaGy + (S Fk) Gk]o . (3.110)

Then, from (3.96),

|~
WE

//Gd’k(U(m+l)) _ Gng(U(m))AJI

>
Il
=]

I
Mz

m—+1 m
" : U( ) Ul(,k) (m+1) (m)
> Py | i | Ar+ B (U, U)
0 j=1

-3 pT (Bk)2s+1 PiAw

k=0

b
Z
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s [(Bim) s (5;pk)]N

0

S

+% ‘ (—1)i-1 {([)i‘lpk)TyU (5,33+1‘1Pk)
j=1
o (pp,) (Bp)|
w0 (orm) (55|
~0. (3.111)

In the second equality, the assumption (3.103) is used. The last equality is
from the assumption (3.105a).

[Type C4]
Trivial, because this is just a combination of the other types. I
Scheme 3.6 (Scheme for the PDEs 6) Let U;Sj = u;j(kAz,0) be initial

values. Then, a dissipative scheme for the PDE 5 of Type D1-D3 is given by
(3.101), where the matriz Aq is given as follows.

Type D1 Aq is an N x N matriz:
s+1 A (28)
(=D)AL

Type D2 Aq4 is a 2N x 2N matriz:

0 —I
-0 )
Type D3 A4 is a block diagonal matriz where each block matriz is defined

above for the corresponding Type C1-C3, D1, and D2 systems.
O

THEOREM 3.6 Discrete dissipation property of Scheme 3.1

Consider Scheme 3.5 for Types D1-D3& and assume that a discrete boundary
condition is imposed which satisfies the two conditions stated below. Then the
scheme is dissipative in the sense that the inequality:

JoU™YY < Jq0™), m=0,1,2,... (3.112)

holds.
The first condition is

By (U™ U™y =0 (m=0,1,2,...). (3.113)

The second condition is as follows.
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For Type D1
1o o1 [ ()it @y (s)*¥77
g2 |(60) T Aol (0)
j=1
W (s p L (50 ZS_jP]N:()_ 3.114
+sk‘ (k ) k (k ) k 0 ( )

For Type D2 We do not need any additional conditions.

For Type D3 We assume that for each block of Aq components, the corre-
sponding conditions defined above are satisfied.

PROOF We can easily prove the case of Type D1 just by repeatedly
applying the summation-by-parts formula as in the conservative case. The
other cases are trivial. [

3.5 Procedure for Second-Order PDEs

In this section we consider the second-order PDEs 7:

0%u 0G

—=——, 2€(0,L), t>0, 2.55

ot? ou (0.L) ( )
and their conservative schemes. The procedure essentially differs from those
in the previous sections, since the PDEs themselves greatly differ; the conser-
vation law is now

d (L1,
@t/ §(ut) + G(u,uy) pdz =0, (3.115)

which includes not only G but also u;.

To design a conservative scheme for the PDEs 7, we have two different
approaches. The first, direct way is to start from the conservation law (3.115)
and consider its discrete variation. This is a completely new process because
the local energy appearing in (3.115) includes not only w and u, but also
ug. The second, somewhat tricky way is to rewrite (2.55) as a conservative
system of PDEs and apply the procedure described in the preceding section.
Basically these two ways lead us to different types of conservative schemes,
though the latter can be considered to include the former one. In what follows
we describe these two approaches.
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3.5.1 First Approach: Direct Variation

In this approach we try to copy the continuous differentiation (2.56) directly
in a discrete setting. Let U™ be numerical solution. Now suppose that
the local energy G(u,u,) be approximated by GdJC(U(m), U™+, This is
a completely new concept; so far the discrete local energy has been defined
with only one approximate solution: Gq (U (™)), But now it is defined with
two consecutive solutions. We then define a discrete global energy by

N
J(Umt) ymy £ > {;(5;Uk<m> )? + Ga (Ut U™ )} Az.
k=0
(3.116)

The symbol ;! is the forward difference operator with respect to time index
(m); ie. 60U = (U, ™Y — U, (™) /At. Note that the global energy Jq
also refers to two solutions accordingly.

Let us consider the discrete version of (2.56) as follows.

Jd(U(m+1),U(m)) _ Jd(U(m),U(m_l))
St {(%Uk(W (05012

2 2
k=0
+ Gdﬁk(U(m—H)v U(m)) - Gd,k(U(m), U(m_l))} Az. (3.117)
The first half of the right hand side of (3.117) is

XN: " { (GHU™)? (GHU ) }

2 2
k=0
N m m—1
_ Z” {5:; (Uk( ) + Uk( )) -(5;; (Uk(m) _ Uk(m_l)) } Az
k=0 2
N
—y {5§3>Uk<m> ,5$>Uk<m>m} Ac. (3.118)
k=0

In the last equality, note that

(m) (m—1) (m+1) _ 77 (m—1)
5+ Uy, + Uy _ Uy Uy _ 5<1>Uk(m)
m 2 2At m ’
and
U, m+Y) _orr, (m) 4 gy (m=1)
fas (Uk(m) _ Uk(m_l)) _ Uk Zt + Uy _ 520, M A,

To deal with the second half of the right hand side of (3.117),
GdJC(U(mH),U(m)) - Gd7k(U(m),U(m_1)), we must extend the concept of
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discrete variational derivative to three-points discrete variational derivative.
To this end, let us put the same assumption as before that the energy G(u, u,,)

is of the form

G(u, ug) Zfl Wai(ug), M €N. (3.22)

Let us define a discrete analogue of G with two solutions as

Gy k(U(m+1) U(m)) —
Z LU m+1) Uk )g?_(5ZUk(m+1)a 52— Uk(m))gl_ (5k_ Uk(m'H), 51: Uk(m)).
(3.119)

For consistency, functions gli are supposed to satisfy, for example,

g OF U U™ g (0, UG 6 UK ™) 2 g1 ()| pmi i im (1 2yt

(3.120)
Then after some calculation we obtain
N
Z //Gd,k(U(erl), U(m)) _ Gd,kz(U(m)a U(mfl))Ax
k=0
_ EN: { 9Gq ( U, () — U;Jm”)
P a(U(m+1), U(m), U(mfl)) . 2
aGd N Uk(erl) - Uk(mfl)
85+(U(77L+1) U(m) U(m 1)) ’ 513 9
G U — g (m=D
+ d ol i Az
85_(U(m+1), U(m)’ U(m—l)) . 2

M=

0Ga W7, (m)
1 m
{a(UW“),U(m) Uy, (§m Uk )

k=0

9Ga + (517, (m)

86+(U(m+1) U(m) U(m 1)) '5k (6m Uk )

9Ga — (s g7, (m)
+86—(U(m+1>,U(m)’U(m—1>)k'5k (5'” Us ) AtAw, (3.121)
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where

0G4 B
3(U(m+1)7 U(m)7 U(mfl)) .
M

f(m,m+1) _ fl(mq,mfl)

l
; %(Uk(m+l) _ Uk(m_l))

+,(m,m+1) —,(m,m+1) +,(m,m—1) —,(m,m—1)
x (gl 91 ;rgl I ) (3.122a)
0G4 B
agﬂ:(U(m-&-l)’ U(m)7 U(m—l)) . o
M m,m m,m— m,m ,(m,m—
2 2
=1
+,(m,m+1) +,(m,m—1)
g, — g
x . (3.122b)
<§5§(Uk(’”“) - Uk"””)>

In the above notation we used the abbreviations

m,m d m m
fl( ) S FCAR N AN
d

g " = gEGEUTY, 5EUL ™),

and so on, for the sake of space. Applying the summation-by-parts for-
mula (3.12a), we obtain

N

Z "G’d,k(U(m"'l), U(m)) _ Gd,k(U(m), U(m_l))Ax

k=0

_ ﬁ: " 5Gd (Uk(m+1) - Uk(m1)>

pors 5(U(m+1), U(m)7 U(nb—l))k 2
+ By (U™ um™ ym=—b), (3.123)
where
0Gq

(5(U(m+1), U(m), U(m_l))k

g 8Gd 5 8Gd
B 8(U(m+1)7 U(m)7 U(m—l)) N k 85+(U(’”+1), U(m)7 U(m—l)) .

0G4
_ S5t
on (8(5‘(U(m+1), U—(m)7 U(m—l)) k) ) (3.124)
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Btt(U(m+1), U(m)7 U(TTL—l)) %

% [a(U(m+1)7Z€i), U(m_l))k {5; (5$>Uk(m))}

- 0Ga (1) g7, (m)
+ {Sk <6(U(’rn+1)7 U(’m)’ U(’m—l)) k) } <6m Uk )

+ 36—(U(M+1)(?(I;Jd(m)’ U(m_l))k {s; (§$>Uk(m))}

N
9G
N W, (m)
N {s’“ (aa—(U<m+1>,U<m>,U<m1>)k>} (s v )] :

0
(3.125)

We call the discrete quantity

0Gyq
5(U(m+1), U(m)’ U(mfl))k ’

the “three-points discrete variational derivative,” since it refers three points
m—1, m, m+1, in time. The identity (3.123) corresponds to the continuous
variation (2.56). The term By corresponds to the boundary term in (2.56),
and the subscript “tt” is taken from the target PDE uy = - - -.

Collecting (3.118) and (3.123), we can now summarize the difference (3.117)
as

1
=~ Jo(Um+) gmy _ ot U(mfn))
N
5G
=N 5@y, m 4 d }5<1>Uk<m>m
];) { 5(U(m+1),U(m),U(m_l))k
+ B (UM™Y U™ gm=y /At (3.126)

This leads us to the next scheme.

Scheme 3.7 (Conservative scheme I for the PDEs 7) Suppose the ini-
tial data U and the starting value U are giwen. Then, form=1,2,...,

0Gq

@)y, (m) — _
O’ U™ = s ym glm=1)y

k=0,...,N.  (3.127)

PROPOSITION 3.5 Conservation property of Scheme 3.7
Suppose that discrete boundary conditions are imposed so that

B (U™ um™ um=Yy=0, m=1,23,....
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Then Scheme 3.7 is conservative in the sense that
JoUmt gty = o™, u®),  m=1,2,... (3.128)

holds.
PROOF Clear from (3.126). I

REMARK 3.9 Slightly modifying the procedure, we can also design an
explicit scheme:

Ulgm+2) _ Uk(m+1) _ Uk(m) + Uk(mfl) _ 5Gq (3 129)
2(At)? s glmy,
which is conservative in the sense that
N
STUL MY (517, (m)
" {( mUk )2( nUk™) Jer,k(U(m)) Azx
k=0
N Wy s—77(1)
ot )
=y {( mUs )2< mOy ) +Gd,k(U<1>)} Az (3.130)
=0

holds for m = 2,3,.... The detail of this scheme is found in Furihata [67]. [

3.5.2 Second Approach: System of PDEs

The PDE: o2 sC
U
- _ = 2.
ot? ou (2.55)

can be rewritten into a system of PDEs by introducing a new variable v = wu;:

ou oG
e =v=", (3.131a)
o oG

where G = v2 /2 4+ G(u,uy) is a modified local energy. The conservation law

L
G | {500+ cwun fas=o (3.115)

is rewritten accordingly as

d [t
—/ G(u, ugz,v)dzx = 0. (3.132)
at Jy
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Since the matrix appearing in the right hand side of (3.131):

(01 (1)) (3.133)

is skew-symmetric, we can immediately apply the method described in the
previous section to obtain a conservative scheme. Let G4(U™) be a discrete
energy for G(u,u,), and

(Vk(m))Z

Gap (U™, VW) = +Gar(U™), (3.134)

be a discrete modified local energy.

Scheme 3.8 (Conservative scheme II for the PDEs 7) For a given set
of initial data U, VO we compute U™ U™ (k=1,2,...) by, form =
1,2,...,

Ut — g m 3Ga Vv (3.135a)
At IEZERR T 2 o
pom _ylm) 0Ga 3.135b
At C st ytm),’ -

where k =0,...,N.

PROPOSITION 3.6 Conservation property of Scheme 3.8
Scheme 3.8 is conservative in the sense that

N N
> GarU™ VAL =" "Gay(UD, VD), m=1,2,..., (3.136)
k=0 k=0

holds.

PROOF  Straightforward and hence omitted. I

REMARK 3.10 By eliminating V™ in (3.135a) by (3.135b), we obtain

1 6G 5G
(2ypr, (m) — _ — d d
5m Uk 2 (5(U(m+1)7U(m))k + 5(U(m),U(m1))k> :

This is slightly different from Scheme 3.7. I

REMARK 3.11 By considering a slightly modified procedure, we can
obtain an explicit scheme as follows. Let us define a discrete modified energy
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by

V(m+1)V(m)

éd,k(U(m+l), U—(m)7 V(m+1), V(m)) _ Yk Yk + Gd,k(U(m+1); U(m)).

2
(3.137)
Then considering its discrete variation, we obtain a scheme

Uk(m+1) o Uk(mfl)

m)
p— .1
SAL Vi, (3.138a)
m+1 m—1 ~
L/ =— 0Gq (3.138D)
2At 5(U(m+1)7 U(m), U(m—l))k ) ’
This scheme is conservative in the sense that
N
S G (U T YDy A
k=0
N ~
> "GN, U VO vOAg, (3.139)
k=0

holds for m =1,2,....
Another scheme can be obtained by replacing Vk(mH)Vk(m) /2 in the discrete
energy function by {(Vk(erl))2 + (Vk(m))z}/Q. We omit its detail. I

REMARK 3.12 If we introduce the so-called “staggered” grid, we can
show that the resulting schemes obtained by the first approach can be inter-
preted as special cases of the resulting schemes by the second approach.

Let us start with the system of PDEs representation (3.131), but this

1
time utilizing the staggered grid for discretizing the variable wv; Vk(m+2) ~
v(kAz, (m + 1)At). Then if we define a discrete modified energy by

y(mts)

. 2
Gap(UmD, g ymedy % - G (U Um)(3.140)

we have an implicit scheme:

m+i m—2i
Uk(m+1) _ Uk(mfl) _ Vk( +2) + Vk( 2)
2At 2 ’
1 m—1 ~
A oG 3.141b
At a _(5(U(m+1), U(m)7 U(mfl))k’ 3. )
through discrete variation calculation. This scheme is conservative in the
sense that
N N
Z ”éd k(U(m+1), U(m)’ V(er%))Ax _ Z Néd k(U(l), U-(O)7 V(%))AI
k=0 k=0

(3.141a)

(3.142)
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holds for m = 1,2,.... Furthermore, if we assume the initial data satisfy the
relation " o)
Uy — U (3)
S8 =2 .14
then (3.141a) reduces to
U (m+l) _ g, (m) ma L
k E_ymta), (3.141a)

At

Subtracting the equations (3.141a’) with m + 1 and m, we obtain

(m+3) _ 1 m—1) ~
R 5
— Yk k - Ga . (3.144)
At 6(U(m+1)’ U(?n)7 U(nL—l))k

which is nothing but Scheme 3.7. I

REMARK 3.13 The explicit scheme (3.129) can be also derived by the
system-of-PDEs approach, if we use the staggered grid in v. If we define a
discrete modified energy by
_ iy

1

Gau(U™, v mts) ym=2)) + Gap(U™),  (3.145)

2
we have an explicit scheme:
U, ™t _ g, (m) (m+d)
Al =V, 7, (3.146a)
3 m—1 ~
vt _ylmee) 5Ga
= - , (3.146b)
2At 5(U(m+1)7 U(m))k
through discrete variation calculation. Eliminating Vk(m+%) we obtain
UlngrQ) _ Uk(m-l-l) _ Uk(m) + Uk(m—l) o 56(1 (3 147)
2(At)? ~ Wit gtmy,

which is the scheme (3.129). I
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3.6 Preliminaries on Discrete Functional Analysis

In the subsequent chapters, we sometimes try the theoretical analyses of
the constructed schemes. For those presentations, it is convenient to prepare
some notation on the discrete version of functional analysis (which we call
“discrete functional analysis”).

As repeatedly declared, throughout this book we basically consider the
one-dimensional case on € = [0, L], unless otherwise explicitly stated. We
denote the standard Lebesgue space by LP(Q) (p = 1,2,...,00) with || - ||,
its associated norm. For L2(f2), we denote the associated inner product by
(-, ). We also denote the Sobolev space by H*(2) (s = 1,2,...) and its norm
by [| - |gs. We define L5(2) and H3(€2) as the sets of periodic functions in
LP(Q) and H?*(), respectively.

3.6.1 Discrete Function Spaces

Let us introduce the discrete counterparts of the above function spaces. We
divide Q = [0, L] into N meshes, i.e., L = NAx, and denote numerical solu-
tions by U, (™ ~ u(kAx,mAt) (k=0,...,N,m=0,1,2,...). We represent
the mesh by Qy.

We define a finite-dimensional space LP(2x), which is a discrete version of
L?(Q), by

N
L/(Qn) S {U|U € €, 3 7|0 PA < oo} (3.148)
k=0

Its associated norm is defined by

e

Ul

N 1/p
(Z ”|Uk”Ax> : (3.149)

k=0

We often omit the subscript 2 and write |U|| when p = 2, and we also use
the inner product:

N
U.V)EY "TiViAz. (3.150)
k=0
We also define the discrete sup space by

%) g N+1
L>*Qn)={U|U € C" ", og}cagXN|Uk| < oo} (3.151)

and its associated norm is defined by

e

1U || oo max _|Uy]|. (3.152)

0<k<N
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A discrete version of H*() is introduced as

N N-1
H'(Qy) S{U|U e CV, S "0PAz + Y |6 UkPAx < 0o} (3.153)
k=0 k=0

Its norm is defined by

I

N N-1 1/2
U |1 (Z dUARNESY |5;U1€|2Aaz> . (3.154)

k=0 k=0

For convenience we often write this as
1/2
Ul = (IU)? + 11U |?) (3.155)

where

11ES

N-1 1/2
U] <Z |5,?Uk|2Ax> : (3.156)

k=0

When the periodic boundary condition is applied, we naturally assume
Uy = Uy, and the finite-dimensional space is substantially of dimension N,
which we denote by Sy:

4

Sn {(Vk € C)k€Z| Vie = Vk moa N} . (3157)

Under the periodic boundary condition we define a discrete version of L} by

N-1
LE(Qy) S{U|U €Sy, Y |UkPAz < oo} (3.158)
k=0

and its associated norm is also defined by

N-1 1/p
(Z IUkI”A:c> : (3.159)

k=0

1E

U],

We note that this norm is equivalent to (3.149) under the periodic boundary
condition Uy = Uy. We also introduce the inner product

N-1
> UpViAx (3.160)
k=0

U, V)=

for U,V € Sy and the discrete Sobolev space H] () as

d
H)(Qn)={U|U €Sy, |U|” + |U,|? < o0} (3.161)
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1/2
) Ax} . (3.162)

d (U()‘/OaUl‘/la T 7UNVN)T for UaV S (CN+17
UxV =

where

||Uz||(‘{(2|5+vk2] — o=

Wy ”

We also use the “x” product:

3.163
(UOVO,U1V1, s ,UNflval)T for U,V € Sn. ( )

It is straightforward to see that the product satisfies the following inequalities.

2
\/;IIUIIVII for U,V € CN*1,
U« V| < (3.164)

1
——||U||||V]|| for U,V € Sy.

3.6.2 Discrete Inequalities
3.6.2.1 Discrete Sobolev Lemma

LEMMA 3.2
With L = NAx,
1 L 1
2max | —, 3 lu|lg: for w e HY(Qn),
ufloo < VL (3.165)

1
V2 max (,

NG ﬁ) | wllf for w e HE(Q).

PROOF  For simplicity we consider the real case: u € RV*! (but the
following proof can be easily extended to the complex case.) First we note

Um — U = (U — Um—1) + (Um—1 — Um—2) + - + (W41 — W)

= Az > 5, (3.166)

which holds for 0 < I;n < N. Squaring this and applying the Cauchy—
Schwartz inequality, we obtain

N—
(t — 17)? 22N N (6 ur)”. (3.167)
k=0

,_.
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Using a?/2 — b? < (a — b)? gives

=

(Um)® < 2(w)? +2(A2)° N> (67ur)”. (3.168)
k=0
From (3.168) we see
N-1
(m)? < 4(w)?> +2(Ax)* NS (67u)”. (3.169)
k=0

Then, adding (3.168) and (3.169) we obtain

T

N
(N +1)(um)* <4) " (ug)? +2(N + 1)N (Az)® (5Fur)®.  (3.170)
k=0 0

b
I

Thus we have

N N-1
2
(um)? < NI Z u)? 4 2N (Az)? (6;Fur)
—0 k=0
N N—-1
< Z 219N (Ax) 2 Z 6+uk
k=0 k=0
N N—1 )
- Z" 24 2LAz Y (6 ux)
=0 k=0
N—-1
1 L 2
<4 (, ) { x4+ Z 5+uk :r}
L2 =
1 L
— o (7.7 )l (3.171)
The case u € Sy can be proved in a similar manner. I

In the section 8.6 of [93], a description can be found essentially equivalent
to the above proof.

3.6.2.2 Discrete Poincaré—Wirtinger inequality

LEMMA 3.3
For any u € RN and 0 <Ym < N, the following inequality holds.

M\?
- 7)) <« 2 .
L(um L) < sl (3.172)
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where

N
M 23" "y A, (3.173)
k=0

PROOF For any m such that 0 < m < N we have

N
Uml — M = Z” m — u) Az =

"y m (u) Az, (3.174)
k=0 k=0
where

e
T
O:#
g

Vie,m (1) 1=k (3.175)
Z (07 w) Az, m <k
l=m
This implies
N-1
‘um - M/L‘ <y (mk\ A (3.176)
k=0
since
N
‘umL - M‘ Z ’ z, (3.177)
N—
‘Vk,m(u)‘ < 52%’ Ax.

(3.178)
k=0

Finally, applying the Schwartz inequality to (3.176) we obtain the inequality
(3.172).

REMARK 3.14 The inequality (3.176) corresponds to the Poincaré—
Wirtinger inequality [19, VII.1].

3.6.2.3 Discrete Gagliardo—Nirenberg Inequality

The next lemma is a discrete version of the Gagliardo—Nirenberg inequality
under the zero Dirichlet boundary condition

LEMMA 3.4 Discrete Gagliardo—Nirenberg inequality (I)
For any V € {U € H*(Qn)|Up=Uxn =0}

IVIZ<2ival VI (3.179)
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PROOF First, we show that
sup Vil < 2| VL] V]| (3.180)

holds. In fact, for any n < N,

n
Vil* =) 6, IVil* A
=1

=Y (Vi Vi + 6 Vit Vi) A

IN

21> (0 Vi Vicy) Ax

=1

<2 (Z |5§W—12A$> <Z |/~L+V212A$>

=1 =1

SIS

N % N 2
<2(Lutviarac) (Spviarar)
=1 =1
<2V, V]
Taking sup,, of both sides, we obtain (3.180). Therefore, we obtain

N
S iliAr < (supvkﬁ) v
k=1 k

<2Vl VP
[

The periodic boundary condition case can be proved based on the zero
Dirichlet boundary condition case.

LEMMA 3.5 Discrete Gagliardo—Nirenberg inequality (II)
Let N > 12, and b = 4v/2max(4/L,1). Then,
IVIZ <oV IVI? (3.181)

for any V € H} ().
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PROOF  Let us define a vector x = (X0, X1, -+ ,X~n_1)" as follows (the
condition N > 12 is required for this expression to be well-defined).

0, 0<k<[N/8],
L (zk — znyg)); [N/8]+1 <k <[N/4 -1,

Xe =1 1, [N/ <k <N-1-[N/4],
—7(xk — TN 1 (nys); N —[N/4] <k <N -2-[N/8g|,
0, N—-1-[N/8|<k<N-1.

In the above definition, [-] marks denote Gauss’s truncation symbols. Note
that 0 < x, <1, and ‘62_Xk| <4/L.
With x * V from Lemma 3.4,

N—2 N-2 3 /N2 3

k=1 k=0 k=1

In the above identity, (the second term at the right-hand side) < ||V'||3. The
first term at the right-hand side is evaluated as

N-2 3 N-2 3
(Z |5k+(Xka)|2A3«“> (Z (84 Xk) Vi1 + Xk(5$Vk)|2A$>

k=0 k=0

4 /N1 R :
7 (ZVkHFAz) + (ka(é:vk)mx)

<
k=0 k=0
<2V + vl
Thus (3.182) becomes
4 4 3
Iex Vg <2{ ZIVI+IVal ) IV (3.183)

Next, let us consider a shifted vector Z; = (s;)?N/4V}, (note that now the

periodic boundary condition is applied). For Z , the same identity as above
holds as follows.

4
I+ 21t <2 7121+ 12.1) 12I°
4 3
o (L vl ) v (3180

Note that, under the periodic boundary condition, the shift does not affect
the value of the norm.
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On the other hand, from the definition of x, we have

N-1-[N/4] [N/4)-1 N-1
Vit=" > Wl*Az+ | Y WAzt D WAz
k=[N/4] k=0 N—[N/4]
N—1-[N/4] 3[N/4]—1
= Y WAzt D |z'Ax
k=[N/4] k=[N/4]
<lx* VIi+lIx* 2|5 (3.185)

Thus, from (3.183), (3.184), and (3.185), we have

4
V< 4 (ZIVI+Ival) Ve
< 4V2max(4/L, )|V m |V ]?
=0V m |V
This completes the proof. I

3.6.3 Discrete Gronwall Lemma

The following is a discrete version of the Gronwall lemma.

LEMMA 3.6 Discrete Gronwall lemma [102]
Let w™) and p(m) (m=0,1,2,...) be non-negative sequences, and (™ be a
non-decreasing sequence. Then, if there exists ¢ > 0 satisfying

m—1
WM < pm p Aty Wl (m=1,2,3,...),
=0

then for allm=1,2,3,---,

w(m) < p(m)ecmAt.

PROOF  Let (™ = wme=cmAt and ) = maxg<;<,, V). Then,

j—1
W < D Aty w®
=0

Jj—1
<)) a3 bt
=0

it
< ™) 4 ) / 5 ds
0

= p(m) 4 @) (B 1)
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holds. Thus, ) < p(™). This immediately implies

(m) _ (m) emAt (1) pemAt ~ (m) ;emAt
w n e < Oléllaé)’fn'f] e S p e .






Chapter 4

Applications

In this chapter we present application examples of the discrete vari-
ational derivative method, in order to demonstrate how the method
can be applied to actual problems. The examples are classified ac-
cording to Chapter 2. In some examples, numerical examples and/or
theoretical analyses are also given. In the last Section 4.7, we also
give several examples for PDEs that are not directly covered by the
classification in Chapter 2.

4.1 Target PDEs 1

In this section, examples for the target PDEs 1 (defined in Section 2.2;
real-valued, single, dissipative PDEs) are shown. In the first example, in
particular, the construction of the scheme (i.e., how we actually apply the
discrete variational derivative method) is demonstrated with full detail. This
example would help readers’ understanding of the method.

4.1.1 Cahn—Hilliard Equation
4.1.1.1 Introduction to Problem

Let us consider the Cahn—Hilliard equation:

ou  0? 3 2u
2 - L 4.1
5% = a7 (pu+ru +q8x2)’ x € (0,L), t >0, (4.1)

under the boundary conditions:
Ju

— =0, 2=0,L, 4.2
o x (4.2)

0 53 0%u
92 <pu + ru’ + qaxZ) =0, z=0,L. (4.3)

This is a dissipative PDE of the form 1 (Section 2.2), where
B 1,1, 1 fau?

s=1, Gu,uy) = SPu + y T <8m> , (4.4)

129
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which means that
oG 3 9%
— =pu+ru’ +q =~

5 92 (4.5)

Note that, with this expression, we can rewrite the second boundary condition
as
0 6G

Since now
oG .
Ouy At

the condition (2.16) is satisfied. When s = 1, the second condition (2.17) for
the dissipation reads as

G o sa)"
Su  Ox du 0_ ’

which is assured by (4.6). Thus, the equation is in fact dissipative in view
of (2.15). Further background of this equation can be found in Section 1.1.

4.1.1.2 Numerical Scheme

Let us construct a dissipative scheme for the Cahn—Hilliard equation, fol-
lowing the procedure in Chapter 3.

We first show the outline of the scheme construction. We commence by
defining a discrete energy function by, for example,

Loyt~ L
(0 + 3o’ - 5o (

4

Goal0) GEU+ G0,

. (4.7)

Then, by the discrete variation we obtain

0Ga
6(U(m+1)’ U(m)>k

Uk(m+1) + Uk(m)
=Pp

2

+r

4

U, (m+1) +U (m)
+ g6 ( ] (4.8)

((Uk(m+1))3 + (Uk(m+1))2Uk(m) +Uk(m+1)(Uk(m))2 + (Uk(m))3>
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and by Scheme 3.1, we have

Ut — g, _ 5@ 6Gq
At k s+t ytmy,

2) R
=0
k p 2

. ((Uk(m-‘rl))B + (Uk(7rL+1))2Uk(7n) + Uk(m-i-l)(Uk(m))Q + (Uk(m))3>

4
(m+1) (m)
+ q5;<f> (Uk ; Ui ) } )

0<k<N, m=0,1,2,.... (4.9)

This has been already shown (without explanation) in Chapter 1 as Scheme 1.2.
The outline above can be realized in the following two ways. First, let us
try the formal procedure of the discrete variational method, where (3.30) and
the related definitions (3.27a)—(3.27c) play the central role. In this case, we
first note that the discrete energy function (4.7) is of the form (3.23) with

1 _ 1 _
M = 47 fl = 7p(Uk)27g?_ =01 = 17.f2 = ZT(Uk)ALag;_ =g = 17

2
N 1 (6 U)?
3

f3 » g 2q 2 793 )

—77\2

fa=1lgf =195 = SEMUL (4.10)
2 2

Note that although the original energy function consists of three terms (i.e.,

M = 3, in the expression of (3.22)), the discrete version consists of four

terms. This is caused by approximating the derivative term symmetrically

by 52‘ and d, . In this way, generally M < M. Then, by substituting (4.10)

into (3.27a)—(3.27¢), we obtain

0Gqa (U +Vy . (U)® + (Ux)* Vi + U (Vi) + (Vi)?
(U, V) N 2 4 ’
(4.11)
0G4 _ 5,jUk+5,ij 0Gyq _ (SIZUk-i-(SI:Vk (4 12)
8§+(U, V)k o 2 ’ 86*(U,V)k o 2 ' ’

This, together with (3.30), allows us to reach the discrete variational deriva-
tive (4.8). Notice that although the expressions (3.27a)—(3.27c) involve the
summations of M = 4 terms, many terms trivially vanish (see Remark 3.1).
For example, in (3.27c), only the term | = 3 has a nonzero value, and other
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terms vanish due to g]” = g5 = gf =1, and

9 (65 U) — g/ (65 Vi)

= (g (65UL) = 0, 1=1,2,4.

The first approach—the formal approach—has surely an advantage in that
it goes automatic once a discrete energy function is given. No expertise is
required there. However, the formal expressions such as (3.27a)—(3.27¢) are
considerably complicated for being generic, and quite often it is much easier to
directly consider the discrete variation of the given discrete energy function,
as repeatedly emphasized in Remark 3.3 and the subsequent easy examples
there. This direct approach—the second approach here—goes as follows. For
each of the three terms in the discrete energy function, we easily see

N

S (;(Uk)Q - ;(ka) Az = ZN: (U’“;V’“> Uk = Vi)Az,  (4.132)

k=0 k=0

i” (i(Uk)4 - i(Vk)‘l) Ar =

k=0
i,, ((U@S + (UR)?Vi + U (Vi) + (Vi)

k=0

) (Uk - Vk)Ax, (4.13b)

0
N
72"(5,9 <Uk * Vk) Uk — Vi) Ax

2
1 U + Vi, U+ W\ _ N
+2|:52_< B )-,u;:(Uk—Vk)-‘r(Sk ( B )-,uk(Uk—Vk)}
0
(4.13¢)

In the last equality, we use the second order summation-by-parts formula (3.14a).
By collecting (4.13a)—(4.13¢), and in view of (3.32), we readily obtain the ex-
pression (4.8).

Next, let us impose the following discrete boundary conditions:

s U™ =0, k=0,N, (4.14)
5Ga
5(U(m+1)7 U(m))k

st =0, k=0, N, (4.15)
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and check that the scheme is in fact dissipative under these conditions. By
the statement of Theorem 3.1, it suffices to check that

Br,l(U(mH),U(m)):O and Bﬁ?(U(mH),U(m)):O form=0,1,2,....

Again, the check can be done by the two different approaches—the formal
approach, and the direct approach. Let us first demonstrate the first ap-
proach. By the definition (3.31), and the related definitions (3.27b)—(3.27¢),
the concrete form of the first condition becomes

m+1 m
1 & (U’“( 4 U )> Cs (UMY — ()
2 2
(m+1) (m)
oo <U1€ 2+ Uk ) (UMD _ g, ()
(m+1) (m)
N
U, (m+1) (m)
+s58, ( b 2+ Us (UMY —g Myl =0, (4.16)
0

It is an easy exercise on discrete operators to see that the above condition is
equivalent to

1 U 4 U, ) . .
b [or (B e -
N
(m+1) (m)
+5]: (Uk 2+ Uy ) . M}Z(Uk(7n+1) _ Uk(m)) = 0. (417)
0

Since the condition (4.14) implies for k = 0, N that
iU = =5 U™, i U™ = g U,
the identity (4.17) holds. For Br<22> (U(m+1), U(m)), by its definition in Scheme 3.1,

(2) gr(m+1) primyy _ L 0G4 (1) 0Ga
B =2 X
2 (UL UT) = [ s+ gy, 7k stm+) glm)y,
5Gd 5Gd
+ .
+ Skd(U(mH), U(m))k O 5(U(m+1)’ U(m))k
N
5G 5G
+s, d P <

-6
(m+1) (m) k (m+1) (m)
(U U™ g o(Uu U™ 0

N
5G4 e 5G4 ]

(1)
s oy
l’“ JUY gy, st Uy, |
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This is guaranteed by the applied discrete boundary condition (4.15).

In the second, direct approach, we have already obtained in (4.13c) the left
hand side of the identity (4.17). This completes the check for B, (U™ U™),

For Bg) (U™ U™ we note that by collecting (4.13a)-(4.13c), we al-
ready have (by neglecting Brﬁl(U(mH), U(m)))

N
1
Ktz " (Gd’k(U(m—i_l)) o Gd,k(U(m))> Ax =
k=0
iv: " 5Gd Uk(erl) - Uk(m) Az (4 18)
prt (5(U(m+1), U(m))k At . .

Then by the scheme definition and the second-order summation-by-parts for-
mula (3.14b), this equals

XN:" 5Gq 2 6Gq A
prt 6(U(m+1)’U(m)) k 5(U(m+1)7U(m))k
1 & 5G ’ e ’
=N af d + |6 d Az
2];) ( k 6(U(m+1) U(m))k> k 5(U(m+1)7U(m))k
oG oG, N
+ st d L sth) d ] (4.19)
(m+1) r(m) k (m+1) pr(m)
s Ty, h s o), |

This coincides with the first case, and we hence complete the check. One can
see that, as in the construction of the scheme, it is much simpler to directly
check the dissipation property without the complicated formal expressions in
Chapter 3. In this sense, the formal procedure is for mathematical rigorous-
ness, and not for practical use.

Under the boundary condition (4.15), the scheme has the following addi-
tional conservation law.

THEOREM 4.1

The scheme (4.9) is “mass” conservative in the sense that
N N
S ™Az =30z, m=0,1,2,..., (4.20)

k=0 k=0

holds.
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PROOF Easily shown as follows:

| X
72// (Uk(m) _ Uk(m—l)> Az

At
k=0
N
1 7 +(2) 0G4
= — 0y Ax
Af,ga U Uty
1 G "
) d
- -0 (4.21)
k (m+1) y(m) ‘| ’
At 5(U 7U )k 0
with the summation of difference (3.8). I

This discrete law corresponds to

L

d
— udx = 0,
dt J,

in continuous context.

REMARK 4.1 The Cahn-Hilliard equation will be also mentioned in
Chapter 6 (a linearly implicit scheme for the Cahn-Hilliard equation) and
Chapter 7 (a scheme on non-rectangular mesh).

4.1.1.3 Numerical Examples

We have already seen the result in Figure 1.4, where the scheme (4.9) was
run with a coarse time mesh A¢ = 1/1000. Other parameters were taken to
p=-1.0,¢=-0.001, »=1.0, and L =1, N = 50 (thus Az = 1/50). The
discrete energy dissipation property of the scheme is confirmed in Figure 1.5.

4.1.1.4 Analysis of Scheme

In this subsection, we give a theoretical analysis of the scheme. The content
of this subsection is based on [66]. For the notation of discrete functional
analysis, readers should refer to Section 3.6.

First, let us prove the stability. We commence by the following a priori
estimate of the numerical solutions.

PROPOSITION 4.1 Solutions’ bounds with discrete Sobolev norm

The solutions, U™ | satisfy the following a priori estimate:

(m) 2 1 Al 7 (0) 9 p?
U™ € ————5=14 "Gan (U )Am+Z—L . (4.22)
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where || o || g1 is the discrete first-order Sobolev—Hilbert norm which is defined
in Section 3.6. We note them here again for readers’ convenience.

£ = I + £ 202 (4.23)

where

N 1/2
£l = (Z "Wm) (4.24)
k=0

and

N-1 1/2
1fell = (Z |5,'§fk2A:c) : (4.25)

k=0

PROOF Thanks to the dissipation property, we see

k=0
N
2 ZHGM (U(m)) Az
k=0
N
9p 1 (5+Uk(m))2+(§7Uk(m))2
> mn) _ (mpne _ 2P 1 % k A
- { PO = 3 e 5 x
k=0
. 1 9 1 4 ) 9p2
= - > — _ e
(since SpX* 4+ 2rX* > —pX* — 7o)
N
1 5t U, (m)y2 §5U (m)y2
> min(—p7—2q)2”{(Uk(m))2+ ( kYEk ) JQF( LUk ) Az
k=0
9 p?
———1L
4 r
1 9 p2
= min(—p. — = (m) 2 _7177[/ 19
min(=p, =5 [U e = 77 Ls (4.26)

where we have used the boundary condition (4.14) in the last equality. I

Recall the discussion in the continuous case (page 6). The proposition above
means that a similar estimate holds for the discrete solutions as well, where
the discrete Sobolev norm of the solutions is bounded by a constant depending
only on the initial energy value.

With this and the discrete Sobolev lemma in Section 3.6.2.1, we obtain the
following stability result.
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THEOREM 4.2
The numerical solutions U™ by the scheme (4.9) satisfy for all m >0,

1/2
o] <2 UL LB IS g, (o) acs S}
= (4.27)

This theorem means that the scheme is numerically stable for any time step
m (except for possible instabilities caused by rounding errors). This fact elo-
quently demonstrates that preserving the discrete energy dissipation is in fact
advantageous. This is a typical illustrative example for our basic philosophy:
“structure-preserving provides superiority” in computation.

The above estimate depends only on the initial data, and we can have more
precise evaluation if the data is sufficiently smooth.

COROLLARY 4.1
If U}go) = u9(kAx) for a function u9) (x) € C3[0, L], then it holds that

1/L,L/2 L 2
max ’Uk-(m)’ <2 max(l/L, L/2) {/ G(u®)dz + CoL? + gpL},
0

0<k<N min(—p, —q/2) 4r
(4.28)
where
1 [Lo2c®) —q. (1 1
Co= - ——\d L (-A3+-AA A2 4.29
0 8/0 12 ’x+2 (42+313+576 )’( )
A,y = max g WO, 1<m <3 (4.30)
z€[0,L] | Oz™’

Since the proof is an easy exercise by the Euler-Maclaurin summation for-
mula, we skip it here.

Next we show the unique existence of the numerical solutions of the scheme.
To prove that we use the contraction mapping theorem. Let us define a
mapping Tgyom) : RYTE — RN+ in terms of the following equation:

At At
(lqu;‘)){%wv}k U™ + 6.7 4 Vi +r{Quem Ve ¢

(4.31)
where the mapping Qpm) : RV — RV*1 is defined as

[l e-

2
[QuimV}, £ W+ Vi (V- U(™) . (4.32)
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We here promise that the operators in the above equation are defined under
the boundary conditions (4.14) and (4.15), i.e

Voi=WV1, Vny1=VnN_1, (4.33)
Voo = Vo, Vivya = Viy_o. (4.34)

If the mapping Ty;om) has a fixed-point V*, then 2V* — U™ is the solu-
tion U™tV of the scheme (4.9). The following proposition implies that the
mapping 7y is well-defined for any U (m),

PROPOSITION 4.2
qAt 4y . )
The operator | 1 — Ték is nonsingular.

PROOF The (N + 1) x (N + 1) matrix expression of (1 - %Aték >

At
is <I — q2D2), where [ is the identity matrix of order N + 1 and Ds is

the expression matrix of the operator 5 , which is defined by the following
equality:

-2 2 0
. 1-2 1
d
Dy = " 4.35
oL | (4.3)
1-2 1
0 2 -2
under the boundary condition (4.14). Eigenvalues of Dy are
d 2 k
A = B0)? {COS(NTF) - 1} , k=0,1,--- N (4.36)
At qA
and accordingly the eigenvalues of (I — q2D2> e 1 — —t()\k) ko=
0,1,---,N. The positiveness of the eigenvalues implies the nonsmgularity

of (I thm) 0

Now we have the following theorem, which states the unique existence of
the numerical solution.

THEOREM 4.3

If
—q(Ax)? —2q(Ax)?
At < min ada)” AC (4.37)
2 (—pAx + 82rM?2)" (—pAx + 226rM?)
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then the mapping Ty;em) has a unique fized-point in the closed ball K , where

I

M = U™, (4.38)

{v e RNV+!

I

K

|v]l2 < 4M}. (4.39)

REMARK 4.2  For the solution U™ of the scheme (4.9), M is bounded
as

1 N 9 p?
M<,|— {Z"Gd,k (U(O)) Az + 4L} (4.40)

min(—p, —q/2) = r

from the Theorem 4.2. U

REMARK 4.3 Since
M ~ |lu(mAt, -)||2(0,1) (4.41)

(4.37) implies that by taking At = O(Ax?) the unique solvability of the
scheme is guaranteed.

PROOF By the contraction mapping theorem it suffices to show that
Ty is a contraction mapping on K. We prove that 7;;m) is a mapping
K — K. We diagonalize the matrix Dy as

Dy = XAX 1, (4.42)

where X and A are matrices order N + 1 as

( () "

diag(\g), (4.44)

I~

X

E

A

with A given by (4.36). Then the matrix expression of Ty m) is given by

qAt

—1
TymV =X (I — 2A2> xtum

At qAt

—1
A2> AX7HpV +7Qpuem V p . (4.45)
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Hence

1 7ercm V|2

qAt _ m
< 1 X1l <1— A2> 2| X 2T ™2

At th
A0l (1= 95407 ) A1 (p1Vs + Qe V)

1
< - (m)
- ZOISr}CaéXN 1— LMAQ ||U ||2
2 k
At A
+2702}€<N W <_p|V||2 +r||QU(771)V|2)

gzM{H,/m( —p+r 82M2>}
—q A

Here we have used the following estimates:

[ diag(d)l2 = max|dy],

1
max | — x| S L
0<k<N |1 — ‘IT)\%
Ak 1
max A ,
0<k<N |1 — ‘ZT)\% v —2qAt
328
m Ve < == M3,
IRy Vllz <
||X||2 S \% 2Na

_ 2
14z < 4/ =,

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
(4.51)

(4.52)

that holds under the conditions U™, = M and ||V|jy < 4M . The evalu-
ation of the nonlinear term (4.50) is obtained by (3.164). From (4.46) we see

that Ty;m) is a mapping K — K if

—q(Ax)?

At < -
2 (—pAz + 82 rM?)

(4.53)

Next we prove that ;) is contractive. Using (4.45) and the estimates
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above we can show

Tt V' = Ty V'|I2

At
< \/7 g LAV =V 4 71Quen V = Quen V)
At 226
_\/:q( o) [V = V]l (459

because 998
1QuemV = Quim V'lla < %o M2V = V] (455)
Therefore Ty;m) is contractive if
_ 2
At < 29(Az) . (4.56)
(—pAx + 226rM?)
This completes the proof. I

Next, we evaluate the convergence of the scheme. Let us define the error
by

™ L U™ _u(kAz,mAt), k=-1,01,--- ,N,N+1,  (4.57)

where u(z,t) is the solution to the Cahn-Hilliard equation. We define an
extension of u by

o (o B0 WSSl g
where | € Z and

w(=Az,t) £ w(Az, i), (4.59)

u((N + DAz, 1) £ w(N —1)Ax, 1). (4.60)

The error is measured in terms of the discrete L?-norm, || f||? = Eszo "(fx)?Az
for f = {fi}pt!, € RN+1+2l: 0 < [. In what follows, we use the following

special time-difference and -averaging operators (which are used only in this

subsection):

f(m+%) _ f(m—%)

g gm) 2 N , (4.61a)
d f(m-i—%) _ 2f(7n) 4 f(nb—%)
5@ plm) & (AT , (4.61b)
2
mal m_1
s pom) 4 o g e (4.61c)

2
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We also promise that

O?u(—Az,t) a 0%u(Az,t)
52 = FICRE (4.62)
O?u((N + 1)Az,t) a4 0?u((N —1)Az,t)
o L = . (4.63)

Before proceeding to the convergence estimates, we prepare several propo-
sitions.

PROPOSITION 4.3
The error e(™) satisfies

]' m m
= { eV — e}

1
< 5 {2 + e 2|

LU ) - gD
q

+3 m+3
HICT 22+ g8, (4.64)
where
N 3 2 2 3
3(fe: 00) %p{fk ;’gk}Jrr{(fk) + (fx) gkl‘fk(gk) + (gk) }’ (4.65)
(m+3) 4
Pt = {p“+Tug}l(z,t>:<km,(m+%)m>v (4.66)

b

(z,t)=(kAz,(m+3)At)
(4.67)

, (4.68)
(z,t)=(kAz,(m+1)At)

m+d) _ [0 sy, _ (9% @) G
Lk _{<3t (5m)u (8562 Ox ou

m+1 0?
it = vEa{ (sl - o) ul

fork=0,1,--- /N.

In (4.67), the term s

is defined as follows :
(m,t):(kAa:,(er%)At)

e

oy

1
S u(kAz, (m + =)At
(z,t)=(kAz,(m+1)At) m ( 2) )

u(kAx, (m+ 1)At) — u(kAx, mAt)
At

(4.69)

Other terms are defined similarly.
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PROOF Let us define
F’gm-‘r%) % 0Ga _ E s
5(U(m+1)’ U(m))k ou (z,t)=(kAz,(m+1)At)

(4.70)

for k=-1,0,1,--- ,N, N + 1. From (4.1), (4.9), (4.57) and (4.70), we obtain
8](€m+1) . eirm)
At

for k=0,1,---,N. From (4.5), (4.9) and (4.70) we obtain

= 5P pimte) +<1m+ ), (4.71)

(m+3)_ 3 (m e+ (m+1)
F™D = §0, ;00 — 9" 4 g 5 V=G T
(4.72)
for k=0,1,---,N. From (4.71) and (4.72) we have
N (m+1)\2 (m)\2 N
1 " (ek ) _(ek ) 1 " (m+3) 2
- _ - A
zz{ e e YGRS
(m+1 (m) 1 N (mt1)
=3[ % RHS(4.71)) Az — QZ” (ka 2) RHS(4.72)) Az
:o k=0
N (m+1 m+1 m
_ { )+e s ErH _ g )2+ g )}Ax
k=0
N
! (U0 - D) E DY Ao
1=o
N (m+1) (m) N
N
1 ol " (m+3%) (m+3%)
SRR v A (473)
k=0

Here the first term

N (m+1) (m) (m+1) (m)
Z " { €k 2+ €k (51532>F]£m+%) _ F]ngF%)é]iQ) €k 2+ €k } Az
k=0

(4.74)

m+1 mal m N
%ym},m%) _ plmt3) 51) M

k=0
vanishes since

50 S 0 OS2l -] (4.75)

k=N
I W’ =5V ‘m)‘ —0, (4.76)
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under the boundary condition (4.14) and definition (4.58), (4.59), (4.60),
(4.62) and (4.63). The remaining terms can be bounded from above by the
inequality ab < 1(a® + b%). Hence we obtain the inequality (4.64).

RHS(4.73) < ;qi” {((b(U (m+1). 1, (M) (m+ )2 N ( plmts )) }Am
+;§:,, <e§€m )2+ ém)> Clrz+ )>2}A$‘
<F]zm+%>>2+< >>2}
( Y () A

S L () (e;m>)2} F () s

Az

k=0
N
1 (m+$))? (m+4))?
_ZqZH{(Fk 2) 7q(2,k 2) Axr
k=0
1 1 1 1
- _ ¢ U(ﬂl+1) U(m) ¢(7n+§) 2 _ = F(ﬂl+§) 2
5 g ) - 7 =30 I
1
+7 (e D2 + ||e<m>||2)
(m+3) (m+3)
||C I” + ||C I?, (4.77)
since (a + b)? < 2(a? +v?) . I

PROPOSITION 4.4

|G DU - plmt )
2 m m
< {—p+3r(C2)?} {lle™ V0,22 + ™2}

m+ m+3
—g ISR + e (4.78)
where

d l
Cy = max max ‘U,g)
0<i<m+1 | 0<k<N

, sup |u(x,lAt)|}, (4.79)

z€[0,L]
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and || e ||4 is a discrete L*-norm which is defined as

N
1F13 =" ()" Az, f= ()N e RNFIF2L 0 <, (4.80)
k=0
and
L F@ {u(kAz, (m + 1)AL) — u(kAz,mAD}?,  (4.81)
m+1 1
e £ ﬁ{_pmr(cz)?}(s;? — Du(kda, (m + 5)At), (4.82)

fork=0,1,--- /N.

REMARK 4.4 Note that C5 is finite since the proposed scheme is nu-
merically stable and the solution u € C°([0, L]).

4
PROOF  We denote ¢ — ¢ = ZI where I; = (I )~ with

i=1
L 2§ D;0) - Slu(kAz, (m+ 1D)AL; UL™),  (4.83)
L 2 du(kAz, (m +1)At); U, ™) (4.84)
—p(u(kAz, (m + 1)AL); u(kAz, mAt)),
Lk £ S(u(kAz, (m + 1)AL); u(kAz, mAt)) (4.85)
u(kAz, (m+ 1)At) + u(kAz, mAt)
kA 1)At kA 1At
oy 2 p(UEAD( DAY+ i (4 1D, w50
1
—d(u(kAz, (m + i)At))
The following estimates are easily obtained:
1
[l < 5 (=p+3r(Ca)? ‘ (m+1)| (4.87)
1
Lol < 5 (=p+30(C2)?) e (4.88)
1
|1y k| < ( —p + 3r(Cy) ) (st 1y _ Du(kAz, (m + i)At)' (4.89)

The estimate for (I3 x)&_,,

x| < Zcz {u(kAz, (m + 1)AL) — u(kAz, mAL)}Y, (4.90)
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is obtained by

1 2
= g(u—l—v)(u—v) .

u3+u2v—|—uv2+v3 U+ 3
4 2

From these inequalities we obtain

2 m
IL]° < = (=p+3r(C2)%)" [le™ V)2,

2 m
I2]1* < 7 (=p +3r(C2)*)" [le™]%,

e N

\ —

145]1* <

12 (C2)” [ {ul, (m + 1)At) — u(-,mAL)} |2,

[=p}

4 3r(C)?) N80 — Dl (m+ H)AD.

/\,_.

114]* <

We obtain (4.78) by substituting (4.92)—(4.95) into

4
IS D Uy — gt D)2 <437 |12
=1

PROPOSITION 4.5

2
{1 —9A¢ (; + {_p+?:’1q(c2)2} >} ||e(m+1)||2

4
m m+3
< [le™ 2+ AL e,

i=1
PROOF From Proposition 4.3 and Proposition 4.4, we obtain
1 m m
= { e+ =l 2}
1 m m
< 2{||e )2 4 fletm)2}
= [{=p+ 3Ry {letm R + e

{||c P4 ¢m 2]
HICT R+ g8

(4.91)

(4.92)
(4.93)
(4.94)

(4.95)

(4.96)

(4.97)

(4.98)
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) {02 4 et )2}

(4.99)

_ (1 L Lp+3r(@py’
2 —q

4
(m+3)
+ 116G
=1

Hence we obtain the following inequality

1
~ {lle™ V2 — fletm2}
4 1
) 2™ V2 + 3 ¢ 2. (4.100)

(

At
_ 212
S 1_’_{ p—|—37’(C'2)}
2 -4 m=1
I
PROPOSITION 4.6
If
1
At < - PEESENCALLE (4.101)
—q
then
m 4 1
e 2 < A (o) D¢, (4.102)
1=1 i=1
where )
—p + 3r(Cy)?
ng1+<2+4{ p+_i§ )"} >At. (4.103)
PROOF From Proposition 4.3 and Proposition 4.4 we obtain
1 {—p+3r(C2)2}?
—q
(4.104)

4
m m+3
< ™2 + A S [lem e,

i=1

If the inequality (4.101) is satisfied, from (4.104) we obtain
4
(m—3) ||2]

> lm

e < Cy [Ile(m1)|2+ At
m=1
% l . (m+31-0)
< (Co)™[le[? + At> (Cs) > 1IE T EV P (4.105)
=1 =1
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The term regarding e(?) vanishes since the error of the initial data is zero. I

Now we are in a position to present the main convergence result.

THEOREM 4.4

Suppose that At is small enough to satisfy the condition (4.37) and (4.101). If
(4.1) and (4.5) have a solution such that u(z,t) € C® ([0, L] x [0,T]), then the
solution of the difference scheme (4.9) converges to the solution of (4.1) and
(4.5) in the sense of discrete L2-norm, and the convergence rate is O((Ax)? +

(At)?).
PROOF From Proposition 4.6 we obtain
m 4 L,
le™]? < Ar(Cs)™ 33 ¢, (4.106)

=1 =1

If (4.1) and (4.5) have a solution such that u(z,t) € C° ([0, L] x [0,77]), then

(A2 ot <5G

2 93
(m+d) _ (A1) 0% M)‘ - C(107)

Lk 24 O3 |omrae 12 02t
t=t1 t=(m+1)at
(m+1) (Ax)? 0*u (At)? d*u
=- — 4.108
2.k a 12 Oxt|  a=w * 8 012022 e=ss 3t )
t=(m+1)at
5 2
(m+}) _ Cy(At)? [ 22 4.109
e e il (1.109)

(m+ ) 82

Lk F{ —p+ 3r(Cp)?} (8) 57 (4.110)

’
rz=kAx
t=ty

where t1,ta,t3,t4 € [mAL, (m+ 1)At] and x1, 22,23 € [(k— 1)Az, (k + 1)Ax].
From these there is a constant Cy such that

4
SRR < 041 (Aa? + A (4.111)
i=1
From (4.106) and (4.111) we obtain the following evaluation of the error,

le™

< +/C4LT exp

(Az® + At?), (4.112)

—-q

(1 42 {-p+ 37“(02)2}2) T

where T = mALt. I
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4.1.1.5 Further Topic: Two-Dimensional Examples

The procedure in Chapter 3 is presented only for the one-dimensional cases.
When the domain is rectangular, however, it is straightforward to extend the
procedure to two- or three-dimensional cases, by simply applying the method
for each direction.

For example, we can easily construct a dissipative scheme for the two-
dimensional Cahn—Hilliard equation as follows.

Scheme 4.1 (Dissipative scheme for the 2D Cahn—Hilliard equation)
We here denote the numerical solution by UIET) ~ u(kAz,IAy,mAt) (k =
0,1,...,N;, 1 =0,1,....,N,, m = 0,1,2,...) and also write um =

e
(Uéfg), ey UJ(V:L?Ny) . Given an initial data U(O), the approximate solutions

U(l), U(Q), ... are calculated using the recurrence equation
(m+1) (m)
Uk, — Uy

At
U(m+1)+U(m) U(m+1) +U(m)
_ (5;@2)"'5;2)) {p( k,l 5 k.l +q<51<c2>+5l<2>) k,l 5 k.l

m+1 m+1 m m+1 m m
. <(U,£7l ))3 + (Uzg,z ))QUIE,Z) + U}E,z )(Ulg,l))2 + (Ulg,l))?)) } | (4.113)

4

with discrete boundary conditions applied to two spatial directions correspond-
ing to (1.4).

Scheme 4.1 keeps the desired discrete dissipation property, and the dis-
crete mass conservation property (we omit their proof). We here show some
numerical results in Figure 4.1.

4.1.2 Allen—Cahn Equation
4.1.2.1 Introduction to Problem
As noted in Section 2.2, the Allen—Cahn equation

9%u

0
a—? = pu+ru® + 952 (4.114)

where p > 0,q > 0 and r < 0, is a special case of s = 0 of the target PDEs 1
with » . 7

G(u,uy) = —§u2 - ZU4 + i(ugc)2 (4.115)
This is also a mathematical model to some phase separation and domain
coarsening phenomenon. This quite resembles the Cahn—Hilliard equation in
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by
1 1 0
05
0 05
05
Rl

0

ulxyt)
1

0s

0

05

FIGURE 4.1: Numerical solutions of the Cahn-Hilliard equation using
Scheme 4.1 on a 2D uniform rectangular mesh: Az = Ay = 1/30 and
At = 3/2000. Top left: profiles at time step m = 0, top right: at m = 10,
middle left: at m = 20, middle right: at m = 30, bottom: at m = 40.



Applications 151

the previous subsection, but a difference is that the Allen—Cahn equation does
not have a mass conservation law.
Here we apply the Neumann boundary condition:

Uz (0, 1) = uy (L, 1), t>0. (4.116)

4.1.2.2 Numerical Scheme

To construct a numerical scheme, we take the discrete local energy function
as

4

Gan(U) = = (U + (U + (4.117)

1 q (@Uk)2 + (5;Uk)2> |

2 2

Following the same procedure in the previous subsection, we obtain a scheme:

(m+1) _ 7, (m)
Uk U™ _ _ 0Gq , (4.118)
At sUm+D ytmy,
where
0Gq _ U+ Vi ., (Uk)g + (Uk)zvk + Uk(Vk)2 + (Vk)?’
—q o (U’“;V’“) . (4.119)
Let us impose the discrete Neumann boundary condition:
sthulm =sMulm . m=0,1,2,.... (4.120)
Then it is easy to confirm that the discrete global energy
W
JaU™) =3 " "Ga (U™) Az (4.121)
k=0

is dissipated. In fact, we can follow exactly the same argument in the previous
subsection for B, (U™ U™ = 0 to find that Theorem 3.1 holds.

Let us here also try more advanced one. Note that the above scheme is
nonlinear with respect to the unknown variable U™+ (observe that the dis-
crete variational derivative is quadratic with respect to Uy ). This forces us to
utilize some iterative solver in each time step. As a remedy for this compu-
tational difficulty, in Chapter 6 a linearization technique will be introduced
(a brief introduction was also given in Section 1.4.2), by which we can design
a linearly implicit (i.e. still implicit but linear with respect to the unknown
variable) scheme, and accordingly save the computational effort to a consider-
able extent. In what follows, we demonstrate an example for the Allen—Cahn
equation, without getting into the detail of the linearization technique.
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For a linear scheme, we start by defining a discrete energy function such as

r

d
Gax(U,V) = *gUka — 71Uk (W)
¥ (8,U4)2 + (5,U)2 4+ (OVi)* + (OVi)* ) 199

The “trick” here is to define a discrete energy function by two numerical solu-
tions. If we carry out “discrete variation” for this multistep energy function,
then we are able to derive the linearly implicit scheme:

U, (mtD g, (m=1) _ 5Gq (4.123)
2A¢ s ym ym-1y,7 '

where

0Gq o [ Ur +Wj @ Uk + Wy
S b . - TR ZET TR (4124
s v, wy, - PV i) ( 2 ) 0 2 (4.124)

Note that now the unknown variable U (™*+% (which corresponds to U in the
discrete variational derivative) appears only linearly in the scheme, and thus
this is a linear scheme. In the next subsection, we will test this scheme in a

two-dimensional setting.

4.1.2.3 Further Topic: Two-Dimensional Examples
Let us test the two-dimensional version of the above linearly implicit scheme.
Scheme 4.2 (Linearly implicit scheme for 2D Allen—Cahn equation)

Given an initial data U(O), we propose the following scheme to obtain the ap-
proximate solutions U(l)7 U(z), e

m—+1 m—1 m—+1 m—1
Uzg,z )~ Uzg,z ) U™ o, (U(m))2 Ulg,l )+ Ulg,l )
2A1 P ok kil 2
U(m+1) + U(nL—l)
+q 8] ( ul . ul (4.125)

under the following boundary conditions,

51 pm)

o =5 oyl =0, (4.126)

’k:O,M 1=0,N

form=1,2,....

Scheme 4.2 has the following discrete dissipation property. We omit the
proof.
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THEOREM 4.5
For the numerical solution U™ of the scheme, the following inequality holds.

Jo(Umt gty < g™ utm-1), form=1,2,.... (4.127)

Here we define

2

Nx‘ Y
Ja(U,V)E S 7S Gy (U, V) AzAy, (4.128)
k=0

N
Il
=

Ga (U, V)

d '
= ]3 Uk Viey — = (Uk,l)Z(Vk,l)2

(5+Uk l) (5,;Uk71)2 + (6;Vk,l)2 + (5;‘/]@,1)2

+§ 4
SH 2 - 2 SE 2 - 2
+g (6] Ur)? + (6; Ur.1) I(%Vk,l) + (6 Viet)® (4.129)

We show a numerical example in Figure 4.2 with Q = (0,4) x =
100,0, ¢ = 1.0, » = —100.0, Az = Ay = 0.08 (i.e. N, = N, = 50) and
At = 10~*. The initial state is

uo(x,y) = 0.5 sin(mz) + 0.5 sin(wy). (4.130)

We observe that numerical phase separation occurs stably. (As we will see
in Chapter 6, generally such linearization can cause numerical instability. In
this case, however, the scheme happily runs without problems.)

4.1.3 Fisher—Kolmogorov Equation
4.1.3.1 Introduction to Problem

As noted in the Section 2.2, the extended Fisher—Kolmogorov equation

ou 0%u 0*u
Frie (pu+7“u +qﬁ Jr’ya 4) (4.131)

where p < 0, < 0,7 > 0, and v > 0, is a special case of the target PDEs 1
with s =0 and

G(u, Uy, Ugy) = §u2 + 4u4 - %(ul)Q + %(um)2 (4.132)
The boundary conditions for this problem are
u_y P
oxr ox3

on boundary.
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FIGURE 4.2: Numerical solutions of the Allen—-Cahn equation by the lin-
early implicit scheme 4.2 on 2D rectangular region. The top left figure is the
profile at time ¢ = 0, the top right is ¢ = 0.08, the bottom left is ¢ = 0.20 and
the bottom right is ¢ = 1.00.
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4.1.3.2 Numerical Scheme
To construct a numerical scheme, we take the discrete local energy function

5 2 &5 2 2
(0:U1)* + (8,Uy) +%(5}<€2>U,€) . (4.133)

as
AP+l 4
Gar(U) = Z(Uk) + 4(Uk) 9 5
The resulting scheme becomes
(m+1) _ (m)
oL O _ 0CGq , (4.134)
At 5([](m+1)7 U(m))k
where
0Ga \ _ (Ue+Vi\ . ( (U + (U)*Vi + Up(Vi)® + (Vi)®
so,vy), P\ 2 4
Ui +V, U +V;
+98,” <k2k> +v35" ( - k) : (4.135)

We impose the following boundary conditions,
oo =0 aPum| <o (4.136)
k=0,N k=0,N
These boundary conditions satisfy the conditions of the theorem 3.1 and this
scheme is dissipative in the sense that the the discrete global energy
(4.137)

N
m d ! m
Ja(U'™) = E "Ga (U™ Az

k=0

= —17

dissipates.
4.1.3.3 Numerical Examples
We show a numerical example in Figure 4.3 with p = —100, ¢
r =100, v = 0.01, Az = 0.025 and At = 10~%. The initial state is taken to
uo(x) = 0.1sin(rz) — 0.1 cos(0.57z). (4.138)

For these numerical solutions we confirm that the global energy decreases

monotonically as time evolves in Figure 4.4.

4.2 Target PDEs 2
In this section, examples for the target PDEs 2 (defined in Section 2.2;

real-valued, single, conservative PDEs) are shown.
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1=4264.03 -+ —
12450000 -+ -+

FIGURE 4.3: Numerical solutions for the extended Fisher-Kolmogorov
equation. Top left: profiles at time 0 < ¢ < 0.1, top right: at 0.1 < ¢ < 1.0,
bottom left: at 1.0 < ¢ < 270.0, and bottom right: at 270.0 < ¢ < 4500.0
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FIGURE 4.4: The evolution of the global energy. The time axis is in
log-scale.
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4.2.1 Korteweg—de Vries Equation
4.2.1.1 Introduction to Problem
Let us consider the famous Korteweg—de Vries equation (KdV):

ou 9 (1 5, 0%
5% = B2 (2u + W) , zxe(0,L), t>0. (4.139)

There are a lot of studies about numerical integrators for this equation, in-

cluding [71, 73, 78, 84, 108, 137, 142, 149, 160, 170]. This is an example of
the conservative PDEs 2, where

1 2
s=0, Gu,ug)= %u?’ ~3 (?;) . (4.140)

We impose the standard periodic boundary condition:

u(0,t) =u(L,t),  j=0,1,2, t>0.

4.2.1.2 Numerical Scheme

We define a discrete energy function by

E(U}C)S— % ((52_Uk)2+ (5;Uk)2> ' (4'141)

e

Ga (U) 6 B

Then by (3.30),

0Gq . 1 (Uk(m+1))2 + Uk(m-‘rl)Uk(m) + (Uk(m))Q
5(U(m+1)’U(m))k ) 3

U (m+) 4oy, (m)
+5,<f>< i 2+ LR (4.142)

This concrete form can be calculated via (3.27a), (3.27b) and (3.27¢c). As
emphasized in Section 4.1.1, it is also possible to calculate it by a direct
discrete variation; see Remark 4.5 below for this. In either case, by Scheme
3.2 we have, for m=0,1,2,....,

U, (mt) _ g, (m) L er
At ; 5(U(m+1), U(m))k
_ 50 {1 ((Uk<m+l>>2 LU | (0, 7)2
=0\ 3 S

@ (U™ + U™
+ 4, 5 ,

k=0,...,N—1. (4.143)
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This scheme is conservative if the following conditions are satisfied:

B (U™ )y

1 {55 (U -y )
— = k:( k k ) . ,U/kJr(Uk(erl) _ Uk(m))
2 2
N
5 (U™ g my
+ k ( k 5 k ) g, (Uk(nz+1) _ Uk(m))
0
— 0, (4.144)

Br<12> (U(m-kl)7 U(m))

N
1 [ 0Gyq <S<1) 0Gq > ]
(m+1) (m) k (m+1) (m)
ou U™k o(Uu LU 0

T2
=0. (4.145)

Both conditions are satisfied if we discretize the periodic boundary condition
as
U™ =utm e om=0,1,2,.... (4.146)

The KdV equation is a completely integrable equation which has infinitely
many conservation laws. The scheme above follows another conservation law
(“mass” conservation law):

N N
Sum™ar =300z, m=012,..., (4.147)
k=0 k=0

which corresponds to

d (L
X udz = 0,
0
in continuous context. This conservation is confirmed by
N N
1 " (m+1) (m) " (1) 0G4
e BN (AR ITLLR) PT Sl S LI A
Atk:o ( ) P 6(U( +) pl ))k
0G N
(1) d
= =0, 4.148
|f% 6(U(m+1),U(m))k]0 ( )

under the periodic boundary condition (4.146).

REMARK 4.5 Asnoted in Remark 3.3, and demonstrated in Section 4.1.1,
the discrete variational derivative can be found by directly considering the fac-
torization (3.32) for the specific energy function (4.141). Let us see this again
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in the case of KAV as follows.

N
Z” (Gd,k(U(m+1)) - Gd,k(U(m))) Az =
k=0

Mz

{ ((U (m+1)) (Uk(m))3>

{( (67 U m+1) (5kUk(m+1))2>_<(5]jUk(m))2+(5kUk(m))2>}
2 2

1 <(U R R/ (U’@(m)y) (Uk<m+1> _ Uk(m))

ES
Il

Az

L\DM—*

I/

3

:0

U, (m+) 4 gy, (m)
+ 5}<€2> ( k + Uk (Uk(m+1) _ Uk(m))

5 Az + (boundary terms).

In the last equality the summation-by-parts formula (3.12a) is used. We
here omit the concrete form of the boundary terms, which corresponds to the
boundary term B, 1 (U™ U™ in (3.32), for brevity.

4.2.1.3 Numerical Examples

An example of two-soliton propagation is shown in Figure 4.5.% The initial
data is set to

u(x,0) = 48sech?(2(z — 36)) + 12sech?(zx — 24) (4.149)

and parameters are L = 40, Az = 0.05 and At = 0.0001. Notice that the
intensities of solitons are quite large. For such large solitons often numerical
schemes tend to be unstable due to the nonlinearity of the equation. In
the present example, however, the computation proceeds quite stably. This
clearly shows the superiority of the conservative scheme. In Figure 4.6,% the
evolutions of the discrete energy and mass are shown. Both are well conserved
to the machine accuracy.

4.2.2 Zakharov—Kuznetsov Equation
4.2.2.1 Introduction to Problem

The Zakharov—Kuznetsov equation (2.31) (ZK):
ou 0 < v Pu Pu >

ot Ox

1,2 Reprlnted from J. Comput. Phys., 156, D. Furihata, Finite difference schemes for —“ =

aaz ‘;—g that inherit energy conservation or dissipation property, 181-205, Copyrlght

(1999), with permission from Elsevier.
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FIGURE 4.5: Two-soliton propagation dynamics for the KdV equation.
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FIGURE 4.6: Time evolutions of discrete invariants for the KdV equation.
The left shows the total energy and the right shows the mass.
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is a two-dimensional PDE, and thus is not explicitly covered by the procedure
in Chapter 3. However, as demonstrated in Section 4.1.1, it is easy to extend
the procedure to the two-dimensional PDE as far as the domain is rectangular.
If in this way we allow two-dimensional PDEs, the ZK can be regarded as an
example of the target PDEs 2, with s = 0 and

ub o (ue)® | (uy)?

G(u,Vu)z—EJr 5 T

We take the periodic boundary conditions for this problem and assume that
the space region €2 is rectangular. In addition to the standard energy:

(4.150)

J(u) 2 / Glu, Vu)de, (4.151)
Q
the ZK has the “mass” as its invariant:
I(u) £ / udz. (4.152)
Q

4.2.2.2 Numerical Schemes

Let us define the two-dimensional discrete energy function by
d 1
Gari(U) = _E(Uk,l>3
+(52Uk,l)2 + (6,Uk,1)? " (67 Uk)? + (6; U,)?

4 4

Then by the two-dimensional version of Scheme 3.2, we obtain a nonlinear
scheme:

. (4.153)

U U s
; w50 d 0<k<N, 0<I<N,
Al ESUm gy, ’ v
(4.154)
where
6Ga W U W) + )
5(U(m+1), U(m))k,l 6

U(m+1)+U(m)
- (§,<f> +6§2>) <’“’l 5 B (4.155)

under the discrete periodic boundary condition.
This scheme has the following discrete invariants:

Nz Ny

JaU™) £ 373" Gy (U™) AzAy, (4.156)
k=0 =0
d N.c Ny

LU™) = S ST Ul Avny. (4.157)

k=0 1=0
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As in the Allen—Cahn case (Section 4.1.2), we are also able to design a lin-
early implicit scheme using the linearization technique discussed in Chapter 6.
An example is (we omit the derivation detail):

m—+1 m—1
L sy 2 (4.158)
2At k 5(U(m+1),U(m)7U(m_l))k7l ’
where
m-+1 m m— 1
0Gq B (U( )"'U( )+Ulgl )Ulgl)
6(U(m+1)’U(m)’U(m71))k7l - 6
U(m+1) + U(mfl)
(08 +67) ( BL ) (4.159)
2
This scheme can be derived out from
U, Vi) Ui Vi
Gara(U.V) d Uk + ;;20 1,0 Vil
+(52Uk,l)2 + (0,U,0)* + (03, Vien)* + (8, Vi1)?
8
5+ 2 5— 2 5+ 2 5— 2
+( 1Uk1)” + (6, Uk,) ;F( Vi) + (0, Vi) . (4.160)

This linearly implicit scheme also has two invariants. First,
Ja(Umt) gm) £ Z " Z” G (U™ UM™Y AxAy (4.161)

is preserved. Second,

)y if m i
L™y = {Id(U ) if m is even, (4.162)

IqUW) if m is odd,
holds for any m > 0.

4.2.2.3 Numerical Examples

In Figure 4.7 we show numerical solutions of the nonlinear scheme, with
Q=1[0,32] x [0,32], N, = N, = 100 (i.e., Az = Ay = 0.32), and At = 0.01.
We first investigate the dynamics of solutions close to the 1D soliton, and thus
take the initial state as

uo(x,y) = 3 cosech?(0.5v/2(x — 16)) + 0.05 rand, (4.163)

where “rand” is a random function with 0 < rand < 1.

Next, we show the dynamics of two 2D soliton-like solutions in Figure 4.8.
Initial state profile is constructed by choosing appropriate two 2D soliton-like
profiles obtained by random computations.
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FIGURE 4.7: Time evolution of the traveling 1D soliton-like solutions by
the nonlinear scheme. The left figure is the initial profile and the right is the
profile of time ¢t = 15.0.
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FIGURE 4.8: The time evolution of the two 2D soliton-like solutions. The
left upper: the profile of time t = 2.0, the right upper: ¢t = 4.0, the left
bottom: ¢t = 5.0, the right bottom: ¢ = 7.0.
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4.3 Target PDEs 3

In this section, examples for the target PDEs 3 (defined in Section 2.3;
complex-valued, single, dissipative PDEs) are shown.

4.3.1 Complex-Valued Ginzburg—Landau Equation
4.3.1.1 Introduction to Problem

The complex-valued Ginzburg-Landau equation (CGL):

Ou 0%u 9
o = Poz + qlu|*u + ru, x€(0,L),t>0,p>0,g<0,r €R, (4.164)

is an example of the dissipative PDEs 1. We consider the CGL under the
periodic boundary condition:

u(0,t) =u9(L,t), j=0,1,2, t>0. (4.165)
The local energy G(u,u,) is given by
Glu,uz) = plug|? — %|u|4 — rlul?. (4.166)

4.3.1.2 Numerical Scheme

Following the procedure in Section 3.3, we firstly define the discrete local
energy by

11ES

5—0— 2 5= 2
Gar(D) (| p Ukl” + [0, Ul

. ) - %\Uk|4 — U2 (4.167)

Then, by the definition of the complex discrete variational derivative (3.72b)
(and the related definitions (3.70a)—(3.70c)), the discrete variational derivative
can be calculated as

0Gq
(5(U(m+1), U(m)) .

p5(2><Uk(m+1) n Uk(m)> _q<|Uk(m+1)|2 + |Uk(m)2><Uk(m+1) + Uk(m)>
k

2 2 2

(mt1) g7, (m)
—r (U’“ 2+ Uk ) . (4.168)
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Then from (3.76), we obtain a finite difference scheme:

Uk(m+1) _ Uk(m)

At
5<2> Uk(m+1) + Uk(m) N |Uk(’m+1)|2 + |Uk(m)‘2 Uk(’m-l-l) + Uk(m)
POk 2 1 2 2
U, (m+1) 4 gy, (m)
4y ( k 2+ k . (4.169)
We here impose the discrete periodic boundary condition:
UL =ulm o m=0,1,2,.... (4.170)

Under the discrete periodic boundary condition, it is almost obvious that the
condition (3.77) in Theorem 3.3 is satisfied (the periodic boundary condition
almost automatically eliminates any boundary terms), and thus the dissipa-
tion property (3.78) holds.

4.3.2 Newell-Whitehead Equation
4.3.2.1 Introduction to Problem
Let us consider the Newell-Whitehead equation (NW):

du

8 1 62 2 (Z’,y) € [O’LJZ] X [O7L7J]’
o ) u, t>0,

() =Pt (5~ 50
or  2k.0y 1, ke € R.

(4.171)

We assume for simplicity the periodic boundary condition in both directions.

The local energy for the NW is

2
1
G(uaumuyy) = —/L|’LL|2 + §|u|4 +

i
By integrating the local energy on the domain [0, Ly] x [0, L,], we have the
global energy for the NW accordingly:

Lo Ly 1 ou i 9%
_ _ 2, Z|yl4 - - -
=[] ( el + 3l + |55 - 553

Note that this is a two-dimensional PDE. Still, the NW belongs to the
target PDEs 3 (it is an easy exercise to check that the variational derivative
of (4.172) coincides with the right hand side of the NW), and since now the
domain is simply rectangular, by applying the procedure in Chapter 3 to x
and y directions separately, we can construct a dissipative scheme. Below we
demonstrate this.

) dedy.  (4.173)
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4.3.2.2 Numerical Scheme

We define the discrete energy as

d 1
Gap(U) = — plUk* + *lUk,z|4

s

and accordingly the discrete global energy as

—_

2
5 Uy — ﬁ(s 207

_ i
+ 5k UkJ — 2,

5<2>Ukl

2
) , (4.174)

1IE

Ja(U) (4.175)

N, Ny
Z > "Ga g (U)AzAy,
k=0 1=0

d
Where N, and N, are the number of grid points in = and y, Az = L, /N,,

Ay = L,/N,, and numerical solution U(m) ~ u(mAt, kAz,1Ay) is now CNV=+D Ny +1)
vector. The difference operators with the subscript [ operate in [ direction.

To define a discrete variational derivative we consider the difference Jq(U)—
Ja(V) through analogy with the 1-dimensional case as follows

k.l

where

dGq :_M<Uk,l+Vk,l> +< Nk , 2) (Uk,l+Vk7l>
5TV, 2 2

2

i 1 Ui+ Vi
- (59 - ,70521)51(2) - e §4>> () (4.177)

2

In the above calculation we used the summation-by-parts formula separately
in k- and [-directions.
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Then we have a finite difference scheme:
m—+1 m
¢ ) _ U;i,l)

At

0Gyq
_5 (U(m+1)7m>

k,l

(m+1) (m) ym+1 2 + gt ? (m+1) (m)
Uk,l + Uk,z k,l k,l Uk,l + Uk,z
—H 2 - 2 2

. (m+1) (m)
i 1 Uy + Uy,
(o s - ) (B

We impose the discrete periodic boundary condition in both directions as
follows.

UIET) U(lznr)nod No)l — Ulgn(ll) mod N,)* (4.179)

It is easy to see that under the dlscrete perlodlc boundary condition (4.179)
the dissipation property holds for the scheme.

Since this problem is two-dimensional, the resulting scheme is relatively

expensive as is. In Chapter 6 we will present a numerical example for the
linearly implicit version of the above scheme.

4.4 Target PDEs 4

In this section, examples for the target PDEs 4 (defined in Section 2.3;
complex-valued, single, conservative PDEs) are shown.

4.4.1 Nonlinear Schrodinger Equation
4.4.1.1 Introduction to Problem

We consider the nonlinear Schrédinger equation (NLS):

Ou 0%u

_ -1 _
15 =52 —v|ulP~ u, x€(0,L), t>0, yER, p=3,4,..., (4.180)
under the periodic boundary condition:
u9(0,t) = w9 (L, 1), j=0,1,2, t > 0. (4.181)

This is an example of the conservative PDEs 4. The local energy G(u, u,) for
NLS is given by

2y
Glu,uy) = —|ug|? + ——|ulPT1. 4.182
() = ~luaf? + 2l (1.18)
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We here also note that NLS has an additional invariant (which is often called
“probability” in physical context):

L
P(u) = /O lu|?de, (4.183)

since

d [* 2 bofoou  Ou_ (Y 6H 6H_
[ wwtar= [ (oG Ge)ar=i [ (w5l - ) a
L
= 1/ {'LL (7@ - ’y|u|p_1ﬂ) - (_uzz - 'Y|u|p_1u) ﬂ} dx
-L

L L

= i/ (—Ulyy + Ugu)dx = i/ (Uply — Uply)de +1[—uty + uzﬁ]fL
—L —L

= 0. (4.184)

The boundary term, i [—uw, + uzﬂ]f 1» vanishes in light of the periodic bound-
ary condition.

4.4.1.2 Numerical Scheme

Let us construct a conservative scheme following the procedure in Sec-
tion 3.3. We define the associated discrete local energy by

|6, Ul? + 10, Ur* = 29 1
— Ug|Pt1. 4.185
2 + p+ 1| k' ( )

I

Gax(U)

Note that this G4 approximates G(u,u,) above, and can be decomposed as
assumed in (3.66). Calculating mechanically the complex discrete variational
derivatives by (3.72a), (3.72b), and (3.70a), (3.70b), (3.70c), we have

0Gyq _ 5(2> Uk(m+1) + Uk(m)
§(U(m+1)’ U(m)) . k 2

. <Uk(m+1)|p+1 _ |Uk(m)|p+1> (Uk(m+1) + Uk(m)>

|Uk(m+1)‘2 _ ‘Uk(m)|2 2
(4.186)
(Here we like to stress again that, as repeatedly emphasized in Remark 3.3

and other related comments, it is much easier to directly consider the discrete
variation process for (4.185).)
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Then from (3.86) we obtain a finite difference scheme:

e /A W B /S o /S
At b 2

|Uk(m+1)|p+1 _ ‘Uk(m)|p+1 Uk(m+1) + Uk(m)
- UMD — |0 (2 2 .

(4.187)

We employ the discrete periodic boundary condition:
U =uglm o m=0,1,2,.... (4.188)
As it satisfies (3.77), Theorem 3.4 holds; i.e., the discrete global energy is

conserved. Moreover, the scheme preserves the discrete version of P(u) as
follows.

THEOREM 4.6
The solution of the scheme (4.187) satisfies

N
Z”|Uk(m)\2Ax:const., m=0,1,2,---, (4.189)
k=0

under the discrete periodic boundary condition (4.188).

PROOF The proof goes exactly the same as in the continuous case, but
in order to avoid typesetting lengthy discrete formulas, below we split the
discussion into parts. We firstly note that

1 N
Z/ [|U m+1)|2 |Uk(m)‘2} Az

At
e
N m+1) + Uy (m) U (m+1) U (m)
" k k
(e ) (G
N m+1) (m)
) U™t 4 U, 0G4
=iy " — (c.c.)| Az.
];Q ( 2 5(U(m+1)7 U(m))k

If we substitute the concrete form of the discrete variational derivative (4.186)
into the above, the second term in (4.186) obviously cancels out mutually in
the complex conjugate pairs. For the first term of (4.186), we easily see by the
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summation-by-parts formula and the discrete periodic boundary condition,

> " Uk(m+1) + Uk(m) (2) U™ 4, (m)
Z —0, Az
2 2
k=0
N m m m m
:Z,, 5+ <Uk( +1)+Uk( )>.5+ (Uk( +1)-i-Ulc( )> Ax
k 2 k 2 '
k=0

Thus it is canceled out as well.
The scheme (4.187) coincides with the Delfour-Fortin-Payre scheme [35].

4.4.1.3 Numerical Examples

We here present some numerical examples (see also Section 5.2.4.2, where
related examples are shown). The NLS is integrated in 0 < ¢ < 100, with the
initial data:

u(z,0) = 4sech(2(x — 10))e'” + 2sech(z — 20)e®/2.

Other parameters are set to v = 0.5, L = 30, N = 200 (i.e. Az = 30/200),
and At = 0.1.

Figure 4.9 shows the time evolution of the solutions. The two-solitons
propagate stably. In Figure 4.10, the evolution of the discrete energy and
probability are shown. Both are well preserved.

[ul

FIGURE 4.9: Evolution of the numerical solution.
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FIGURE 4.10: Evolution of the discrete invariants: (left) energy; (right)
probability.

4.4.1.4 Analysis of Scheme

As mentioned above, the scheme has two discrete invariants. They serve as
(discrete) a priori estimates, by which we can prove the stability and conver-
gence of the numerical solution. Let us demonstrate it below.

Let us consider the case of p = 3, namely, when the NLS is cubic:

iuy = —Upe —Y|ul?u, € (0,L), t>0, yER. (4.190)

In this case, it is known that there exists a global solution to the NLS (for
larger p’s, solutions can blow up, and it does not make sense to consider the
“stability”).

We first consider the existence and uniqueness of the solution to the non-
linear system (4.187), i.e., U We make use of the following well-known
theorem.

THEOREM 4.7 Brouwer-type fixed-point theorem [8]

Let (H,(-,-)) be a finite dimensional inner product space and || - || the asso-
ciated norm. Let g : H — H be a continuous function and assume that there
exists o > 0 such that for any z € H that satisfies ||z|| = «,

Re(g(z),z) >0 (4.191)
holds. Then, there exists z* € H such that
g(z") =0 and |z"|| <a. (4.192)

THEOREM 4.8 Existence of a solution
The scheme (4.187) has at least one solution U™+

PROOF  We use the notation of discrete functional analysis in Section 3.6.
Rewriting the scheme with a new discrete quantity Vi, = % (Uk(m'H) + Uk(m)> ,
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we have

2 (- U™ = 62—y 12V~ TP 4 0P W,

which can be simplified to

1At

5 @) Vit 1At'y <

Vi = Up™ 4 2Vi — U ™)]2 + |Uk(m>|2) Vi (4.193)
In order to prove the existence of a solution to the scheme, it suffices to show
that there exists V' € Sy satisfying (4.193).

Let us apply Brouwer’s fixed-point theorem to the above equation. Let us
define g : Sy — Sy by

iAt 1At
(9(V)), = Vi — U™ ——5 vr‘ i

(12Ve = O + 0 2) W,
for k=0,...,N — 1. Obviously, g is continuous. We also have
N—1
(9(V), V) = [V[? = (U™, V) = =37 (3T ViAw

. N—-1

At
-2y <|2Vk — U™+ |Uk“")\2) [Ve|2Az. (4.194)
k=0

The last term on the right-hand side is a purely imaginary number. The third
term on the right-hand side can be rewritten as, by the summation-by-parts
formula,

N— 1 N-1
DViVedz = = |6 Vil Ax, (4.195)
k:O k=0

and hence becomes a purely imaginary number as well (the boundary term
is canceled thanks to the discrete periodic boundary condition). Therefore,
from (4.194) we have

Re(g(V).V) = V|~ Re(U"™, V)
> VIV = [T ™).
By choosing o = ||[U™)|| + 1, all the assumptions in Brouwer’s fixed-point

theorem are satisfied, and thus there exists V* € Sy such that g(V*) = 0.
This completes the proof.

Next, we show that the solution is unique if At is chosen appropriately
small. In order to accomplish this, we need some discrete norm estimates.
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LEMMA 4.1
Let V € Sy be a vector that satisfies the following conditions (where ¢y, co are

constants ):
N—-1 .
(ZGd’k(V)ALL‘ :> - ||VzH2 + §||V||i = (1, (4196&)
k=0
IV|? = co. (4.196Db)
Then,
VI3 < elere2,7)

holds, where b is defined in Lemma 3.5, and

3

3 [ byed \/b272c§

bes h >

“ ( 1 T\ e tate)wheny 200, o
3

byv/—c1 + cac when v < 0.

C(Cla C2, P)/) =

PROOF When v > 0, from (4.196a) and (4.196b),
v
SIVIE=1VIZE = e —co.
This, together with Lemma 3.5, shows
2 _ by 3
VI < S IVilan -3 et e

Thus,

3
b CE b2 263
IVIE: < =2 +\/ et

This, again together with Lemma 3.5, shows

3
3 b CE b2 203
[V]|3 < bed ( W42 +\/ ?6 2 +cl+cQ>.

When v < 0, from (4.196a) we immediately have ||V ,||> < —c; (note that,
3
when v < 0, —¢; > 0 by (4.196a)). Thus, ||V ||} < by/—c1 + cacs. I

Using the above lemmas, we can establish the uniqueness of the solution.
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THEOREM 4.9 Uniqueness of the solution

Let ¢y be the initial discrete energy and co be the initial discrete probability
defined as follows.

N-1
e = (_|<s,jzjk<°>|2 + %|Uk(°)|4> Az
k=0
N-1
cy = U, O 12 A,
k=0

and b be what was defined in Lemma 3.5, ¢ = ¢(c1, ¢ca,7y) be what was defined
i Lemma 4.1. Then, if At is sufficiently small such that

1

At)3(18A —
(AP (I8AL +3T) < 1z

holds (for example, when At < min{(55 x 183b2c?y*)~1/3 1}), the solution of
the scheme (4.187) is unique.

PROOF We show that if there exist two solutions to (4.193), say V., W €
Sn, then they necessarily coincide: V' = W. First, we have

IV —-w|?
—(V-W,V_-W)
AL _
-5y {5,§2>(vk. - wk)} (Vi — W) Az
k=0
iAty (m) 1277 (m) 12777,
-2y {|2erk 2V — [2W), — U™ Wk}(Vk—Wk)Ax
k=0
iA
! tv Z U™ 2|V — Wi|2Ax. (4.198)

Applying the summation-by-parts formula, we have

N—

,_.

{8 (=)} (Vi = WAz = (v = W, .

k=0
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From the real and imaginary parts of (4.198), we obtain

v —-w|?
Atfy N-1
——1Im [ {|2Vk — Uk(m)|2‘/';~C — 2W, — Uk(m)|2Wk} (Vi — W) Az
k=0
A"}/ N—-1
= ZO {|2Vk — U PV~ 2Wi = Ui m)|2Wk} (Vi — Wi)Az
Aty R 4 1
m) 277 m) 2|3
< S 20 |12Ve - UYL — 2 — UL Aw) IV = Wi,
k=0
(4.199)
IV —W),|?
N—-1
<9 Y { Vi - ULEVE - Wi - UL P (Vi - W) Aw
k=0
N—-1
+ Y U™ PV — Wi Ax
k=0

A:v) IV — W4

N-1
<7 (Z ’|2Vk — U PV = 2W5 = U™ P
k=0

N—-1
+’72 |Uk(m)|2|Vk — Wk|2A{E
k=0
(4.200)

Since for any z1, 29,2z € C, ||221 —2|%21 — 229 — z|222| <

4 (|z1] + |22] + %\z|)2 |21 — 22| holds, we have

N-1 1
(Z “QVk Uk(m)| Vk — |2Wk — Uk(m)|2Wk Ax)
k=0

3
1

ol

N
(Z{ (Vi + Wi + 5 \Uk(m)D Vk—Wkl} Aw)

N-1 1 e
4{2 <|Vk|+|Wk+2|Uk(m)|> } [V =Wl

0

2
< 36 max { [U |0, |V [l [Wlla | [V = Wla. (4.201)
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Furthermore, the second term at the most right-hand side of (4.200) can be
evaluated as

N-1
SO PV = WifAz < U3V - WIS (4.202)
k=0

Thus, substituting (4.201) and (4.202) into (4.199) and (4.200), we have

2
IV = WP < 188ty max { [U o, [V 14, W} [V - W,
(4.203)
2
IV = W) P < 37y max { JU |, [V Il W} IV = W2,
(4.204)

From the discrete energy and probability conservation properties, and Lemma
4.1, there exists a constant &(c1, c,7) such that U™ |4 < ¢(c1, ¢2,7) holds.
Since V and W are solutions of the form V("t3) = (V(m+h 4 yim)y 9

there also exists a constant c(cy,ca,7) such that V|1, [|[W]|1 < c(e1,ca,7)
holds. Thus,

2 1
max { [T ]l4, [V 4, W]}~ < cb. (4.205)

Thus, from (3.181) in Lemma 3.5, and from (4.203), (4.204), and (4.205),
we have

[V -W|i<bl|lV-W|g |[V-W| (4.206)
< 18bey? At/18AL(18AL + 37)||V — W||5.

If in (4.206) 18bcy2At\/18At(18At + 37) < 1 holds, i.e.,

1

A3 (18AL +37) < ————
( ) ( + )< 1831)202’)/4

holds, ||V — W|4=0. Hence V. =W. I

From the discrete Sobolev inequality, and the discrete energy and proba-
bility conservation properties, we immediately obtain the boundedness of the
the numerical solution.

THEOREM 4.10 Boundedness of numerical solution
The numerical solution is bounded:

(U™ 0o < o0, m=0,1,2,....
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PROOF  We have |[U™|2 = const., because of the discrete probability
conservation property. From the proof of Lemma 4.1, ||U§Cm)|\§ < oo. Thus,
from the discrete Sobolev inequality in Section 3.6.2.1, we have the claim of
the theorem.

In order to evaluate the convergence, let us first define the truncation error
of the scheme, F,gm), as follows.

[ u(kAz, (m + 1)At) — u(kAz, mAt)
{ K )
_5Ii2> (u(kA:c, (m+ I)A;) + u(kAxz, mAt))
|u(kAz, (m + 1)At)|? + |u(kAx, mAt)|?
all : )
" (u(kAx, (m+ 1)At) + u(kAz, mAt))

2
+ F™, (4.207)

As to the truncation error Fém), the next lemma holds. Hereafter, T =
M At is the fixed “goal time” at which we measure the error.

LEMMA 4.2
Let u € C? [[O,T], 03]. Then,

M
At > IFU|? < CT(AE + Ax?),

m=0

where C' is a constant that depends only on v and the true solution u on ) =
[0,T]x (—L,L). Ifue C*[[0,T],C%], then the above estimate is improved to

M
At > T IFU|? < C'T(A + Axt),

m=0

where C' is another constant.

PROOF When u € C?[[0,T],C?], by considering the Taylor expansion
of both sides of the scheme at (z,t) = (kAz, (m+ $)At), we evaluate the local
truncation error as

|F,§m)| < c3(At? + Ax),

where c3 is a constant that only depends on « and the true solution u on
Q=[0,T] x (=L, L). Then by summing |Fl£m)\ from m = 0 to M, we obtain
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the result. When u € C? [[O,T],CS], the local truncation error is replaced
with
IF™| < (AL + Az?),

where ¢4 is another constant, and the rest is the same. {0

Now we are in a position to present a convergence theorem. Let us de-

note the error in the numerical solution by e, (m) — uém) — U™, where
ugcm) = u(kAz, mAt), and evaluate the error in the numerical solution at the

“goal time”: ||e™)||. Then, the following theorem holds.

THEOREM 4.11 Convergence of the scheme

Let u € C? [[O,T],Cﬁ] be the true solution to the cubic NLS, and C be
the constant defined in Lemma 4.2. Then, there exists a constant c, which
depends only on 7y, c1,co (defined in Theorem 4.9) and the true solution u on
[0,T] x (=L, L), such that the following estimate holds if At is chosen so that

1—cAt>0: or
M))2 « _Z2
e < —=—(
Moreover, if u € C? [[0,T],C®], then the above estimate is improved to

At + Ag?)eTent

c'T
e < T (At + Azh)e=ar

where ¢ is a constant which depends only on 7, c1,cq (as defined in Theorem

4.9) and the true solution u on [0,T] x (—L, L), and C’ is the constant defined
m Lemma 4.2.

PROOF  Subtracting the scheme (4.187) from (4.207), we have

: e](cm—i-l) . e’(cm) B
At B

=0 (ritel™ ) = { ™ Yt ul™ 12) = G, U6 i [0 2) }
—F™. (4.208)

Let us apply QIIHZ,I:: ()(u:gegcm))Aa: to both sides of the above identity.
The left-hand side becomes

N-—-1
1 m—+1 m m—+1 m
Atlm{ z:(e,(C ) e,(c ))(e,g )—I—e,ﬁc ))Az}

k=0
1
= [ {2 = [le™)2 — (e0+D), () 4 (el), el 1) }]
1 m
= = {le DI = e} (4.200)
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The first term at the right-hand side of (4.208) becomes

N-—-1
—~2Im { 3 <5,i2>u;e;’”)><u;e,i’">>m}

k=0

N-1 (m) +o(m) o+ o(m)

Mmek+1 B 2ll’mek + HhmCr_1 (m)

= —2Im E { e (he)™ ) Az
k=0

N-1 N—-1

2 m m m m

=~ plm (el (hel™ ) Az + 3 (uhel™) (hel™) Ax

(Axz)
k=0 k=0

=0. (4.210)

In the last equality, we used the discrete periodic boundary condition and
rearranged the summation to find that inside { -} is a real number.
As to the second term at the right-hand side of (4.208),

(™) (i Jul™ 2) = (it U ™) (i | U 2) =
(™) {2 = 0P} + (el 0 )

holds. If we apply QImZiv:_ (- )(umek )Ax the second term at the right-
hand side of the above identity vanishes. The first term is evaluated as

N1
2Imz (the first term) (u;;efcm))Aa:
k=0

=

(]

(™) { it (™ = 0P } (el A

= |2’yIm
0

"7

N —

[/1'1: {(ul(cm) + Uk(m))eém) + (ul(cm) + Uk(m))eém)}} (M;;@;(Cm))Ax
k=0

< clv]

<4 ||lpfhed™ |12

< 82| (||e(m+1)||2 + ||e(m)H2) ' (4.211)

In the above calculation, we used the fact that the numerical solution is
bounded (Theorem 4.10).
Finally, the third term at the right-hand side of (4.208) is evaluated as

2ImZF<m> Hel™) Az| < 2| F™|| [t e

< FUE 42 (e |2 4 [lel™)?) . (4.212)
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Thus, from (4.209), (4.210), (4.211), and (4.212), we have

1 m m m m
~ (e DI = e |2) < e (et D2 + [[e™)2) + | F).
Therefore,
m—+1 m
e D2 < At Y [le®]* + Aty |2,
1=0 1=0
If we choose At sufficiently small so that 1 — ¢At > 0 holds, then we have
1 m m
(m+1)12 < At D12+ Aty | FM)2 ). 4.21
e < g (S it a3 e ).

Taking m = M — 1, and from Lemma 3.6 and Lemma 4.2, we reach the claim
of the theorem.

4.4.2 Gross—Pitaevskii Equation

4.4.2.1 Introduction to Problem
The Gross—Pitaevskii equation (2.41):
ou_

1
is one of the target PDEs 4 in (2.39) with G (u, u,) = |ug|*+ 5(1 —|ul*)2. This
equation is known as a mean field nonlinear Schrodinger equation and often
used to investigate the dynamics of the Bose-Einstein condensation (BEC)
phenomenon [79, 140]. This equation has the following invariants:

e

Pu) /Q luf2dz, (4.214)

J(u) G(u,uy)dz. (4.215)

Q

The invariant P(u) is called “charge.”

4.4.2.2 Numerical Scheme
We derive a numerical scheme from the Scheme 3.4 in (3.86) and

|0, U] + |0, Us|?
2

ES

Gax(U) + % (1- \Uk|2)2. (4.216)

The scheme is

(m4+1) _ 77 (m)
1<Uk - Uk > 9Ga 7 k=0,...,N (4.217)
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where

6G m m m
e — 7 (iU )+ (1 U2 = 1) (15, U,
5(U(m+1),U(m))k

(4.218)
Under the discrete boundary conditions
s g m| =5 Uk<m>‘ =0, m=0,1,2,... (4.219)
; =0 k=N
this scheme has the following discrete invariants:
W
Py(U™) =30 A, (4.220)
k=0
W
Ja(U™) =" Gqp(U™) Az, (4.221)
k=0

We are also able to design a linearly implicit scheme using the linearization
technique discussed in the chapter 6. For example,

(m+1) _ (m—1)
i (Uk AtU’“ ) — 0Ga (4.222)

s ym glm=n)’

where
0Gq
5(U(m+1), U(m)7 U(m—l))k

A CO) TS RCOTENCH A CON A CD

(4.223)
is the linearly implicit for the Gross—Pitaevskii equation. This scheme has
also two invariants Py(U™ ), U™ and Jq(U™Y, U™). For the detail
of this scheme and the related discussion, readers may refer to [152].

4.4.2.3 Numerical Examples

In Figure 4.11, we show numerical solutions with L = 220, N = 1100
(Az = 0.2) and At = 0.2. We investigate the dynamics of a traveling wave
solution whose initial state is

2

_ g
uo(z) = \/1  2cosh(v(z — 20)/2) ‘

~v(x—20) 2 _ 1 _
exp (i arctan (e e > —iarctan (c)) (4.224)
—cy Bl

where v = v/2 — ¢2, and ¢ > 0 is the speed of the traveling wave.
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FIGURE 4.11: The time evolution profiles of the traveling wave solutions
with the speed ¢ = 1.0. The left figure: the nonlinear scheme (4.217), the
right: the linearly implicit scheme (4.222).

4.4.2.4 Further Topic: Two-Dimensional Examples

The Gross—Pitaevskii equation has a variety of 2D-formulations. We here
study the following equation described in Aftalion-Du [6].

% = Au — glu*u — Virap (@)U +

p(u)

[ull3

u+ wL,u, (4.225)

where

I

() / (|Vu|2 + Vtrap(.ar:)|u|2 + g|u|4 — wﬂLzu) de,
Q

and g is the parameter to describe the interaction between atoms in the con-
densation, Viyap(z) = ((wy)?2? + (wy)?y?)/(2 min(w,, w,)) is a trapped po-
tential, w,,w, are the trap frequencies in x- and y-directions, and wlL, =
—iwh(x0y — y0,) is the angular momentum at z-axis with frequency w.

By applying (the two-dimensional version of ) the discrete variational deriva-
tive method, we obtain the same scheme as Aftalion-Du [6]. Numerical ex-
amples are shown in Figure 4.12.

4.5 Target PDEs 5

In this section, an example for the target PDEs 5 (defined in Section 2.4;
systems of conservative PDEs) is shown.
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FIGURE 4.12: The time evolution contours of discrete density |Ux;|* at
time t =0,2,3,5,7, 10.

[ o

4.5.1 Zakharov Equations
4.5.1.1 Introduction to Problem

Let us consider the Zakharov equations:

iB, + B,y =nE, t>0,2¢(0,L),
Ngt — Npy = (|E|2)$$, t > 0,33 € (O,L), (4226)
E(0,z) = Ey(z),n(0,z) = ng(x),n:(0,2) =ni(z), =z € (0,L).

We assume the periodic boundary condition. The system of the Zakharov
equations is an example of the PDEs 5, where Nox = 4 and (uq, ug, us, ug) =
(E, E,n,v) (refer to (2.43)). In the classification of the target PDEs 5, the
equations belong to Type C4 with two Type C2 subequations.

In what follows, we use the notation (E, E,n,v) instead of (u1,us,us,us)
for readability.

4.5.1.2 Numerical Scheme

Let us denote numerical solutions by Ek(m), ng (™), v,(cm). We define the
discrete local energy by

1 2 m
G (B .m0, o) = 5B Py B P45 (m 7+ (0™
(4.227)
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which complies with (3.93). We define the discrete global energy accordingly

by
N

> Ga (BT, nm 0™ Az, (4.228)
k=0
Taking discrete variation according to (3.96), we have

N
Z //Gdﬁk(E(mwl)7 n(m-&-l), v(7n+1)) _ GdJc(E(m), n(m)’ 'U(m))Ax
k=0
N— 1{
Z (B, — g, ()
1 m
k=0 E(m+ ) E( ™k
0G
+ 7(17 (Ek(m+1) — Ek(m))
5(E(m+1)’ E(m))k
6Gq (mt1) )
+ 5(,”(m—i-1)7 n(m))k (nk — Nk )
(SGd (m+1) (m)
+m(”k —u, ") ¢ Az, (4.229)
where
0Gyq _ _5 Ek(m+1) + B, (m)
5(E(m+1)’E(m))k - 5
E,™ 4 B, (m-+1) (m)
e e T (4.230a)
2 2
J 5
- 5 ) (4.230b)
5(E(m+1),E’(m))k 5(E(m+1),E(m))k
0G4 = b BSR4 B (4.230¢)
5(n(m+1)7n(m))k B) 5 . (4.
0G4 oy (oY ™
S(v(m+D) p(m), U e (4.2304)

With the discrete variational derivatives, we define a numerical scheme
according to (3.101).

(m+1) _ o (m)
i (B 2 = 0Ga____ (4.231a)
At 5(E(m+1)’ E(m))k
(m+1) _ ., (m) sG
ng ng d
= — 4.231b
At 5(U(m+1)7’u(m))k’ ( )
v,imﬂ) — v,(cm) 0Gyq

N = ST (4.231c)
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We impose discrete periodic boundary conditions for all the variables. Since
this scheme satisfies the assumptions in Scheme 3.5, the discrete global energy
(4.228) is conserved.

4.6 Target PDEs 7

In this section, examples for the target PDEs 7 (defined in Section 2.5;
second-order PDEs) are shown.

4.6.1 Nonlinear Klein—Gordon Equation
4.6.1.1 Introduction to Problem

We consider the nonlinear Klein—Gordon equation (2.58) as a specific ex-
ample of the target equation (2.55) where

Gmwgzémg?+mw. (4.232)

This is a well-known nonlinear equation with soliton solutions. This includes
linear wave equation, the sine-Gordon equation, the double sine-Gordon equa-
tion and the phi-4 equation. Numerical studies regarding this equation are,
for example, [2, 3, 4, 5, 15, 16, 20, 38, 42, 48, 50, 51, 53, 86, 99, 103, 107, 139,
155, 164, 173].

4.6.1.2 Numerical Schemes

In the numerical studies on this equation, such as the above, much effort
has been devoted to “energy-preserving” computation. Most of the compu-
tations were, however, not completely discrete; for example, in some studies
energies were defined by integral, not summation, whose “conservation” would
necessarily be lost when the system was fully discretized. In the literature,
we could find the following five schemes as fully-discrete energy-conserving
schemes. Fortunately for us, all of them can be regarded as the special cases
of Scheme (3.127) or (3.129).

Strauss scheme [155]

51, m) _ 52 g7 m) _ d¢ , (4.233)
d (Uk(m+1)’ Uk(m71)>

£ =00 This is the implicit scheme (3.127) with

1 (0.UR0 Vi + 0, Uk0, Vi \ | 6(Ux) + ¢(Vi)
2 2 * 2 '

d¢
where 7 @b

Gax(U,V) = (4.234)
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Ben-Yu scheme [15]
do
(m+1) (m=1)\ "
d (40, 1)

This scheme is a special case of the implicit scheme (3.127) with

sy, (m — 5I<€2>8§n)Uk(m) _

m

(4.235)

1 ((5LU) 4+ (6, Ur)?+ (5. Vi) 2+ (6, Vi )?
Gaa(0.v) = § (LU PGV | o0 o)
’ 2 4 2
(4.236)
Zhang implicit scheme [53]
52U = 527, m
- d¢ . (4.237)
d (%(Ukmﬂ) + U™, LW, + Uk(mfl)))
This scheme is a special case of the implicit scheme (3.127) with
1 (66U Vi + 6, Ukd,. Vi
Gdk(va)—(k LALRAT ’“’“’“>+¢<U’“+V’“>. (4.238)
’ 2 2 2
Li scheme [107]
(@77, 0m) — 52, (g7, (m) d¢
5m Uk = 5k‘ ,um Uk — (4239)

a (00, o)

This scheme is a special case of the implicit scheme (3.127) with

§+ Uk +Vi & (YrtVe i
Ca (U, V) = (( (P5%))" + (0 (P52))" | (U + (Vi)
2 2 2
(4.240)
Zhang explicit scheme [53]
sEH U = 63 i 1, ) dé : (4.241)
d (Uk.“"“), Uk(m))
This scheme is a special case of the explicit scheme (3.129) with
1 ((6,Uk)* + (6,Ur)?

Ga i (U) = 5 <( k) 5 (9,Ur) > + ¢(Uy). (4.242)

As one can see, the variety comes from the degree of the freedom in the
discrete energy function. By exploiting this feature, we can further construct
other schemes based on (3.127) or (3.129) as below.

DVDM implicit scheme

SR U™ = (68 2T, % (4.243)

d (U,Jm“), Uk(m—l))
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L/ (U + Vi 2 o(U) + 6(Vi)
Gar(U, V)= 2|6, + . (4.244)
’ 2 2 2
DVDM explicit scheme 1
d
5ENTL — sV s g7 m) _ ¢ (4.245)
d (Uk<m+ ))Uk(m»)
can be derived from (3.129) with

1
Gax(U) = 5(3,.Uk)(5,Ux) + &(Uk)-
DVDM explicit scheme 2

(4.246)
d
SEHT ) _ (502, 7 om) _ ¢ (4.247)
d (Uk(m+1)’ Uk(m))
is from (3.129), with
Loy \2
Gar(U) = 5(% Uk)” + ¢(Uk). (4.248)
4.6.1.3 Numerical Examples

Let us test the above schemes numerically. We take the sine-Gordon equa-
tion as our example. The initial state is

u(z,0) = darctan <exp <\/£71]2)> :

(4.249)
where v = 0.2. The exact solution for this initial state is
T — vt
u(x,t) = 4arctan | exp | —— . 4.250
o) (o (7=5)) 250
The energy E™%F 4 / {2(ut)2 +G } dz for the exact solution is approxi-
mately

[ TRUE oy 8

e 4.251
T ( )
Now we

set L = 20, which means E™"" ~ —11.83503. The momentum
d
I‘ZTRUE —

/ uzurdzx for the exact solution is approximately

MTRUE o _ 8

~ %Y~ 1.632993. (4.252)
V1—0?



188 Discrete Variational Derivative Method

Below we set Ax = 0.5, At = 0.025, and

W L m L)

S W™ WY Sl 1<j<N (4.253)

J?
for boundary conditions.

Among the schemes mentioned above, we employ the Strauss scheme (4.233),
the Zhang implicit scheme (4.237), the Zhang explicit scheme (4.241), the
DVDM implicit scheme (4.243) and the DVDM explicit scheme 2 (4.247)
(below the DVDM schemes are just called “implicit scheme” and “explicit
scheme”). The fourth order Runge-Kutta scheme is also employed for com-
parison. Numerical solutions obtained by those schemes agree quite well with
the exact solution, while the former four schemes are slightly better than the
latter schemes (4.243) and (4.247).

-11.80 -1.30
Runge-Kutta scheme
-11.85 e cahama, 140 implicit scheme
Zhang implicit scheme A /] explicit scheme
Zhang explicit scheme /\ /
= 5 /N
oo 3 ",'\\ AV
] 1.50 /N
\/
implicit scheme Y
-11.95 explicit scheme S Runge-Kutta scheme
veo L Strauss scheme
Zhang implicit scheme
Zhang explicit scheme
-12.00
o 5 10 15 20 o 5 10 15 20

time. time

FIGURE 4.13: Evolution of the energies (left) and momenta (right).

Figure 4.13% shows the time evolution of the energies and momenta. We
can see that both are well preserved in all of the tested schemes.

TABLE 4.1: Computation time and maximum At for
each scheme

Scheme Time(unit: second) Max At
Runge—Kutta scheme 17.68 0.7
Strauss scheme 13.19 0.5
Zhang implicit scheme 14.36 0.5
Zhang explicit scheme 5.97 0.4
Implicit scheme (4.243) 48.37 0.1
Explicit scheme (4.247) 4.48 0.8

3—6 Reprinted from J. Comput. Appl. Math., 134, D. Furihata, Finite-difference schemes
for nonlinear wave equation that inherit energy conservation property, 37-57, Copyright
(2001), with permission from Elsevier.
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Table 4.1* shows the computation time for each scheme using the SUN Ultra
1 model 170E (CPU: UltraSPARC, 167MHz). Computation times listed in
the table represent the average of five calculations. The results indicate that
the explicit schemes are much faster than the other schemes including the
Runge-Kutta scheme.

The sensitivity of the schemes to the time mesh size At can be also judged
from Table 4.1. The maximum mesh size for the implicit scheme (4.243) is
smaller than the sizes for the other schemes. This is required for the con-
vergence in the vector Newton method. The maximum time mesh size of
the other schemes compares favorably with that of the Runge-Kutta scheme.
This demonstrates the robustness of the other schemes.

4.6.2 Shimoji—-Kawai Equation
4.6.2.1 Introduction to Problem

Here we consider the Shimoji—Kawai equation (2.59) as an example of the
target equation (2.55) where
1
12
This equation was first introduced in Shimoji-Kawai [154], where they showed
multivalued exact solutions to the equation by a parametric equation.

G(u,uy) = — (ug)?. (4.254)

4.6.2.2 Numerical Scheme

First we discretize the energy function as

1 [ (6;00)" + (5,U3)"
Gap(U) & L ) Ol £ 000 (4.255)
’ 12 2
From this definition we obtain the following discrete variational derivative
060Gy _ -1 i:((erUk(m)) ( (m) i 5 Uk 5 V(’m))
S(U, V),  24Az \ &= ot
(4.256)
and we can construct an explicit energy-conserving scheme:
0G
s, m = - 4 4.257
R GAS] (4257

from (3.129).

4.6.2.3 Numerical Examples

Parameters are set to Az = 0.05, At = 0.0001, and the boundary con-
ditions (4.253) are employed. The numerical investigation shows that the
scheme (4.257) is quite promising as follows.
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Figure 4.14° shows the numerical solutions for the initial state:
u(x,0) = e (=37 (4.258)
uy(z,0) = 2(z — 3)2e~ @3, (4.259)
In the figures the numerical solutions are indicated by points and the ex-
act solutions by lines. Below each graph, the energy values are also shown,
which are well preserved. The exact energy value is 0.1384729571---. The

difference comes from the spatial discretization in the numerical energy (i.e.
discretization of the energy integral).

t=0.0,F = 0.1383922428

Exadi Sl — Exadisol —
tumerical Sol. - 1 Numerical Sol. -

t =1.0,F = 0.1383922428 t =1.5,F = 0.1383922428

FIGURE 4.14: Numerical solutions by the scheme (4.257) for the Shimoji-
Kawai equation with the initial state (4.258) and (4.259).

Let us consider another initial state. Figure 4.15% shows the numerical
solutions for the initial state

w(z,0) = e (@37, (4.260)
uy(2,0) = —2(z — 3)2e~ @37, (4.261)

The energy of exact solution is also 0.1384729571 - - -. For this initial state we
can find that the exact solution becomes multivalued, for example, when t =
1.5 in Figure 4.15. We can also find that the exact solution becomes slightly
multivalued in Figure 4.14. After ¢ = 0.5 the numerical solution deviates from
the exact solution considerably, but energy of the numerical solution agrees
with that of the exact solution. The well-posedness of the Shimoji-Kawai
equation is still under investigation, and the numerical phenomenon should
be carefully studied in connection with the theoretical understandings.
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14
Exai S0l — Bl
umerical Sol. - Numerical

29

06 08

02 02

t =0.0,E = 0.1383922512 t=0.5, F = 0.1383922512

0 0
o 1 3 4 5 6

t=1.0,F = 0.1383922512

o 3 4 5 6

t=1.5F = 0.1383922512

FIGURE 4.15: Numerical solutions by the scheme (4.257) for the Shimoji-
Kawai equation with the initial state (4.260) and (4.261).

4.7 Other Equations

As mentioned in Chapter 2, there are PDEs that strictly speaking do not
belong to the target PDEs 1-7, but are quite close to them, and still dissipative
or conservative in some sense. In this section, we present such examples
and demonstrate that by slightly modifying the procedure of the discrete
variational method, we can still construct dissipative or conservative schemes

for such PDEs.

4.7.1 Keller—Segel Equation
4.7.1.1 Introduction to Problem
As mentioned in Remark 2.3, the Keller—Segel equation (2.22):

ou 0 [0Ou ov
0%v
0= 902 —av+ u, (4.263)

under the zero Neumann boundary conditions for v and v, is a kind of dissi-
pative equation, although it formally does not belong to the target dissipative
PDEs (1). The parameter a is a positive constant. This is due to the inverse
of the Helmholtz operator included in the energy function G (see (2.23)). Be-
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low we slightly extend the procedure in Chapter 3 so that we can also handle
the Helmholtz operator.

As the initial state we take ug(z) > 0. This equation has the following
important features in addition to the dissipation of the energy. The first one
is the positiveness of the solutions:

u(z,t) >0, z € (0,L), t>0.

The second one is mass conservation:

L
@/ u(z,t)de =0, t>0.

In order to handle the inverse of the Helmholtz operator: (a — 9%/92%)~! |
we consider the Green operator g defined by

(gu)(z, 1) = / 3z, ) u(y, 1) dy (4.264)

where g is the Green function of the Helmholtz operator (a—8?/9x?) under the
homogeneous Neumann boundary condition. With the aid of this operator,
we rewrite the Keller-Segel equation as

ou 0 0 (0G

G(u) =ulogu —u — %u gu. (4.266)

where

This expression can be easily confirmed, if we note that the variational deriva-
tive of G is

% = logu — gu. (4.267)

From the variational formulation (4.265) and the positiveness of the solutions,
the following important property holds.

d
/<0, (4.268)
where
J(u) 2 / ' G(u) dz. (4.269)
0

In this sense, the Keller—Segel equation is a dissipative equation.
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4.7.1.2 Numerical Scheme

Below we show that by slightly modifying the procedure in Chapter 3, we
can construct a dissipative scheme for the Keller—Segel equation.

Let us discretize the operator (a — 9%/8z?) by the standard central second-
order difference operator, and denote it by a matrix H, which operates on the
numerical solution vector U™). We note that the matrix H is nonsingular
since it is strictly diagonally dominant.

Based on this, the discrete version of the operator g can be defined by

gd 4 H~', and by which we define accordingly

d 1
Gax(U) =UlogUy — Uy, — iUk(gdU)ka (4.270)
and
W
14(U) = "Ga,(U) Ax. (4.271)
k=0
We construct a discrete variational derivative scheme as
Uk(m+1) _ Uk(m) " (m) +(1) 5Gy
Al =0, | Up'"™ 6y, 5(U(m+1)7 U(m))k , (4.272)
where
0Gq  logUp —log Vi Ui+ Vj 1
5(U,V)k o U, — V. 2
I I
| log U -21- og Vi (galU)y -5 (ng)k. (4.273)

The discrete variational derivative can be obtained as follows. Since, as
mentioned above, the energy function includes (the inverse of) the Helmholtz
operator, the procedure in Chapter 3 does not apply as is. However, it is still
possible to directly consider the discrete variation of the energy (4.270). The
crucial part is the third term of the energy function, which goes as follows.

Ié” (;Uk'(gdU)k - ;Vk(ng)k> Ax

= i}é {(Uk + Vi) (9a(U = V)i, + (Ux — Vi) (9a(U + V))k} Az

= ikZN% {(gd(U + V))i(Ux = Vi) + (U = Vi) (9a(U + V))k} Az

= sz_v:ou {(gd(U;V))k(Uk - Vk)} Az, (4.274)

The second equality is obtained since g4 is symmetric in the discrete function
space L?(Qny) (see Section 3.6 for the notation).
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4.7.1.3 Numerical Examples

We show the dynamics of the numerical solutions under the periodic bound-
ary conditions in Figure 4.16. Parameters were set to L = 1.0, a = 10,
Az =0.02 and At =2 x 1072, The initial state was set to

w0 = {

2cos(8mx +7)/5+ 0.4
cos(4mx)/2 4 0.5

(0<z<0.250.75 <z <1.0),
(otherwise).

(4.275)

Figure 4.17 confirms that the global energy successfully decreases monotoni-
cally as time evolves, and the global mass is almost conserved. Note that the
latter—the conservation of the mass—is not guaranteed mathematically.

0049

2000 step (i
3000 step (1
5000 step (1

0.048
0047
0046
0.085

0044

4 0043

" odeptio ——
S0 step (t £ 0001) ———-
100 5tep (12 0.002) -

3000 step {t = 0.060)
5000 step (t = 0.100)

L L
03 04 o0

A W A
5 06 07 08 09 1

x

0042

02

L P P
03 04 05 06 07 08 09 1
x

FIGURE 4.16: Numerical solutions to the Keller—Segel equation. Left:
profiles of u(z,t) at time 0 < ¢ < 0.1, right: profiles of v, which corresponds

to (a — 0?/0z2) .
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Time.
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4.7.2 Camassa—Holm Equation
4.7.2.1 Introduction to Problem

As mentioned in Remark 2.5, the Camassa—Holm type equations [24] are
conservative equations. Let us below consider the “limiting” Camassa—Holm
(CH) equation, which reads

Ut — Uggt = 2UzUpy + UWlggy — SUly, x € (0,L),t>0. (4.276)

This is a special case of (2.32) with xk = 0 and v = 1. It is called the “limiting
case,” since in the original Camassa—Holm context, £ > 0 denotes the depth of
shallow water, and the above case should be regarded as the extreme situation
in the limit of x — 0. Due to the operator (1 — §%/9z?) in the left hand side,
it is not formally covered by the target PDEs 2.

It is well-known that by introducing an intermediate function w = (1 —
0?/0x?)u, which is often called the “momentum variable,”” the CH can be
written in two variational forms (the “bi-Hamiltonian form”):

0G
wy = ( 8:53) 50 (4.277)
5G
— — 4.2
wp = ( w4 w ) 5o (4.278)
where
1
G < 5 (0 +u(u,)?), (4.279)
~ 1
G2 5 (02 + (w)?). (4.280)
It is easy to see that
oG 3, 1 , 10%
Su - 2 + 5(%) - 5@(“ )s (4.281)
5G 0

The related variational derivatives with respect to w can be obtained via

Je /ou= (1 - 06722) (6o /ow).
It is also an easy exercise to show that the Camassa—Holm equation has the
following three invariants under the periodic boundary conditions:

d d d

I(w) & /O " e ) & /0 " G, and K(u) 2 /0 " Gar.

7In the standard notation of the Camassa—Holm studies, this is usually denoted by m,
which is obviously for “momentum.” In this book, however, we have already reserved m
for the time index of numerical solutions. In order to avoid confusion, we denote it by w.
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We note that the Camassa—Holm equation has infinite invariants[24, 105],
because it has a bi-Hamiltonian structure [136].

4.7.2.2 Numerical Schemes

We impose the discrete periodic boundary condition:
um™ =ulm o VkeZ, m=01,..., (4.283)

which implies that we assume U (m) ¢ Sy (for this notation, refer to Sec-
tion 3.6).

Now let us define discrete analogues of the invariants, I,.J, K. For the
purpose, we first discretize the energy functions G = (u® + u(u,)?) /2, and
G= (u® + (ug)?) /2 by, for U,V € Sy,

Gax(U) £ Uy Gan(U), (4.284)
Gax(U) & ;{(Uk)2+ @U’“)Q;(%U’“)Q}. (4.285)

Then we define the discrete versions of the integral functionals I(u), J(u), K (u),
for U,V € Sy.

N

LU) £ Y "UiAe, (4.286)
N

Jd<U) % Z//Gd,k(U)A$7 (4.287)
k=0
N ~

Ka(U) £ Y "Gar(U)Ax. (4.288)
k=0

For the discrete energy functions, we obtain the following discrete variational
derivatives.

0Ga  _ 3 (U)® + (Ur) (V) + (V)?
2

(U, V) 3
1 (5+Uk)2 + (5;(]1@-)2 + (5;Vk)2 + (5;Vk)2
2 4
1.2 (U + Vi ?
_— 4.
501 ( . ) 7 (4.289)
§Ga @) Uk + Vi
s~ 0T (4.290)

We are able to obtain these discrete variational derivatives by the formal
approach, or the direct approach described in Section 4.1.1.
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In view of the relation 0 @ /ou = (1 - 88—;) (0 @ /dw), it is straightforward

to relate the above discrete derivatives to those on w:

6Ga . m 0Ga

vy, - L) sy (4.291)
(56(1 o (2 —1 56(1 . U + Vi

AR VA G A

where (1 —5,<€2>)_1 is an inverse operator of (1 —§,<€Q>). We note that (1 —5,<f>)_1
is well-defined, since the matrix representation of (1 — 5,<Cz>) (considering the
discrete periodic boundary condition) is regular.

Now we are in a position to define schemes [161, 162]. Based on (4.277), we
construct the following scheme. We call the following scheme “IJ-NL” since
it conserves Iq and Jg, and it is a nonlinear scheme.

L m) () (1 s(2) 0Gd
5,V = o (1~ of )&u(U(m“),U(m))k’ (4.203)
where
v £ (1 - s@yum. (4.294)

For this scheme, the following properties hold.

Ly(U™) = (U, (4.295)
Jo(U™) = J(Uu©). (4.296)

Based on (4.278) we also construct another scheme. We call it “IK-NL”
since it conserves I3 and Ky and it is a nonlinear scheme.

oy m) (s mEs) ) s(1) 6Ca
where
(m+1) (m)

This scheme coincides with the one in [1]. For the solutions of this scheme,
the following discrete conservation properties hold.

IqU™) = 1,(U), (4.299)
Kq(U™) = KqU©). (4.300)
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4.7.2.3 Linearly Implicit Schemes

In order to compare schemes in the next subsection, we here show two
linearly implicit schemes. First we define the discrete energy functions,

Ui+ Vi
2

e

Gaz2,x(U,V) ) éd27k(U7 V),

o GG 0 )],

and accordingly the summations of them as:

E

éd2,k(U7 V)

N
Z "Gaok(U,V)Ax,
k=0

N ~
> Gar (U, V) Az,

k=0

1ES

Ja2(U, V)

d
KdQ(U, V) =

The subscript “2” is for distinguishing them from the previous discrete en-
ergy functions. The discrete variational derivatives of these discrete energy
functions can be obtained using the technique in Chapter 6.

0G g0 _ %Vk(Uk + Vi + W)
SU, VW), 2 3

1 Uy + W, Uy + W,
+3 {(5;%) (5;’“2’“) + (6,V) (%%’“)}

Ui + 2V, + W,
—<6£2>Vk>-u§€1)( K+ 2V + k)

4
Uy +2Vi + W,
— (5) - 6" (k T k) (4.301)
5Gas B ()

STV e = (1 -6V, (4.302)

en B 210Gy
@ VW), - L) v W, (4.303)

6Gq (@)1 5Gq
S N 074 (=V). (4304
sw(U,V, W), (1=67) 5(U,V, W), (= Vi) (4.304)

With these discrete variational derivatives we define two linearly implicit
schemes. The first is called the “IJ-L” since it conserves Iy and .Jgo, and
it is a linearly implicit scheme.

0G4

) s g gy (4509)

oV = ol (1o
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We note that we have to prepare U and UW for the linear scheme. The
conservation properties of this scheme are

IqU@) (n : even)
LUy = ) 1d ’ 4.306
aU™™) {Id(U“)) (n: odd), (4-306)
Ja (U™ U™y = J, 0™, ). (4.307)

The second is called the “IK-L” since it conserves Iy and Kgo, and it is a
linearly implicit scheme.

G4
5W(U(7”+1), U(rn)7 U(mfl))k

SV = = (6 + ) , (4.308)

and we also need U and U™ as initial values. This scheme holds the
following properties.

my | L (U®) (n: even),
L) ={ 1T0) (o oo

Kap(U™) UMy = Ko™, UO). (4.310)

(4.309)

4.7.2.4 Numerical Examples

In this subsection, we numerically demonstrate the presented schemes.

4.7.2.5 Comparison of the Schemes

We first compare the schemes above, the classical Runge-Kutta scheme
(CRK), and the Heun scheme. The space and time ranges are set to x €
[0,100],¢ € [0,30], and discretized with the mesh sizes Az = 275 At = 275,
The initial profile is set to ug(z) = 0.8 exp(—|x —50|), so that we can simulate
a traveling single-peakon solution.

Figures 4.20-4.22 show the profiles of the numerical solutions. The profile
starts with a single peakon solution, and it should move to the right as time
evolves. The results by the IK-NL, IK-L, CRK, and the Heun schemes seem
fine. However, in the IJ-NL and IJ-L schemes, undesirable oscillation appears
around the initial peakon position at x = 50. One explanation for this might
be that the initial profile created from the exact single-peakon solution (which
originally should be defined on the whole R domain) is not suitable for the
schemes. On this issue, we have confirmed that the oscillation disappears as
the space mesh size Ax decreases.

Next let us focus on the conservation properties. Figures 4.25, 4.27, and
4.26 show the evolution of the discrete invariants, Iy, J4, and Kq. According
to Figure 4.25, 14 is well conserved by all the schemes. In Figure 4.27, Kj is
well conserved by the IK-L, IK-NL, and CRK schemes, while on the contrary
in Figure 4.26, Jq is well preserved by the IK— schemes and the CRK scheme.
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Thus we conclude that the IK-L, IK-NL and CRK schemes conserve those
three quantities well.

Thirdly, we compare the computation times of the schemes. Table 4.2
shows the computation times. The linear schemes are generally faster than
the nonlinear schemes. In particular, we like to point out that the IK-L
scheme is the fastest, which is about four times as fast as the CRK, and twice
as fast as the Heun scheme. The IJ-L scheme is also linear, but it falls behind
the IK-L scheme, because the coefficient matrix is constant in IK-L scheme.
More specifically, in the IK-L scheme, once we compute the inverse of the
coefficient matrix by, for example, the LU decomposition at the beginning of
the time evolution process, then we do not need to solve any linear systems
ever after.

Finally, we mention the long time behaviors of the schemes. We continued
the computation also for ¢ > 30 to see the asymptotic behaviors. There we
found that around t = 34.5, the numerical solution by the CRK scheme blows
up; see Figure 4.24. The blowup occurs at the initial peak position mentioned
above. We also observed that decreasing the time and space mesh sizes did
not improve these instabilities very well, although the speed of the blowup
was slightly relaxed. We have also observed that similar blowup occurs in the
Heun scheme around ¢ = 34.0. In contrast, no such explosions were found in
the conservative schemes.

TABLE 4.2: Computation times

scheme time (sec.)
IJ-NL scheme 2498
IK-NL scheme 1786

1J-L scheme 622

IK-L scheme 103
Classical Runge-Kutta | 397

Heun 199

4.7.2.5.1 Multi Peakon Solutions Next we try to capture the “multi
peakon solutions,” starting from the following initial profiles:

(2-peakon) ug(x) = 0.8exp(—|x — 10]) + 0.2 exp(—|z — 40|), (4.311)
(3-peakon) ug(z) = 0.8 exp(—|z — 10|) + 0.4 exp(—|z — 30|)
+ 0.2 exp(—|x — 40]). (4.312)

We tested the IK-L scheme. Parameters were set to x € [0,100], ¢t € [0, 100],
Ar = 278 and At = 279, Figure 4.28 shows the whole profile of the
numerical solutions in the 2-peakon case, Figure 4.35 shows the 3-peakon
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FIGURE 4.18: IJ-NL scheme. FIGURE 4.19: 1J-L scheme.

u u

" i,

FIGURE 4.20: IK-NL scheme. FIGURE 4.21: IK-L scheme.

u

FIGURE 4.22: C(Classical Runge—

Kutta scheme. FIGURE 4.23: Heun scheme.
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FIGURE 4.24: Blow-up solutions by the

(t € [34.0,34.4]).
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FIGURE 4.25: Evolutions of I4 (¢ € [0, 30]).
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case. In Figures 4.29-4.34, the details of the 2-peakon profiles are shown at
t = 0,20,46,50,54 and 100. Similarly, in Figures 4.36-4.41, the 3-peakon
profiles are shown. From those figures we clearly see that the peakons recover
their original profiles after collisions. In addition to that, we also observe
some “phase shifts” after the collisions. These observations convince us that
those peakons in fact behave like solitons, as widely believed.

Time

0 Space
FIGURE 4.28: The 2-peakon case by the IK-L scheme.

FIGURE 4.29: t=0. FIGURE 4.30: ¢=20.
FIGURE 4.31: ¢ = 46. FIGURE 4.32: ¢ =50.

FIGURE 4.33: t=54. FIGURE 4.34: ¢ =100.
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FIGURE 4.36: ¢ =0.

FIGURE 4.38: = 46.

A

FIGURE 4.40: t=54.

Space
FIGURE 4.35: The 3-peakon case by the IK-L scheme.

FIGURE 4.37: t = 20.

S

FIGURE 4.39: ¢ = 50.

FIGURE 4.41: ¢ = 100.
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4.7.2.6 Analysis of Scheme

In this subsection, we note some theoretical properties of the IK—NL scheme;
namely, the stability and the unique existence of numerical solutions.

4.7.2.6.1 Stability The IK-NL scheme enjoys the following stability es-
timate:

U™ < C,

where U™ is the solution, and C' is a constant independent of n, Az and At.
This property has been already indicated in a similar context in Section 4.1.1
for the Cahn-Hilliard equation. We use the discrete Sobolev-Hilbert norm
(4.23) and the discrete Sobolev lemma in Section 3.6.2.1. With this norm,

[T 111 = 204U ) = 2740) = [0

for the solutions of the IK-NL scheme. From this and the discrete Sobolev
lemma, we obtain the following important evaluation.

m 1 L
JU™ | < 2max <ﬁ,\/2> (Lep e

This means stability in the supremum norm, aside from the effect of rounding
€ITOorS.

4.7.2.6.2 TUnique Existence of the Solution
Here we show that the IK-NL scheme and IK-L scheme are uniquely solvable
under appropriate conditions at each time step.

First, let us consider the IK-NL scheme. Let us define

My :=sup || U™, My :=sup|V™)|

for V(™) = (I - Dl(f)) U™ . With these definitions and the fact that ||I —

D,(€2)|| < ||| + ||D,(€2)|| < 1+ 4/(Ax)?, we obtain the following inequality:
My < (1 + 4/(Az)?)My . Through some cumbersome computations, we
obtain the following lemma.

Lemma 1 If the condition:

(Axz)3/?

At <
- 6My

(4.313)

is satisfied, then the IK—-NL scheme has numerical solutions Uty
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Furthermore, it is an easy exercise to show that the solution of the scheme
is unique if At < (Ax)3/2/5My,. This, together with Lemma 1, proves the fol-
lowing existence theorem. The proof is by the standard contraction mapping
theorem.

Theorem 1 If the condition (4.313) is satisfied, the IK-NL scheme has a
unique solution at the new time step.

Here we consider the IK-L scheme (4.308), whose concrete form becomes

(1= Uy
= (1= oo <2t (o Vi 4 s U™ (4.314)

Since it is a linear scheme, it suffices to show that the coefficient matrix
(1 - 6,i2>) is nonsingular. It is in fact clear, since it is strictly diagonally
dominant. We also note that this proof is uniform in that it does not depend
on Az, At, nor the time step m.

4.7.2.7 Numerical Convergence Evaluations

Here, we numerically investigate the error convergence rates of the schemes
above. Due to the spatial and temporal symmetries of the schemes, we expect
O(Az? + At?) convergence, at least for sufficiently smooth solutions.

We test two initial profiles; one is a singular peakon solution, and the other
is a sufficiently smooth solution. We measure the errors in the discrete Lo
norm. When the exact solutions are not known, the numerical solutions with
sufficiently fine meshes are used as their substitutes.

Let us first consider the following peakon solution:

uo(x) = 0.8 exp(—|x —50]), = € [0,100].

Since this is not an exact solution under the periodic boundary condition,
we compute a fine solution with Az = 277 and At = 278, and regard it as
a substitute for the exact solution. We fix the time mesh to At = 278 and
compute numerical solutions with several space mesh sizes Az = 272,273,274
and 27°. The errors at t = 5 are shown in Figure 4.42. The lines in Figure 4.42
are drawn by the least-square approximations based on the data, whose gra-
dients indicate the convergence rates. Table 4.3 summarizes the estimated
convergence rates. We observe that numerical solutions by those schemes
converge to the fine solution with the order O(Az%8=99). Next, we fix the
space mesh size to Az = 273 instead, and observe the convergence with re-
spect to At. Figure 4.43 shows the errors at time ¢ = 5 with the time mesh
sizes At = 273,274 275 and 276, Again, Table 4.4 summarizes the estimated
convergence rates. From the table, we can see that the convergence rates of
the conservative schemes and the Heun scheme are around O(At?), while the
CRK scheme achieves almost O(At?).
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FIGURE 4.42: The error Ly norm versus the space mesh size Az at time
t = 5 with the peakon initial profile.
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FIGURE 4.43: The error Lo norm versus the time mesh size At at the
time ¢ = 5 with the peakon initial profile.

TABLE 4.3: The estimated convergence rates with respect to Az

Scheme Estimated error convergence rates
IJ-NL scheme 0.880103
IK-NL scheme 0.857593
IJ-L scheme 0.872815
IK-L scheme 0.849059
Heun scheme 0.835725
Classical Runge—Kutta scheme 0.842118
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TABLE 4.4: The estimated convergence rates with respect to At

Scheme Estimated error convergence rates
IJ-NL scheme 1.94711
IK-NL scheme 1.93010
1J-L scheme 1.98482
IK-L scheme 2.29136
Heun scheme 2.30428
Classical Runge-Kutta scheme 4.20176

As the second experiment, let us take the initial profile to

uo(z) = 0.6sech?(v2(z — 30)/4), = € [0,100], (4.315)

which is a smooth function. We here compare the IK-L scheme, the Heun
scheme, and the CRK scheme. We investigated the convergence rates with
respect to Az for various ¢ in 1 < ¢ < 90, and plotted them in Figure 4.46.
In the figure, we find a curious behavior in that the convergence rates con-
siderably change during the time evolution. In the beginning, they are about
O(Az?), as expected for smooth solutions. But soon after that they quickly
drop to O(Ax#®). In order to understand this strange behavior, we observed
the numerical solutions carefully to find that the initial smooth profile had
gradually peaked around 5 < ¢ < 15. Figure 4.44 shows the solution profiles
by the IK-L scheme with Az = 277 and At = 278, Figure 4.45 shows the
snapshots at ¢ = 0,5,15,60 and 90. From these figures, we can clearly see
the loss of regularity, and this should be the reason of the rate deficiency. In
fact, in the first peakon experiment, we have already seen that the rate with
respect to Az is O(Ax%8), which completely agrees with this view.

Next, the convergence rates with respect to At are shown in Figure 4.47.
We see that the rate of the CRK scheme is around O(At*9=48) "and the IK-
L scheme around O(At29=23) Since the numerical solutions of the Heun
scheme with Az = 273 blow up at ¢t = 64, we show the estimated rate only
before t < 64. Compared to the rate against Az, the result with respect to
At is quite natural.

To summarize, we observed that the convergence rates of the conservative
schemes are O(Az?+At?) for the sufficient smooth solutions, and O(Az+At?)
for non-smooth solutions, e.g., peakons.
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FIGURE 4.44: The numerical solutions by the IK-L scheme with Ax =
277 and At = 278 for the initial profile (4.315).
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space mesh size Az. The initial profile is (4.315).

5 T T T T T T T T
T IK-L scheme
e Classical Runge-Kutta --

45 | Heun -------- T
IS I g p
L
8
W
S 351 R
5
3
2
s | e
8 sr b
2
Q
2
o
>
<
s}
o

10 20 30 40 50 60 70 80 90
Time

FIGURE 4.47: Time evolutions of the error convergence rate with the time
mesh size At. The initial profile is (4.315).
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4.7.3 Benjamin—-Bona—Mahony Equation
4.7.3.1 Introduction to Problem

As mentioned in Remark 2.5, the Benjamin—-Bona—Mahony equation (BBM;
also known as the regularized long wave equation):

9%\ ou 0 [6G
<1 _ W) == "5 <5u> ., x€(0,L), t>0, (4.316)
where 1 1
_ Lt o 13
G = 2u + 6u ) (4.317)

is a conservative equation. We here impose the periodic boundary conditions
of length L > 0,

al 8’”’ al 8m’

Dal = 5a1 g UL =0,1,2, m'=0,1 431

Ozl atm,u(Onf) 9l 6tm’u( ), 1=0,1,2, m' =0,1, (4.318)
for t > 0.

This equation was proposed as a model for the undular bore problem by
Peregrine [138]. Benjamin et al. [14] have investigated this equation as a
regularized version of the Korteweg—de Vries (KdV) equation. This equation
has solitary wave solutions similar to the KdV equation. However, there is a
big difference that while the KAV equation has infinitely many invariants, it is
proved by Olver [135] that the BBM equation admits only three independent
invariants:

1IES

L
/0 u(z, t)de, (4.319)
J(u) % /0 ’ <u2 + ;u3> dz, (4.320)

K (u) ;/OL {vﬁ + (gZ)Q} da. (4.321)

Here, I,J, and K are called ‘mass’, ‘energy’, and ‘momentum’. Since the
number of conserved quantities is limited, we are not able to use the inverse-
scattering technique, which is a powerful mathematical tool to obtain theo-
retical solutions of integrable equations such as the KdV equation. So far,
large numbers of studies have been carried out for the numerical solutions of
the BBM equation: for example, [14, 31, 32, 43, 46, 47, 138].

I1ES

I

4.7.3.2 Numerical Schemes

Asnoted in Remark 2.5, the BBM equation is closely related to the Camassa—
Holm equation, and thus we can follow exactly the same approach in Sec-
tion 4.7.2. Here we like to leave this to the readers’ exercise, and try another
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approach to obtain four different finite difference schemes preserving either
discrete momentum or discrete energy. Two of them are nonlinear, the rest
are linear.

We impose the following discrete periodic boundary conditions:

U™ =um Ly for Yk € Z. (4.322)

In other words, we assume U™ e Sy (for the notation, see Section 3.6).
Let us begin by defining a discrete energy function as
d 1

~(Ur)* + % (U, (4.323)

Gq,(U) 3

from which we obtain the following discrete variational derivative by the stan-
dard procedure of the discrete variational derivative method:

0Gq Ui + Vi 1 (Uk)2+Uka+(Vk)2
= = . 4.324
5T, V), ( 2 )3 3 (4:324)
Then we obtain the following scheme
5032\ gt gy (m) _ (D) 0Gq
(1 () )6mUk = 4! ST oy, (4.325)
This nonlinear scheme has the following conservation properties.
LU = L,(UY), (4.326)
JaU™) = J(U©), (4.327)
where
&
L(U) = ) "UAx, (4.328)
k=0
X
JaU) = Y "Gax(U)Az. (4.329)
k=0

Below we call this scheme the Nonlinear Energy-conserving (NE) scheme.
With the same discrete variational derivative above, we can construct a
slightly different scheme as follows.

@) s m) _ (D) 6Gaq
(1-08) 01,0 = —a} ST G, (4.330)

where

(Ugl-m+1)/2)k % SJ]rc/’LTmUk:(m)v (U(_m+1)/2>k % 87€/j;nUk(m)' (4331)
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That is, we utilize the discrete variational derivative with shifted numerical
solutions. It is not so difficult to understand it because the mathematical key
in the momentum-conservation property is

ou (5G 0

since the invariance is shown as:

d
dtK( u) = /(uut + Uptg) dz = / u (up — Uggy) do
0 4G
=) Y™
ou (5G 0
The scheme has the following invariants:
LU = L,(UY), (4.334)
KaU™) = Ka(UY), (4.335)

where

[le

N L2 -
Kq4(U) %Z” {(Uk)Q + (0.0 ;(5kU’“)2 } Az, (4.336)
k=0

Due to the restriction of space, we here omit the detailed explanation on how
the idea of shifted solutions in fact realizes the discrete conservation (read-
ers may refer to [97]). Since this is a Nonlinear and Momentum-conserving
scheme, we call it the NM scheme.

4.7.3.3 Linearly Implicit Schemes

Next let us construct linearly implicit schemes. First we define a discrete
energy function:

(4.337)

Ue)’ Vie + Up (Vi)
Gd2,k(U,V) Ukvk+6 (( 02 Vi + Ui (Vi) )

2

The subscript “2” is to distinguish it from the previous discrete energy func-
tion. From the energy we obtain the three-points discrete variational deriva-

tive:
0Gqa2 1 (Uk + Vi + Wk) Vi
=V + = . 4.
S(U, VW), "2 ( 3 (4.338)
Then we obtain the following linearly implicit scheme:
_ (52} sy, ) — g0 0Gas
(1= (")) s U™ = —5 ST g gy (+339)
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The associated conservation properties are

I(UW), for odd m > 0,

I(U™) = 4.340
al ) {Id(U(O)), for even m > 0, ( )
Jap (U™ U™y = Jou, (D, U), for m >0, (4.341)
where
N N
Jea(U, V) =Y "Gaz (U, V)Ax. (4.342)
k=0

We call this scheme the Linear Energy-conserving (LE) scheme.
As in the previous subsection, we can construct a slightly different scheme
with the idea of shifted solutions as follows.

0G
UL, UL )k
where 4 4
(m) 4 +77 (m) (m) L 77, (m)
(U+ )k 2 s U™, (U, )k L U™, (4.344)

This keeps the following discrete invariants.

Iq(UW), for odd m > 0
(U™ = d ) ’ 4.345
al ) {Id(U(O)), for even m > 0, ( )
Kap(U™H) U™y = Kgo(UW UO), for m > 0, (4.346)
where
N
1 §EUL) (6% §:U) (6 Vi
KU, V)= 52” {Uka—i— (9:.8) ( ka);( kU) ( kv")}m. (4.347)
k=0

We call this scheme the Linear Momentum-conserving (LM) scheme.

4.7.3.4 Numerical Examples

In this subsection, we present several numerical examples.

4.7.3.4.1 One Solitary Wave The BBM equation has a one solitary
wave solution,

T —x9— 2t
u(z,t) = 3sech? [ ———— ), 4.348
(@1 (=) (1.348)
where o + 2t is the location of the solitary wave peak. In this subsection, we
set xo to 20, and the initial state for the numerical computation to

uo(x) = 3sech? ("32?/;0) . (4.349)
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For the linear schemes, i.e., the LM and LE schemes, we need another starting
value: UM, We use the NM scheme for the LM scheme, and the NE scheme
for the LE scheme.

In Table 4.5, the relative errors in mass, energy, momentum, and the
peak value of the numerical solutions and computation time obtained using
the four proposed schemes and the Runge-Kutta scheme at ¢t = 40 are listed.
We note that the peak value of the exact solution (4.348) should be constant
3 (if the computation is exact). The computation parameters are set to Az =
1/4, At = 1/16, and L = 100. For comparison, a Runge-Kutta scheme is
constructed based on the ordinary differential equations of U : R — R¥:

d

aU(t) =—(I—-Dy)" "Dy (U(t) + ivu)) ,

(4.350)
where (V' (¢)), 4 (Uk(t))?. In each time step of the nonlinear schemes (the
NM and the NE schemes), we used the standard Newton method.

Energy fluctuations in the conservative schemes and the Runge-Kutta scheme
are shown in Figure 4.48,° which shows that the discrete energies are well con-
served in all the conservative schemes. In particular, they deserve attention so
that even in the non-conservative schemes, i.e., the NM and the LM schemes,
they are nearly conserved. On the other hand, in the Runge—Kutta scheme,
the energy monotonically decreases.

Momentum fluctuations are shown in Figure 4.49,'° where we find the same
trend as the energy. The discrete momenta are well conserved by the conser-
vative schemes, even by the NE and LE schemes. On the other hand, in the
Runge-Kutta scheme, the energy monotonically decreases. In Figure 4.49,
around ¢ < 4, we observe oscillation in the LE scheme. This might be caused

TABLE 4.5: Relative errors in mass(Ms.), energy(E.),
momentum(Mm.), and peak value(PV.) of numerical solutions and
computation time(CPU) obtained using the proposed schemes and
Runge-Kutta scheme at ¢ = 40. Computation parameters are Az = 1/4,
At = 1/16, and L = 100.

Scheme | Ms.err. E.err. Mm.err. PV.err. CPU
NM 4.18691e-16 4.40752¢—03 1.91544e-10 1.54169¢-02 | 41m?2s
NE 2.09345e-16 3.16232e-11 3.97717e-06 1.39999¢-03 | 30m8s
LM 9.21120e-15 3.94501e-03 1.11896e-10 1.51433e-02 | 12m22s
LE 1.25607e-15 3.66348¢-10 9.29801e-07 3.44311e-05 | 15m28s
RK 1.06307e—17 3.66779¢-01 3.12369e¢—01 2.04904e-01 | 10m37s

8—14 Reprinted from S. Koide and D. Furihata, Nonlinear and linear conservative finite
difference schemes for regularized long wave equation, Japan J. Indust. Appl. Math., 26,
15-40, Copyright (2009), with permission from JJIAM publishing committee.
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FIGURE 4.48: Energy fluctuations in the conservative schemes and the
Runge-Kutta scheme.

by the fact that the starting value UY is not necessarily appropriate for the
LE scheme.

Peak value fluctuations are shown in Figure 4.50.11 The conservative schemes
preserve the peak value relatively well, while the Runge-Kutta scheme does
not; this agrees with the view in the discussion above.

For the initial state (4.349), we are able to estimate the errors based on
the exact solution (4.348). In Figures 4.51'? and 4.52,'3 the errors in the
four conservative schemes are shown. The left panel in Figure 4.51 shows
the errors for the fixed time mesh size At = 1/16, where Az was set to
1,1/2,1/4,1/8, and 1/16. The right panel in Figure 4.51 shows the errors for
the fixed space mesh size Az = 1/16, where At was set to 1,1/2,1/4,1/8, and
1/16. Figure 4.52 shows the errors for the case Az = At. For the NM scheme,
in particular, the max norm of the errors is estimated as O(Ax? + At?) in
Theorem 4.14, and these figures confirm this fact. Although there is no similar
theorem for the other three schemes, the figures suggest that the convergence
rates are practically the same.

4.7.3.4.2 Two Solitary Waves Let us next test another initial state:

uo(z) = 3sech? (gj \_/;1> + gsech2 (1; \_/;2> ) (4.351)
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the conservative schemes and
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FIGURE 4.51: Numerical solution errors (max norm) at ¢ = 5 in the

conservative schemes; L = 100 and the initial state is given by (4.349). Left:
errors with time mesh size At = 1/16; right: errors with Az = 1/16.
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FIGURE 4.52: Numerical solution errors (max norm) at t = 5 for Az =
At. L =100 and the initial state is given by (4.349).

where 1 = 20 and z2 = 50. This function approximates the wave with
two peaks at x; and z3. Figure 4.53' shows the profiles of the numerical

8 o-now
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FIGURE 4.53: Computation for the two solitary waves initial state (4.351)
with Az = 1/5, At = 1/32, and L = 200. Top left: profiles of numerical
solutions by the LM scheme, top right: by LE scheme, bottom left: energy
evolution in the LM scheme, bottom right: in the LE scheme.

solutions, energy evolution, and momentum evolution obtained by the linear
schemes with Az = 1/5, At = 1/32, and L = 200. In the figures, we find
that a phenomenon like ‘phase shift’ occurs when two peaks collide. The
non-conserved quantities, i.e. energy in the LM scheme and momentum in
the LE scheme, deviate to some extent when two peaks of a wave collide, but
fortunately after that they attain their initial values.
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4.7.3.5 Analysis of Scheme

Here we reveal several theoretical aspects of the NM scheme (4.330). First,
applying the discrete Sobolev lemma (see Section 3.6.2.1) to (4.335), we im-
mediately obtain the following inequality.

THEOREM 4.12

U] < 2V2max (\/157 \/E) LU (4.352)

This inequality implies that the NM scheme (4.330) is stable for any time
step m as far as the numerical solutions of the scheme exist.

Next we exploit the conditions for the existence of numerical solutions.

THEOREM 4.13 Local Existence and Uniqueness of Solutions

If the condition:
2(Az)3/?
t < )
VAz + 2| U™

holds, the NM scheme (4.330) has a unique solution .

(4.353)

We leave the proof to [97]. The next estimate is easily obtained, in view of
the conservation of the discrete momentum Kj.

TP < U™ |3 = 2Ka(U™) = 2Ka(U). (4.354)

With this, and the local existence theorem, we reach the global existence
result below.

COROLLARY 4.2 Global Existence and Uniqueness of Solutions

If the condition:
3/2
At < (Azx)
VAz +2 (2Kd(U<0>))

7 (4.355)

holds, the NM scheme (4.330) has unique numerical solutions U™ for any
m > 0.

Finally, we give an error estimate.
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THEOREM 4.14
Assume that T < oo is given, and N = L/Ax > 12. If the solution of the
BBM equation is sufficiently smooth such that

ot o
— L <t<T, 0<I< <m' <
awlatm,u(a:,t) <oo, € (0,L), 0<t<T, 0<1<5, 0<m' <3,
(4.356)
and the time mesh size At is sufficiently smooth such that
2
At < — (4.357)

3\

then the error is evaluated as follows:

(m) _ </ AT < 3
RUD S Uk u(kAx,mAt)’ < V6T max(1,L)Ey e+,  form < A
(4.358)
where
A S 998 max (( ) ) \/K )+ LL2Ax2 +1, (4.359)
E, £ (Az® + Af?) (14 Az® + A* + Az + At?)
49 ~ 14245 ~
iy 2 4.
x (32 T 3156 ) ’ (4.360)
~ o
L sup 7wz t) e, (4.361)
0<t<T,z€(0,L),0<m’<3, l€a(m’) | | OT" O™
{0,1,2,3,4,5}, m/ =0,
/ Li {374}3 m/ = 17
a(m’) = {0.1,2,3,4,5}, m/ =2, (4.362)
{0,1,2,3,4}, m’ —3.
The proof is, again, left to [97].
4.7.4 Feng Equation
4.7.4.1 Introduction to Problem
The Feng equation [55, 56] is
0%u 0*u
— Y=’ 4.363
at2 fya$28t2 (U’)’ ( )

where ® is a function of u, with the appropriate periodic boundary conditions.
As noted in Remark 2.8, this does not directly belong to the target PDEs
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classified in Chapter 2, but can be regarded as a conservative PDE, if we
rewrite this as follows.

0G
5—; + H(v) =0,
ou_ (4.364)
o
where
Gilu) £ ®(u), (4.365)
1 1
Go(v,v,) = 502+ 370, (4.366)
and .
H(v) = ve — Ytaa- (4.367)
Note that H(v) satisfies the following identity.
0G
/ H(v)vde = / “Zyda. (4.368)
Q O (S'U
This Feng equation has the following invariant.
J(u,0) & / (G () + Ca (v, v2)} da. (4.369)
Q
4.7.4.2 Numerical Scheme
We impose the following discrete periodic boundary conditions:
U™ =um . for Yk € 7. (4.370)

In other words, we assume U™ € Sy (for the notation, see 3.6.) By appro-
priate discretizing of G; and G5 we obtain the discrete energy functions

d
Grax(U) = @(Uy), (4.371)
a1 1 §UN2 + (6.Ux)?
Gaax(U) = §(Uk)2+ 57 (( eUr) 5 (9:.U) ) (4.372)
and the discrete variational derivatives
0G14q O(Ug) — (Vi)
p— 4.
o(U, V)i U, — Vi ’ (4.373)
0G2q @\ Uk + Vi
——— =1 . 4.374
o(U, V)i ( O ) 2 (4.374)
We are able to define the discrete H function as
d o 2 Uk = Vi
Hyn(U, V)2 (1 6! ) N (4.375)
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and they satisfy the following equality under the discrete periodic boundary
conditions.

N N

Uk + Vi 0Gag U —Vi
N T Ha (U V) Ar =3 Au. 4.376
& (U, V) =g A 25U V) At (4.876)

So we obtain the following finite difference scheme

0G1a
5(U(m+1)7 U(m))k

+ Hy (VD vm)) — o,

4.377
Uk(m+1) _ Uk(m) B Vk("H-l) + Vk(nL) ( )
At B 2 '
The solutions U, V' conserve the discrete invariant:
WX
Jd(U(m), V(m)) = Z " (Gld’k(U(m)) + ng,k(V(m))) Azx. (4378)
k=0

4.7.4.3 Numerical Examples
In Figure 4.54, we show numerical solutions with v = 1/4 and ®(u) = u*.

Initial state was set to

u(z,0) = Asech(2z — 16), (4.379a)
ug(z,0) =0, (4.379b)

where A is a positive constant.

FIGURE 4.54: Numerical solutions to the Feng equation. Left: a station-
ary breather solution with A = 1.0, Az = 0.02 and At = 0.001; right: a
moving breather solution with A = 2.0, Ax = 0.02 and At = 0.01.
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4.7.4.4 Analysis of Scheme

For some special ®(u), we are able to obtain a stability result. Let us, for
example, take ® to

1 1
O(u) = Sou + 4 pu. (4.380)
With this @, it is easy to see
2
vl <8 {@® V) + 5L} (1381)

and based on this and the discrete Sobolev lemma in Section 3.6.2.1, we can
deduce the following theorem.

THEOREM 4.15
For the potential function (4.380), the following estimate holds under the dis-
crete periodic boundary conditions.

U™ < U] + O1T, (4.382)

where T = mAt, and

VL

An existence and uniqueness result can be obtained via a similar discussion
as in Theorem 4.3.

1 2
C; = 4max ( ﬁ) \/Jd(U(O), vy 4+ %L. (4.383)

THEOREM 4.16
Let us consider the potential function (4.380). If the condition:

Az Az
V4402 (Ax)? + (7038/16)32M* " alAz + (63 + 9/8) M?
(4.384)
holds, then the solution U™V uniquely exists in the scheme (4.377) for any
m > 1, where

(At)? < min (

e

AU ||y + U™ Y],. (4.385)






Chapter 5

Advanced Topic I: Design of
High-Order Schemes

We have already glanced at the basic formulation of the discrete vari-
ational derivative method and its various applications. In this and
subsequent chapters we will discuss more advanced topics. This chap-
ter is devoted to the design of spatially and temporally higher-order
schemes. The presented schemes so far were all second-order, both
spatially and temporally. If more accuracy is demanded, we can
increase the accuracy by the method presented here. This chapter
is organized as follows. We first discuss the “orders of accuracy”
in Section 5.1. Section 5.2 is devoted to the spatially high-order
schemes. Section 5.3 and Section 5.4 are both for temporally high-
order schemes; we have two different ways of designing such schemes.
The first option is the use of the composition method; this issue will
be discussed in Section 5.3. The second option is to consider the
generalization of discrete variation process; this will be discussed in
Section 5.4.

5.1 Orders of Accuracy of Schemes

Here we define the orders of accuracy of the schemes. Let u be the solu-
tion on Q = [0, L] x [0, 7] with some prescribed T > 0, and U™ (0 < m <
M, MAt = T) be the corresponding numerical solution obtained by a nu-
merical scheme. Then, the global orders of accuracy of the numerical solution
(and accordingly of the scheme) are defined as follows. In the definition, we
denote some vector norms as || - ||.

DEFINITION 5.1 Global orders of accuracy
Let w(T) = (w(0,T),u(Az,T),...,u(L,T))" be the values of true solutions
on the mesh points. If the error estimate:

UM —(T)|| = O(Az”  AtY), Az, At —0

227
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holds, we say the numerical solution (and accordingly the scheme) is globally
of p'th-order in space and globally of ¢'th-order in time. O

We cannot, however, always reach this kind of estimate; especially if the
target PDE is nonlinear.

As a secondary estimate method, we employ the concept of local orders of
accuracy. Let us formally write a numerical scheme as follows.

fe@mD UMy =0, 0<k<N-1,m=0,1,2,...,
where [ > 2 is the number of steps that the scheme involves. For example, for
Scheme 3.1 (page 80), we have [ = 2, and
Uk(m+1) _ Uk(m)
At

11ES

_pystlg(2s) 0Gq
(=1 S gimy,

Then, the local truncation error of the scheme is defined by

fk(U(m+1)7 U(m))

d +1 142
Elocal,k = fk(ugcm ), s 7“](:" * ))7
d
where u,(gm) = u(kAxz, mAt) are the values of the true solution on the grid
points. That is, the local truncation error shows how well the equation of the
scheme is satisfied by the true solution u. Using Taylor expansion, we can
always obtain an estimate:

Brocar = fi(wl™ ™ ul™ ) — 0(AzP, AtY), Az, At —0. (5.1)

Then, the local orders of accuracy are defined as follows.

DEFINITION 5.2 Local orders of accuracy =~ When the estimate (5.1)
holds, the numerical solution (and accordingly the scheme) is locally of pth-
order in space, and locally of qth-order in time. Il

As opposed to the global orders of accuracy, the local orders of accuracy
can be always obtained by considering Taylor expansion. Moreover, the local
orders p, q often coincide with the global orders p’, ¢’, and thus can be used
as the estimates of the global orders of accuracy. Thus, hereafter we employ
the local orders as the measures of accuracy; namely, when we call a scheme
pth-order in space and gth-order in time, we mean the local orders of accuracy.
We denote such scheme a (p, ¢)th-order scheme.

Employing Taylor expansion, we can prove that Scheme 3.1 and Scheme 3.2
(pages 80 and 84), Scheme 3.3 and Scheme 3.4 (pages 96 and 99), and Scheme 3.5
and Scheme 3.6 (pages 105 and 109), presented in Chapter 3, are all tempo-
rally second-order (note that they are symmetric with respect to U™ and
U (m)). The spatial order of the schemes is either one or two, depending on
the concrete forms of the resulting schemes. The examples in Chapter 3 are
all spatially second-order.
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5.2 Spatially High-Order Schemes

In this section we design spatially high-order conservative or dissipative
schemes. To this end, we first set one big assumption: in all the problems
considered in this subsection,

O B &

9|, 0w

, J=0,1,...,J, (5.2)
r= =L

where J > 1 is specific to each problem is imposed.! We also limit ourselves to
first-order real-valued and complex-valued PDEs for brevity. The extensions

to other classes of target PDEs are rather straightforward.

5.2.1 Discrete Symbols and Formulas

The discrete symbols and the formulas used in this subsection are summa-
rized.

Corresponding to the continuous periodic boundary condition (5.2), we ap-
ply the discrete periodic boundary condition:

Uy =Ugswn, 0<ESN-1, welZ (5.3)

Next we introduce the difference operator of O(Az?P) (p = 1,2, ...) for the
first derivative as follows.

oMU, = Zp: OpiUits. (5.4)
Jj=-p
The coefficients a;, ; can be uniquely determined to gain accuracy of O(Az??).
The operators are skew-symmetric, i.e., a,; = —ap _; for any p (see, for
example, Fornberg [61]). When p = 1, it is the well-known central difference
operator: 5,il>Uk = (Ug4+1 — Uk—1)/2Az. And in the limit of p — oo, 5}21),2;1
becomes the so-called “spectral differentiation” operator [61]:

(yoorr _ (17
sy, = (F DFU)k, (5.5)
where U = (Uy, Uy, ...,Unx_1)" and
a1 %im ik
Fj, = N &P <— ~ ), (5.6)
~ 4 2mi 2mi(& — 1) 2mi(Y — 1) 2mi

D = di —_- 2 — 2 cei,—— ¢ - (0.

diag {O, T T ,0, —( T )yenns T (5.7)

1 Although we have already reserved “J” for the global energies, we use the same symbol
for the degree of smoothness here, since it should not cause any confusion.
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With regard to the differentiation operator § ,ilmp , the following “summation-
by-parts” formula holds; this is a generalization of the basic summation-by-
parts formulas appearing in the preceding chapters.

LEMMA 5.1 Summation-by-parts with respect to 521),2;7
For any two N -periodic sequences U,V (0 <k < N —1),

N N
SO U VAT = = Uk V) A, (5.8)
k=0 k=0
PROOF

N N-1

Z <5< ) pUk) VkA <5,<€1> pUk) VkACC

k=0 k=0

N—-1 P

—E:%J D2y Az, (5.9)

The periodic boundary condition (5.2), and the skew-symmetry: «p; =
—ayp,—; are used.

REMARK 5.1 Under the discrete periodic boundary condition (5.3) the

trapezoidal rule Zszo " is completely equivalent to the rectangle rule Zk]\:ol.
We here choose the trapezoidal rule notation, simply because we have basically
used it in the preceding chapters.
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5.2.2 Discrete Variational Derivative

In this subsection we define a spatially high-order version of the discrete
variational derivative, in both real-valued and complex-valued cases. The
key is to utilize the highly accurate spatial difference operator 5,il>’2p instead

of the central difference operator 5,il> used in the preceding chapters. This
modification is realized by the high-order version of the summation-by-parts
formula (5.8).

5.2.2.1 For the Real-Valued PDEs

We here consider the real dissipative PDEs 1 and conservative PDEs 2
under the periodic boundary condition (5.2). As in Chapter 3, for the sake of
simplicity, we assume that G(u,u,) is of the form:

G(u, uz) Zfz w)gi(uz), (5.10)

where M € N ,and fi, g : R — R are differentiable functions. We then define
the “discrete local energy” Gq(U) analogously to (5.10) as

M
Gar(U) =Y fiUR)gu(5,*Uy), (5.11)
1=1
where M (> M ) is an integer. We also define its associated global energy by

N

> Gan(U™) Az, (5.12)
k=0

Ja(U™) &

For such a G4, we consider the difference:

N N
Z "Gap(U)Az — Z "Gar(V)Az
k=0 k=0
3 ¢ G (1) (1)
- R - __Jd D.2prr  £(1),2p
_;;) {3(U7V)k(Uk V’“Haa(U,V)k(‘sk Uk = 0, Vk)}Am
N
Ga (1),2 Gq }
- R 7 T -y = 7oy U, — Vi) Az
kz:% {3(U7V>k v o, vy, U v
N
Gy
— //7 -
_;; §(U, V)k(U’“ Vi)Az, (5.13)
where
0Gq d 0Gq B 5(1},2;; & (5.14)
5(U7V)k_ a(U’V)k k ad(U’V)k ’ .
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and
oU,V), = 2 (Uk = Vi)
(5.15a)
9Ga AU + V) (96 Ux) — gu(35 Vi)
(U, V), g { ( 2 ) ( ST (U — Vi) :
(5.15b)

In the second equality of (5.13) we used the summation-by-parts formula (5.8).

The discrete quantity
060Gy

is called the “spatially high-order” discrete variational derivative. Note that

though we use the same symbol as in the second-order case, it utilizes the

high-order spatial difference operator § ,il)’Qp .

5.2.2.2 For the Complex-Valued PDEs

We here consider the complex dissipative PDEs 3 and conservative PDEs 4
under the periodic boundary condition (5.2). As in Chapter 3 we assume that
the energy G(u,u, ) takes the form

P Q
G(u, ua) ch\pz ) ()N (5.16)

where ¢; € R, and NP, N2 € {2,3,4,...}, and p;, ¢ : C — C are assumed to
be analytic functions which satisfy p;(7) = p(u), ¢(7) = ¢ (u) (u € C). Here-
after we abbreviate |p;(Ug)|™ as P,(Uy), and |ql(5,<€1>’2pUk)\NlQ as Qu(Ug).
We then define discrete energy Gq(U) analogously to (5.16) as

M

d
Gar(U) 2 Y alp (U a6 > U 17, (5.17)
=1

and its associated global energy by

N
JaU™) £ 3Gy (U™) A (5.18)
k=0
As in the real case, we consider the difference

N N

Y Gar(U)Az =Y "Gak(V)A

k=0 k=0
N

Y <(s<(;deV)k<U’“ W+ (S(ffdv) (H)) Az, (5.19)
k=0 ’ Pk
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where
(5Gd d 8Gd (1),2 aGd
= — 0P .2
SU, V) — oU, V), F U, V),)’ (5.20)
0G4 9G4 _ 5oy (é9(£j ) , (5.21)
o(U, V)i oU, V) o5(U,V),
are the “spatially high-order complex discrete variational derivatives,” whose
concrete forms are
0Ga a4 x~ (QuUD+ Qi) (pi(Uh) = pu(Vi)
= ’ .22
o(U, V)i ;Cl ( 2 U — Vi (5.22)
< f(NFspi(Us), (Vi)
0G4 4 Pi(Uy) + P (V)
— = _ 2
OV, 2= ( 2 (5.23)

=1
y a(87 " U) — a0 V)
S, — 88V,

) f (NzQ;Ql(5;<cl>’2pUk),QI(5;<CI>’2ka)) ,

where
Z1+ 22 n—2 n—4|. (2 n—2
J T(|zl| + 21" 2] - 4 |22]" ), 0t even,
f(n;21,22) = [
(21, 22) z1F 22 |2 | 4 |z e 4 A 2t o odd
2 |z1] + |22] ’ R
(5.24)

In above calculation we used the summation-by-parts formula (5.8).

5.2.3 Design of Schemes

With the discrete variational derivative given above, we then define the
finite difference schemes.
5.2.3.1 For the Real-Valued PDEs

We define a scheme for the real dissipative PDEs 1 as follows.

Scheme 5.1 (Spatially high-order dissipative scheme for the PDEs 1)

Let U}go) = u(kAx,0) be initial values. Then, a spatially high-order scheme
for the PDEs 1 is given by, form =0,1,2,...,

2s 5Gd
) (;(U(m—*-l)7 U(m/)) )

k=0,...,N—1. (5.25)

Uk(m+1) _ Uk(m) B
At N

9

(_1)s+1 (6121%217
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THEOREM 5.1 Discrete dissipation property and orders of Scheme 5.1

Under the discrete periodic boundary condition (5.3), Scheme 5.1 is dissipa-
tive in the sense that the inequality

JUM™YYy < Jyw™), m=0,1,2,... (5.26)

holds. Moreover, the scheme is (2p,2)-th order.

PROOF The dissipation property is proved as follows.

N N
1
(m+1) _ (m)
Kt <Z //Gd’]@(U )Ax ZHGd’k(U )Aac)
k=0 k=0
— ﬁ:// 0Gq (Uk(m+1) — Uk(m)> Az
pars 6(U(m+1) U(m)) At
al 25 5G
- m m ( 1)s+1 5l<cl>72p < m : m )ACL‘
kZO U( +1) U( )) ( ) 5(U( +1),U( ))k
N 2
_ N\ (1),2p\° 0Gq
o ; {(6k ) (5(U(m+1)’U(m))k>} Az
<0. (5.27)

The first equality is from (5.13), the second is from the definition of the
scheme (5.25), and the third is from the repeated use of the summation-by-
parts formula (5.8).

In order to prove the claim on the orders of accuracy, let us substitute the

d
true solutions u,(cm) = w(kAz, mAt) into U, ™, and consider Taylor expansion

of both sides of the scheme at (x,t) = (kAx, (m + %)At). It is easy to see
that
g 2

Moreover, the following estimate holds:

5Ga e

_— = — Az At?). 2
St wm) T Ju|  va +O0(Aa™, AF) (5.28)
t=(m+1/2)At
Evidently, both estimates yield
(m+1) (m) 2s
Ug e sy1( 0 0G4 2 2
= (-1 — —_ O(Az"P, At

which means that the scheme is (2p, 2)th-order.
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We prove the estimate (5.28), by substituting u,(cm) into U™ in the defi-
nition of the discrete variational derivative, and considering Taylor expansion
of each term at (z,t) = (kAx, (m+3)At). We use the following abbreviation:

4

(')|(k,m+1/2) (.)|x:kA:c,t:(m+1/2)At :

We first consider (5.15a). Since 5,il>’2pu,(€m) = Uy (k,mt1/2) + O(Az?P), we
obtain

g1 (6I<€1>,2pu](g7n+1)) ta (6£1>,2pu](€m))

= 91(uz)| (k,m+1/2) + O(Aa:2p7 Atg).

2
(5.29)
Since for any sufficiently smooth function f(y), we have
- 0
y1— 92 Yly=(y1+y2)/2

the following estimate holds:

™) = ™) o,

+0 (g™ = uf™)?)

ul(cm+1) _ ul(cm) ~ Ou u:(ul(c'm.+l)+u§;n))/2
= o +0 (A?). (5.31)
du (k,m~+1/2)
From (5.29) and (5.31) we have
__ e __ _0C + O(Az?, At?). (5.32)
A(ulm+D) ulm), - Ju (k;m+1/2)

In a similar manner, we obtain the following estimate as to (5.15b).

oG 06
IS (u(m+D) u(m))y,  Ju,

+ O(Az?, At?). (5.33)
(kym-+1/2)

Thus we obtain the following estimate:

0Gq B 0Gq _5ib2p IGq
S(ulm+1) u(m)), " Pulm+) ylm)) "k g(ulm+l) y(m),

- % s (29 +O(Az?, AF?)
ou (k,m~+1/2) Oug (k,m+1/2)

_ ¢ + O(Az?, At?). (5.34)
ou (k,m+1/2)

A scheme for the real conservative PDEs 2 is defined as follows.
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Scheme 5.2 (Spatially high-order conservative scheme for PDEs 2)
Let U}go) = u(kAx,0) be initial values. Then, a spatially high-order scheme
for the PDEs 2 is given by, form =0,1,2,..

s

Ut g, (m) _ (5<1>’2p)28+1 8Gq
At k st Uy

)

k=0,...,N—1. (5.35)

THEOREM 5.2 Discrete conservation property and orders of Scheme 5.2

Under the discrete periodic boundary condition (5.3), Scheme 5.2 is conser-
vative in the sense that the inequality

JoU™) = J,(U®), m=1,2,3,... (5.36)
holds. Moreover, the scheme is (2p,2)-th order.

PROOF The conservation property is proved as follows.

N
( / U(m+1))A Z/IG (U(m))Al'>
N

E\H

=0

" Ut — g (m)
= Z 5(U m+1) U Az

k=0
50 2p>25+1 0Cq Az
5(U(m+1)7 U(m,)) .

) <

"
B Z U(7n+1) U
(1),2p\ 5T 0Gq
% (5k' ) <6(U(m+1),U(m))k A

N

- {
k=0

=0. (5.37)

The first equality is from (5.13), the second is from the definition of the

scheme (5.35). and the third is from the repeated use of the summation-by-

parts formula (5.8). (Note that the equality Zszo "Uk5,<€1>’2pUkAx = 0 holds

for any N-periodic sequence Uy, which can be easily obtained from (5.8) as a
special case.)

The claim on the orders can be proved in the same way in Theorem 5.1. I

5.2.3.2 For the Complex-Valued PDEs

We define finite difference schemes for the complex-valued dissipative PDEs 3
as follows.
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Scheme 5.3 (Spatially high-order dissipative scheme for the PDEs 3)

Let Uéo) = u(kAz,0) be initial values. Then, a spatially high-order scheme
for the PDEs 3 is given by, for m =0,1,2,...,

Uk(m-i-l) _ Uk(m) _ (SGd
At st ymy )

k=0,...,N—1. (5.38)

THEOREM 5.3 Discrete dissipation property and orders of Scheme 5.3

Under the discrete periodic boundary condition (5.3), Scheme 5.3 is dissipa-
tive in the sense that the inequality

JoU™YYy < Jy0™), m=0,1,2,... (5.39)
holds. Moreover, the scheme is (2p,2)-th order.

PROOF The dissipation property is proved as follows.

N N
k=0

|~

k=0

[
part 6(U(m+l)’ U(m)) i At

(m+1) _ r7 (m)
4 (5Gd U U Au
(S(U("H_l), U(’!)’L)) ) At

N 5G ’
- _22// ( 1 : )
— 5(U( + ),U( )) .

Az <0. (5.40)

The first equality is from (5.19), and the second is from the definition of

Scheme 5.3 and the fact that the complex (discrete) variational derivatives
are complex conjugates of each other.

The claim on the orders can be proved in the same way in Theorem 5.1. f

We also define a scheme for the conservative PDEs 4 as follows.

Scheme 5.4 (Spatially high-order conservative scheme for the PDEs 4)

Let U}go) = u(kAz,0) be initial values. Then, a spatially high-order scheme
for the PDEs j is given by, form=0,1,2,...,

) (Uk(m+1) _ Uk(m)> ( 5Gq >
i = — - ,
At §(U(m+1)’ U(m)) i

k=0,...,N—1. (5.41)
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The accuracy of this scheme is O(At?, Az?P).

THEOREM 5.4 Discrete conservation property and orders of Scheme 5.4

Under the discrete periodic boundary condition (5.3), Scheme 5.4 is dissipa-
tive in the sense that the inequality

JJUY) = J,U®), m=1,2,3,... (5.42)

holds. Moreover, the scheme is (2p,2)-th order.

PROOF The conservation property is proved as follows.

N N
1
At (Z "GaxU Az = ”Gd,kw“’”)m)

k=0 k=0

_ i\f: " { < 0Gq ) (Uk(m-‘rl) _ Uk(m)>
2 s oy ) T A

(m+1) _ (m)
n 0Gyq U U Ax
§(U(m+1), U(m)) . At

N 2 2
Pt 5(U(m+1)7 U(m)) . 5(U(m+1)’ U(m)) i

The claim on the orders can be proved in the same way in Theorem 5.1. I

Az = 0.

(5.43)

REMARK 5.2 As we have repeatedly mentioned so far, the derived
schemes here can be implemented with variable time step sizes (observe that
the dissipation or conservation theorems hold even if the temporal mesh size
is changed during the time evolution process).

The schemes here are nonlinearly implicit in general due to the nonlinearity
in the PDEs. We can, however, further modify the method for designing
linearly implicit schemes, using the idea described in Chapter 6. We omit the
details, but will present several examples in the next subsection.

5.2.4 Application Examples

In this section we show some examples.
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5.2.4.1 Application to the Korteweg—de Vries Equation

Let us consider the Korteweg—de Vries equation (KdV):
ou 0 (1, 0%
= _ 2|z z - )’
% = 92 (2u +8332>’ ze(0,L), t>0,

(5.44)
under the periodic boundary condition (5.2). The energy function G for the
KdV is defined by

1 1 (0u)”
We have already seen an energy-conserving scheme whose accuracy is

O(At?, Az?) in Section 4.2.1. Here we derive a (2p,2)th-order conservative
scheme. We start by defining the discrete local energy as

§51-2pgy 2
2
Note that it can be decomposed as assumed in (5.11). Mechanically calculat-
obtain

a U2
Gax(U) = Tk

ing the discrete variational derivative using (5.14), (5.15a), and (5.15b), we

060Gy . UkQ + UiV + Vk2 (1),2p 2 (U + Vi
TV, : + (a0 ) (5.47)
Then Scheme 5.1 reads
Uk(erl) o Uk(m) B 5(1)721) { (Uk(erl))Q + Uk(erl)Uk(m) + (Uk(m))Q
At ok 6

2 [, (m+1) 4 gy, (m)
JF(‘S/(;)’QP) < k + Uk

. (5.48
I
This scheme keeps a discrete energy thanks to Theorem 5.1. It also should

be noted that, as mentioned in Section 5.2, the scheme is pseudospectral-like
in the limit of p — cc.

REMARK 5.3 We can also construct linearly implicit schemes. Below is
an example.

Uk(m+3) _ Uk(m) B
3At N

_ 6<1>,2p { U}g(m"'_Q)Uk(m-&-l)
k

+ (5<1>,2P)2 R A .
2 k 2
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This scheme conserves the discrete global energy:
N—-1

< U, M3y, (mA2) gy, (m+1)
k=0 6

2 2 2
T e e

6

Az.

(5.50)
[
5.2.4.2 Application to the Cubic Nonlinear Schrédinger Equation

Let us consider the cubic nonlinear Schrédinger equation(NLS):
.Ou 9
i5p = U —v|u|*u, =€ (0,L),t>0,v€R,

(5.51)
under the periodic boundary condition (5.2). The energy function G for the
NLS is defined by

G(u,uz) = —

ual? + 2 uf*.

Let us derive a (2p, 2)th-order conservative scheme for the NLS. We first
define the discrete local energy as

d
Gd,k(U) = — |5]<€1>’2pUk|2 + %|U}€|4.

(5.22),(5.23), we have

(5.52)
Note that it can be decomposed as assumed in (5.16). By mechanically cal-
culating the complex discrete variational derivatives using (5.20), (5.21), and

0Ga — ((;(1),21))2 U 4,
s gmy ) o F 2
(m+1))2 (m)2 (m+1) (m)
oy <Uk | 2+ U™ | ) <Uk 2+ Uy, ) (5.53)
Then Scheme 5.3 reads

_ Uk(m+1) _ Uk(m)
! At

U, () 4 gy, (m)
) (a2 ( -
2
(m+1) 2 (m)|2 (m+1) (m)
_7<|Uk |2+\Uk | ) (Uk 2+Uk ).(5.54)
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The conservation Theorem 5.4 holds, namely,

N
> "G (U™)Ax (5.55)

k=0
remains constant. Moreover, the scheme conserves the discrete “probability”:

N
> U™ P A (5.56)
k=0

This conservation property is a discrete analogue of the continuous probability
conservation law: fOL |u|?dx = const. With these properties the scheme is
shown to be stable and L?-convergent.

REMARK 5.4 By employing the linearization technique in Chapter 6,
we can also construct a linearly implicit version of the scheme as follows. We
omit the detail of the derivation here.

. Uk(er?) _ Uk(m)
! 2AL -

2 (7. (m+2) 4 7, (m) U (m+2) 4 g, (m)
- () ( R (/L li) (e Ly

2 2
(5.57)
This scheme preserves the discrete global energy:
2 2
N ’51<cl>’2pUk(m+l)’ + ’51<gl>72pUk(m)’ ~y 2 2
Z// _ + 1 ’Uk(m+1)‘ ‘Uk(m)‘ Az,
2 2
k=0
(5.58)
and the discrete probability:
N
Um0 2 4y, (m))2
Z//| k | 2+‘ k | Az (5.59)
k=0

Now we present some numerical results. We compare the following four
numerical schemes:

e (CPS): the scheme (5.54) with p = oo (i.e., a pseudospectral-like scheme)
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TABLE 5.1: Characteristics of the
tested numerical schemes

name t x energy prob.
(CPS) O(At?) spectral  yes yes
(CFD) O(At?) O(Az?)  yes yes
(CLI) O(At?) spectral  yes yes
(RK4) O(A#*) spectral  no no

e (CFD): the second-order scheme shown in Section 4.4.1
e (CLI): the linearly-implicit scheme (5.57)

e (RK4): the standard pseudospectral scheme which uses the 4th order
Runge-Kutta method

We summarize their characteristics in Table 5.1.2 In (CPS) and (CFD), we
solved the nonlinear schemes (5.54) by simple iterations; i.e., we solved (5.54)
by the iteration:

m+1),j m) | At gt g, (m)
o = 5 e (B

(m+1),5)2 (m)|2 (m+1),5 (m)
_7<|Uk o+ 0™ ) (Uk + U )} (5.60)

where j € {0,1,2,...} is the index of the iteration.
We take up the exact periodic solution (for v > 0):

A«
Y

u(zx,t) = 2

2
enfya(x — vt), k] exp {1;35 —i (U - )\> t} . (5.61)
Here, cn(z, k) is the Jacobi elliptic function of modulus k, and A, a,v,k, L
(the length of the domain) are constants. The constants are chosen to satisfy
the relations: o = \/29A+ A2, k = /(A + a)/(2a), L = 4K(k)/\/a and
v =4mn/L (m: an integer), where K (k) is the complete elliptic integral of
the first kind of modulus k& to meet the periodic boundary condition (5.2).
Thus we have only three free constants A, A € R and m € Z. In the following
experiments, we set v =2, A = 1.0 x 107°, and A = 1 (so that o ~ 1.00002,
k ~0.999990, L ~ 28.5708). The constant m, which determines the “speed”

2—6 Reprinted from T. Matsuo, M. Sugihara, D. Furihata and M. Mori, Spatially accu-
rate dissipative or conservative finite difference schemes derived by the discrete variational
method, Japan J. Indust. Appl. Math., 19, 311-330, Copyright (2002), with permission
from JJIAM publishing committee.
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of the solution, is chosen in each experiment. As m increases, the solution
becomes “rapid” and harder to capture by numerical calculation. We carried
out all numerical computations with double precision.

Firstly, we compare the accuracies of the numerical solutions. In the ex-
periment we choose v = 1 (“slow” solution; temporal period T, ~ 64.9583).
Table 5.23 shows the maximal errors at t =T = 10 (i.e., at about 1/6 period).
We denote the exact solution by w = (u(T,z0),u(T,z1),...,u(T,xx_1))T at
t =T, and the numerical solution by U™) where M = T/At. The (*) mark
means that the result is almost at the best order which can be attained with
the Az value (i.e., the order cannot be improved by decreasing At). Accord-
ing to the marked result, we can confirm that the scheme (CPS) is spatially
highly accurate as expected; the error decreases almost exponentially with
regard to N, while the error by the scheme (CFD) decreases only at the rate
of O(Ax?). The superiority becomes far more significant as N grows. The
temporal accuracy of the scheme (CPS) is, however, still of O(At?) and may
discourage us from utilizing the scheme in view of, for example, higher order
schemes such as the Runge-Kutta scheme (RK4). This difficulty can be over-
come by the composition technique . The scheme (CLI) gives as good a result
as (CPS).

TABLE 5.2: Maximal errors at 7' = 10

Scheme Az (N) At (UMD — |
(CPS) 0.4464 (64) 0.001 385 x 103 (%)
0.2232 (128) 0.01 1.40 x 104

0.001 1.40 x 1076
0.0001 1.92 x 10~8
0.00001  6.58 x 1079 (*)
0.1116 (256) 0.001 1.40 x 10~
0.0001 1.40 x 108
0.00001  1.41 x 1010
0.000001 1.08 x 10712 (*)

(CFD) 0.4464 (64) 0.001 5.00 x 10~T (%)
0.2232 (128) 0.001 1.14 x 1071 (¥)
0.1116 (256) 0.001 2.80 x 1072 (¥)
(CLI) 0.4464 (64) 0.001 3.85 x 10~% (%)
0.2232 (128) 0.00001  8.05 x 1079 (¥*)
0.1116 (256) 0.000001 2.33 x 10712 (*)
(RK4) 0.4464 (64) 0.01 3.84 x 107 (%)
0.2232 (128) 0.001 8.01 x 1072 (¥)
0.1116 (256) 0.0001  3.58 x 10712 (*)
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Secondly, we compare the qualitative aspects of the numerical solutions.
For this purpose we use a “rapid” solution: v = 100 (i.e., the temporal period
T, ~ 0.6496), and see if the schemes can correctly preserve the soliton-like
waveform of the solution. We carried out numerical calculations using the
above schemes for 0 < ¢t < T = 10 (i.e., about 16 periods) with At = 0.001
and Az = 0.1116 (N = 256). Figure 5.1* shows the progression results. We
plotted the absolute values of the numerical solutions, i.e., |Uk(m)| against
(t,z). Note that the graphs are drawn only at selected time points (¢ =
0,2,4,6,8,10) to increase readability, therefore they do not reflect the right
wave speed; the exact solution goes around the interval about 16 times, as
stated earlier. Apparently the results by (CFD) and (RK4) are “qualitatively”
wrong; they fail to preserve the soliton-like waveform of the solution. In
other words, the mesh sizes are too coarse for them to catch up with the
solution. The result by (CLI) is better, but not satisfactory. The results
by (CPS) successfully preserve the waveform, and in that sense we can say
that they achieve a qualitatively right solution. The reason for the failure of
(CFD) is the lack of spatial resolution (as compared to (CPS)). The reason
in (RK4) is the lack of conservation properties; Figure 5.2° and Figure 5.3°
tell this clearly. In Figure 5.2 we plot the calculated discrete energy (5.55)
for (CPS), (CFD), (RK4), and the energy (5.58) for (CLI). In Figure 5.3 we
plot the calculated discrete probability (5.56) for (CPS), (CFD), (RK4), and
the probability (5.59) for (CLI). In both graphs, the result by (RK4) does not
conserve the invariants, while the others conserve them strictly. The readers
may notice that the discrete energy of (CFD) differs from that of the other
conservative schemes; this is due to the difference in the expressions of the
discrete energy (5.52) (p = oo in (CPS),(CLI) and p =1 in (CFD)).

As a result, we can conclude that the energy-conserving pseudospectral
scheme (CPS) is highly accurate in space as expected, and qualitatively reli-
able.
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By (RKA4)

FIGURE 5.1: Evolution of numerical solutions.
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FIGURE 5.2: Conservation of the energy.
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FIGURE 5.3: Conservation of the probability.
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5.3 Temporally High-Order Schemes: Composition Method

The temporal accuracy of a conservative scheme can be increased by the
the so-called “composition method.” The method was originally proposed
by Suzuki[157] and Yoshida[168], and then further developed by many re-
searchers including Qin and Zhu[143]. Borrowing the description from Qin
and Zhu[143], we summarize the most basic version of the composition method
in the next proposition.

PROPOSITION 5.1 The composition method [143]
Let a system of ODEs

d

T = 1Gw), >0,

be given, and ¢(At) be a self-adjoint integrator of order 2n, i.e.,
2(t 4+ At) = ¢(At)z(t) + O(AL™ ).
Let c1,co be constants which satisfy
20?”"'1 + an—H =0, 2¢1 + ¢ =1.

Then the combination of integrators ¢(c1 At)d(caAt)p(c1At) is an integrator
of order 2n + 2.

By “self-adjoint integrator” we mean an integrator satisfying ¢(—At) =
¢~ 1(At); roughly-speaking, it means that the integrator is time-symmetric.

Suppose we have a second-order self-adjoint scheme. We can increase the
order of the scheme to any order by repeatedly composing the scheme; from
second-order to fourth-order, from fourth-order to sixth-order, and so on. We
summarize the coefficients cj,cy appearing in each step of composition in
Table 5.3. In the table, N5 is the number of second-order schemes in one step
of the composed scheme; for example, in one step of the sixth-order scheme
we use the second-order scheme nine times with different time steps. The
quantity ¢ will be discussed below.

The composition method is a very convenient and elegant way to obtain
high-order schemes. Furthermore, obviously it maintains discrete conservation
law.

PROPOSITION 5.2 Conservation property in composed schemes
Suppose a second-order self-adjoint scheme has a conservation law

U™ =1U®), m=1,2..., (5.62)
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TABLE 5.3: The coefficients in the
standard composition method

stage c1 Co C Ny
2nd to 4th | 1.351 —-1.702 —-1.702 3
4th to 6th | 1.175 —1.349 —2.000 9
6th to 8h | 1.116 —1.232 —2.829 27
8th to 10th | 1.087 —1.174 -3.075 81

where I(U™) is a real-valued scalar function of U™ . Then the high-order

schemes obtained by composing the second-order scheme also keep I(U(m)) as
their invariants.

Thus we can obtain temporally higher-order conservative schemes by the
composition method. One difficulty in this approach may be the compu-
tational cost. By the standard composition method, we need to call the
second-order scheme 3”71 times to obtain a 2nth-order scheme (refer Ny in
Table 5.3). This may be unbearably heavy if we count that the second-order
scheme as nonlinear and we need iterative solvers in every second-order step
required in one step of 2nth-order scheme. Many efforts have been devoted to
improve this situation. Now we have a wide variety of composition methods,
some of which are designed to require as few second-order steps as possible.
Interested readers may refer, for example, to McLachlan [125].

On the other hand, when we consider dissipative problems, things get even
worse. It is proved that in every composition method there must be at least
one step where the time step should be negative. In Table 5.3, € represents the
width of the largest negative time step appearing in one step of the composed
high-order scheme. For example, in the fourth-order scheme the largest nega-
tive time step is —1.702A¢, and in the sixth scheme —2.000A¢. The negative
time step can destroy the overall dissipation property, even if we use a dissi-
pative second-order scheme as the base scheme. So as far as we are interested
in strictly dissipative schemes, we cannot adopt the composition method to
obtain higher-order schemes.

5.4 Temporally High-Order Schemes: High-Order Dis-
crete Variational Derivatives

The second approach to obtain temporally high-order schemes is to intro-
duce a new concept, the “temporally high-order discrete variational deriva-
tive.” Below, we discuss the following cases in order:



Advanced Topic I: Design of High-Order Schemes 249

[A] (1, q)th- or (2, ¢)th-order schemes for the real-valued PDEs 1 and 2, i.e.,
temporally high-order versions of Scheme 3.1 and Scheme 3.2 (pages 80
and 84);

[B] (p,q)th-order schemes for the real-valued PDEs 1 and 2 (under the
periodic boundary condition), i.e., temporally high-order versions of
Scheme 5.1 and Scheme 5.2 (pages 233 and 236);

[C] (1, q)th- or (2, ¢)th-order schemes for the complex-valued PDEs 3 and 4,
i.e., temporally high-order versions of Scheme 3.3 and Scheme 3.4 (pages
96 and 99);

[D] (p,q)th-order schemes for the complex-valued PDEs 3 and 4 (under
the periodic boundary condition), i.e., temporally high-order versions
of Scheme 5.3 and Scheme 5.4 (both on page 237).

5.4.1 Discrete Symbols

We use the following gth-order temporal difference operator throughout this
section.

DEFINITION 5.3 gth-order temporal difference operator Let

V) (m=0,1,2,...) be a sequence. Let 57%;)6 be a temporal difference operator
defined as

l2
1
o) ym) = x Vi, (5.63)

m;c
i:—ll

wherely,ls € {0,1,2,...},¢; €R, ande = (c_y,,...,c,). Wecalll =1;+15—1
the number of the referenced points. If for any sufficiently smooth function

v(t) : R — R, there emists t(t, At,ly,l2) such that the estimate:

1 & d
AL Z civ (t+iAt) = —v

Zvl +0(A)  At—o, (5.64)
Z:*ll

t=t

holds, 5,%?0 is called “qth-order at t.” When q is the highest order attained

)

by varying t, we call 57%2,; a “gth-order difference operator,” and denote it by
Sl O

The subscript ¢ is often omitted where no confusion occurs. The simplest
example is
V(m+1) _ y/(m)
At ’
i.e., the forward difference operator. Though it may seem a first-order dif-
ference operator, it is called “second-order” according to Definition 5.3. In

52y m)
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fact, by substituting v(mAt) into V() and considering Taylor expansion at
t = (m+ 1)At, we obtain an estimate:

62y (mAt) = g1)

2
o +O(A).

t=(m+3)At

Another example is

1/ 1 9 9 1
aym — L (Z L i) 9 omrny _ 9 ) o 1 omo)
om0 At ( 24" Tg’ gV T ag” )

which is of fourth-order (the fourth-order accuracy is attained at t = (m +

1/2)At).

5.4.2 Central Idea for High-Order Discrete Derivative

Since the notation will be quite complicated in the following sections, here
we briefly summarize the central idea for temporally high-order schemes, so
that the readers can get an idea of what is going on there.

Recall, for example, Scheme 3.1:

Uk(erl) _ Uk(m) B
At N

1ysl5(29) 0Gq
(=1)*" 6, S gy,

(5.65)

As in the proof of Theorem 5.1, we can prove that the scheme is temporally
second-order (and spatially first- or second-order) by considering Taylor ex-
pansion of both sides of the scheme at (z,t) = (kAz, (m + §)At). Note that
the left-hand side is nothing but the temporally second-order difference oper-
ator 5,<71> ? in our new notation (see above), which implies that the resulting
scheme is temporally second-order.

The idea for designing temporally high-order schemes is to use the qth-order
temporal difference operators 57%)’(] instead of the second-order operator 57%)’2,
and search for the schemes of the form

6Gq
sutmt) o gim-hy,”

S m) = (~1)+150) (5.66)

The complicated discrete symbol on the right-hand side is a discretization of
0G/6u, which will be introduced in the next section. Because the left-hand
side is a temporally gth-order approximation of %u(kA:m ) (t is defined in

Definition 5.3 as to 65,?"1), if the right-hand side is also a temporally gth-order
approximation of the variational derivative at (z,t) = (kAz,t), the scheme
must be temporally gth-order as a whole. In the following sections, we show
that in fact we can find such an approximation.

The key tool there is the high-order operator 6§i>’q and its associated “dis-

crete chain rule.” They were first suggested in Matsuo [114] (see also [115]),
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where high-order schemes for dissipative or conservative ODEs had been con-
sidered. Before proceeding to the PDE cases, we briefly summarize the ODE
case.

Suppose we hope to solve a system of ODEs:

d

Ez(t) = AVH(z), (5.67)
where z € RV, H : RV — R. Assume that A is skew-symmetric, i.e., for any
x,y, ¢ Ay = —(Azx) - y. The symbol “” denotes the inner product in RV.
Then H is an invariant:

SH(=(0) = (VH(z) - 5 = (VH(2) - A(VH(2)) =0.

The last equality follows from the skew-symmetry of A.
Now let us introduce a “discrete derivative”:
S H(z™) — (VH(2)) - 63 "2(™

s81haz(m)
18579 20m) |3

VIH(z™) L VH(Z) +

(5.68)
where 7 is some mean value of 2("™)’s. Observe that the fraction is just a
scalar. The fraction is, roughly speaking, of order O(At?) (provided that we
choose z appropriately), and the discrete derivative is a combination of VH,
which is a “true” derivative at z, and the correction term of O(At?). The
latter is needed for the following discrete chain rule.

S H (2M)) = (VIH(2(™) - §{1haz(m), (5.69)

This can be easily verified by multiplying both sides of (5.68) by 57<r}>’qz(m).
This is a high-order generalization of Gonzalez’s discrete gradient introduced
in [74]. With the high-order discrete derivative, we can construct a high-order
conservative scheme as follows.

oitraz(m) — AVIH (2(™). (5.70)
This is in fact O(At?), and enjoys the conservation:
S\ (2(m)y =0,

We can do a similar thing also in the PDE cases. But we have to consider
the summation-by-parts formula at the same time, which makes the discussion
(and notation) cumbersome.

5.4.3 Temporally High-Order Discrete Variational Deriva-
tive and Design of Schemes

Now let us turn to the PDE cases. In what follows we define a temporally
high-order discrete variational derivative, and present the method for design-
ing temporally high-order dissipative or conservative schemes, for the cases
[A] to [D], in this order.
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5.4.3.1 [A] (1,¢)th- or (2,q)th-Order Schemes for the Real-Valued
PDEs

In this subsection, (1,q)th- or (2,¢)th-order schemes for the real-valued
PDEs 1 and 2 are presented.

5.4.3.1.1 Discrete variational derivative For an energy function G(u,u,),
we introduce a function G(u, v, w) by

G(u,v,w) = % (G(u,v) + G(u,w)), (5.71)

oW}

and define a discrete energy function Gq(U (m)) by

i/\.

dek(U(m)) G(Uk(m),52_Uk(m),5,:Uk(m)). (5.72)

In this way the discrete energy function is related to the original energy func-
tion. This makes our analysis of accuracy easier. We also define an associated

global energy by
N

JaU™) £ 3" "Gqn(U™) A (5.73)
k=0
Next, we consider the discrete variation using the gth-order difference op-
erator:

N
0G
(1), (m)y — E d (1), (m)
b 1 Ja(U™) = . ! <5(U(m+l2) U(m—ll))k <0y, Uy, ) Az
= RN

+ Btr,l(U(m-HZ)v sy U(m_ll))a (574)
where
0Gy d G
N 7 = pUm+a) | ylm=iy,
_ an
O\ ger U pmeiy,
oG
_ S5t d
(5 <86 U(7n+lg) ,U(mll))k_> 9 (575&)
oG} 4 G
= (1),q (m)
8(U(m+l2 ) U(m 1l)) = 8’& + 70,7 Uy (575b)
Vi
GGZ 4 aé (1),q( s+ (m)
85+(U(m+lz) U(m_ll))k = v + 70y, (6k Up'™), (5.75¢)
ey "
0G4 4 0G (10577, (m)
96— (Um+) Uy, ow + 165" (0, U™, (5.75d)
e, "
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d T
rs (5.76a)
N~
= 809 U )=>" ZG 5, (m Ag
=0 "l
N =~ N =~
0G 9G
n Y (1), 5+ (m) o n Y (1),q s+ (m)
> 5| ORI U™ A > 50| (OR0TU ™) A, (5.76D)
k=0 Vi k=0 Vi
4 N f (sag )2 (s0agt g, e L (shag—gr m)
ra 2% (5vak ) +(6m’5kUk ) +<5m76kUk ) Az,
k=0
(5.76¢)
B (U(m+l2) ’U(m—h))i
1 0Gy +s(1agy, (m)
5 [65+(U(m+l2),...,U(mll))k(Sk&m U )
+ 0G4 5y, om)
05+(U<m+l2> LUy,
IGY
(1),q77, (m)
a8 (U(m-‘rlz) U(m ll)) ( (S Uk )
ler Y
+ d (1),q77, (m)
+ <5k 8(5_(U(Tn+l2), el U(m_ll))k> 5m Uk . (577)
In the above definitions
d
()lvk = ()|’U«:Vk» v:(;]jvk, w:é;Vk )
where V, is a function of {U;, ™}
4 &2 ;
Vis > UM™Y, dieR, (5.78)

i=—l1

such that for any sufficiently smooth function f(t) defined on [(m—11)At, (m+
l2)At],

l2

> dif((m+i)At) = fl,_;+ O(At9). (5.79)

i=—11
The discrete quantity

3Gq
sutmtt) Uiy,
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defined in (5.75a) is an approximation of the original variational derivative. It
can be checked that it in fact satisfies the discrete variation relation (5.74). In
order to see this, let us introduce an extended vector z(™) of length 3(N + 1)
by

.
(Ué’"”, LU stusm L siu, soudm™ .,5,;U§V’">) ,
and regard Jo(U™) as J4(2(™) (i.e., as a function on the extended vector.)

Then it is an easy exercise to check that the discrete derivative (5.68) on this
expression coincides with

Vng(z(m)):
( lex lex lex lex lex lex )T
)y () N BF() ) T AT () 06 ( )y T ()

Here we simplified the expressions to save space. The right hand side vector
should be understood to be an extended vector consisting of the right hand
sides of (5.75b)(5.75d) with U™ expanded in z(™). The correspondences
of other expressions are as follows.

z & (Vi, 0 Vi, 8, Vi) with V' of (5.79)

-~ 0G| 8G| oG
H o o o
v (Z)(:)(@u Tov| T ow >
& Vi Vi
16012012 o 1y (with additional Az in the norm)

S H(2M) = (VH(Z)) 65920 &,
VIH (™) & ViJ4(2™)

In the first two vectors, we mean extended vectors of length 3(N + 1) with
k varying from 0 to N in each term. Note also that now we define the inner
product by x -y = Zszo "rrypAr for iy € R3VHD " and the norm || - ||o
accordingly.

In view of above, we understand that

S0 1y (2(m)y = ngd(z(m)) L §iagm)
which can be expanded as

S gy (z(m)y =
N

Z " aGgi 5(1>’qu(m)
2o |t gy, o

0Gq (1), 5+ 77, (m)
+ a§+(U(”L+l2)7~..,U(m_ll))kém 5k Uk

aGg sag—pn (M) | A
BT A M R
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At this point, we have a high-order version of (3.28) (put U™ into U, and
U™ into V). Then by applying the summation-by-parts formula (3.12a),
we obtain the desired variation relation, corresponding to (3.29). The expres-
sion (5.77) corresponds to the boundary term (3.31).

5.4.3.1.2 Design of schemes We design conservative or dissipative fi-
nite difference schemes with the discrete variational derivative. Let us here
introduce another discrete quantity:

Bty =

Z&Pzill)‘f"z(cstf(é:‘PzilQ)) (s;¢£s*l>)+<6;gplil*2>) (8;%(:_1))

1<1<s/2
ireven

<l—1)(p<s—l>+(8$¢g—1)) (5:@23471))_'_(8;@](6[71)) (616_%25471))

2
—I—Z(pk k y 7

1<1<s/2

1rodd 0
if s is even, (5.80a)

- s—1— — ({l— — (s—1l—
(el ™) (el ™) + (el ™) (™)
- 2 5
1<1<(s—1)/2
r.even
— s— - s—
901(@ 1) (sfj)gp,ﬁ l>)+(81<€1><p1<€l 1)) ‘Pli 1y

+ ) 5

1<i<(s—1)/2

1:odd
1 N
+2(1)<81>/2\1/,§7(S‘”/2>] . if s is odd, (5.80D)
0
where s =1,2,3,..., and
W 4w 0Gq
Pe' = O 5(U(m+lz) U(mfh))k’ (5.81)
oy go,im (s,il mod 2><p,<€l/>> , if I’ is even,
DR (5.82)

1 NN PN 2
3 {(5,?,0,? 1>> + (5;302,[ 1>) }7 if I’ is odd,
for ,I’ € {0,1,2,...}.

The (1, ¢)th- or (2, g)th-order schemes are defined as follows.

Scheme 5.5 (Temporally high-order scheme for the PDEs 1)
Let U}go) = u(kAx,0) be initial values, and U™ (m=1,2,...,1—2) be given
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starting values. Assume that a discrete boundary condition is imposed such
that form =1y,l1 +1,...

B (U2 gm=h)y = g,

and
B Uit utmTiiy =,
are satisfied. Then, a scheme for the PDEs 1 is given by form = 11,11 +1,...

0Gq

57%)7‘1[] (m) _ (_1)s+15(28)
k ( ) k 5(U(m+l2)’ s U(mfll))k

., k=0,...,N.
(5.83)

THEOREM 5.5 Discrete dissipation property and orders of Scheme 5.5

The scheme 5.5 is dissipative in the sense that it satisfies
SSa g U™y <0, m=ly,l+1,..., (5.84)

and it is (1, q)th- or (2, q)th-order.

PROOF In view of (5.74), and by the assumptions on the boundary
terms, the dissipation property is proved in the same way as in, for example,
Theorem 3.1.

Because the left-hand side of the scheme is temporally gth-order and spa-
tially exact approximation of <:u(kAz,t) (t is defined in Definition 5.3 as to

67%)"1), if it is proved that the right-hand side is also a temporally gth-order
and spatially first- or second-order approximation of the variational derivative

at (z,t) = (kAx,t), the claim on the orders is established. We prove this in
the following three steps:

Step 1 We evaluate r, which appears in (5.75b), (5.75¢), and (5.75d).
Step 2 We evaluate (5.75b), (5.75¢), and (5.75d).
Step 3 Based on the above estimates, we evaluate (5.75a).

We use the following abbreviations throughout.

[le

4

()|(k,t~) (')|(z,t):(kAx,tN) ) ()‘u(k,?) (')|u:(kAr,t~),v:w:um(kAx,t~) :

(m) 4

As in the previous sections, we denote the true solution by u,; u(kAz, mAt).

Step 1 Estimating 7.
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We first show that when we substitute the true solution uém) into Uk(m),
r = O0(Ax, At?) Az, At — 0.

The following estimates are easily obtained.

S Tu(k Az, mAL) = w5 + O(ALY), (5.85a)
5$>’45:u(kAx, mAt) = um.|(,€’;) + O(Az, At?), (5.85Db)
5896 u(kAx, mAt) = Utz |1, 7y + O(Az, AtY). (5.85¢)
Hence, we obtain
N
ra=) " () +2(ws)’) Ac|  +O(Az, A7), (5.80)
k=0 (k,t)

As to ry, we first evaluate the term 5$>’qu(U(m)) as follows.

N
SN G u(kAxz, mAL), 6 u(kAz, mAL), 6, u(kAz, mAt)) Az
k=0

TN
_ %Z"é(u(k‘Am,t),52‘u(kAx,t),5k_u(kAx,t))Ax +O(A)

L k=0 t=t

ST
= &Z”G(U,UI,UI)A(E + O(Ax, At?)

L k=0 (k,7)
= 5 " oG oG oG A O(Azx, At? 5.87
= _,; gut“‘%um‘i‘%um r (k?)+ (Az, )- (5.87)

In order to evaluate the remaining terms in ry, i.e., the terms

oG
T Ow

Vi

oG
T Ov

Vi

oG
ou

)

Vi

let us introduce u(z,t) by

l2
u(zx,t) - Z diu(z,t + iAt)

1=—1
for which, by the definition of Vj, the following estimate holds.

la
u(kAx, mAt) = d;u(kAx, (m +1)At) = ul,,. 7 + O(At?), (5.88a
(k,t)

i=—l1
Sfu(kAx, mAt) = Uz, 7y + O(Az, At?), (5.88b)
O, u(kAz,mALl) = ug|y 7 + O(Az, At?). (5.88¢)
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Thus, we have

(ZG( (kAz, mAt), 5 u(kAz, mAt), 5, u(kAz, mAt)) = gﬁ + O(Az, At?),
u D

(5.89a)

Zﬁ(ﬂ(kAx,mAt) §u(kAx, mAt), 6, u(kAz, mAt)) = aa—G + O(Az, At?),
v v ~
u(k,t)

(5.89D)
8G( (kAz,mAt), 5 u(kAz, mAL), 5, u(kAz, mAt)) = oG + O(Az, At?).
ow ow -

u(k,t)
(5.89¢)

Taking the estimates (5.85a), (5.85b), (5.85¢), (5.87), (5.89a), (5.89b), and
(5.89¢) into account, we obtain

= O(Az, At?).
This, together with (5.86), proves the aimed estimate
= O(Azx, At?).
Step 2 Evaluating (5.75b), (5.75¢), and (5.75d).

By using (5.85a), (5.85b), (5.85¢), (5.89a), (5.89b), (5.89¢c), and the result
obtained in Step 1, we immediately obtain

oG oG
O(u(m+i2) du(mle)) ~ u + O(Az, At?),  (5.90a)
. .
0G4 oG
96+ (umtia) . um—10),  du +O(Az, At?),  (5.90b)
T ’ u(kD)
aG} Ple
90— (u(m+12) ; w0, ow +O(Az, At?).  (5.90c)
T w(k,D)

Step 3 Evaluating (5.75a).

From the results obtained in Step 2 and using (5.75a), we obtain

4 _o6| s oGl oG
S(ulmtla) o qylm—h)), _ Oz Ov or ow|
u(k,t) u(k,t u(k,t)
+ O(Az, At?)
= 5£ + O(Az, At?). (5.91)
ou u(k,B)
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In the last equality, we used the following trivial identity.

L oG
ow

U=U,V=W=Ug

6 _ o o (o
Su Ou ox \ Ov

U=UV=W=Uy

U=U,V=W=Ug

This estimate is only first-order as to Az. However, when Gy is defined so
that it is symmetric with respect to 5,‘:Uk(m) and 0, U,(™) | then the discrete
derivative (5.75a) is also symmetric with respect to them, and hence trivially
second-order: O(Axz?).

REMARK 5.5 The accuracy and the dissipation property are guaran-
teed for any choice of high-order difference operator 67%)’(1 as the theorem
claims. Actually, however, the choice is quite limited in view of stability of
the resulting scheme. The high-order operator should be, for example, the
so-called “backward-difference operator” (see, for example, the textbook by

Hairer—Ngrsett—Wanner [82]).

Scheme 5.6 (Scheme for the PDEs 2) Let U,io) = u(kAz,0) be initial

values, and U™ (m=1,2,...,1 —2) be given starting values. Assume that
a discrete boundary condition is imposed such that form =1y,l1 +1,...

B (UMt gm=h)y — g,

and

B Wt oty =0
are satisfied. Then, a scheme for the PDFEs 2 is given by form =1y,l1+1,...
0Ga

siagr, (m = §2e D :
g st utmhy,

k=0,...,N. (5.92)

THEOREM 5.6 Discrete conservation property and orders of Scheme 5.6

The scheme 5.6 is conservative in the sense that it satisfies
SSag U™y =0, m=I,l1+1,..., (5.93)
and it is (1, q)th- or (2, q)th-order.
PROOF The proof goes in the same way as in the preceding theorem, and

hence is omitted. (We will omit similar proofs in the subsequent dissipation
or conservation theorems as well.)

The resulting schemes derived from Scheme 5.5 or Scheme 5.6 are nonlin-
early implicit (see the classification of schemes in Chapter 1, page 41). It
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might seem even worse than the standard second-order nonlinearly implicit
schemes in Chapter 3, since now it involves not only U (m+lz) (the next so-
lution) and U™*+2=1 (the previous solution) but also further information
U(m+12_2), ., U One might think that this causes serious increases
in computational cost.

The actual situation is, however, more optimistic; the actual computational
cost would not increase in practice even if we increase the temporal accuracy
q. This can be understood in the following way.

We first point out that although it is surely possible to utilize the Newton
method or similar iterative solvers, often simple function iterations based on
the scheme itself are sufficient. For Scheme 5.5, for example, we can use the
simple iteration:

U(m+l2)»j+1 —
X =

lo—1
= 2 U+ (e

i=—l

0Gq
5(U(m+l2),j7 U(m+l271), o U(mfll))k7
(5.94)

where U203 (j = 0,1,...) is the jth iterated solution.
In either case (Newton method or the function iteration), the computational
cost depends on the following three factors.

The number of the unknowns: In the above schemes, the only unknown
variable is always U(m"'l"’)7 and thus the number of unknowns does not
increase even when ¢ is increased.

The number of required iterations: This is difficult to estimate theoreti-
cally, but in practice, the number is expected to remain at some satisfac-
tory level even when q is increased, as far as we choose At appropriately
small. See the example below.

The computational cost in each iteration: This remains almost the same
even when ¢ is increased. To see this, let us consider the case where we
use the simple iteration (5.94). When ¢ is increased, the number of
known numerical solutions that appears at the right hand side of (5.94),
ie., U,E,erl),...,U,gm_ll), increases. This does not, however, mean
the increase of the computational cost in each iteration at all, because
the terms in (5.94) where the known values appear can be calculated in
prior to the iterative calculation, and thus practically the increase due
to this factor can be negligible.

Taking these three factors into account, we can conclude that computational
cost does not increase in practice, even when the temporal order of accuracy
q is increased. This note applies to all of the schemes presented hereafter.
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As a demonstration, we here present a simple ODE example from [114].
Let us consider the Kepler problem with the Hamiltonian H(z1, 22, 23, 24) =
(212 + 222)/2 — 1/+/232 + 242. This is an example of the ordinary differential

equation (5.67), where N =4 and A = (? _OI

z(0) = (0,/(14+¢e)(1—¢),1— 5,0)T with the eccentricity & = 0.8, and the
problem is integrated in 0 < ¢ < 10. Let us then test the scheme (5.70) where
57%)’[1 is chosen as the backward-difference operators of order 2, 4, and 6. The
scheme is solved in the function iteration form like (5.94). For comparison, we
also consider 4th- and 6th-order Hamiltonian-preserving schemes that are de-
rived by the composition method (Section 5.3) based on the 2nd-order version
of (5.70) (in this case, we choose the standard forward difference operator as

57%)’2). The underlying 2nd-order scheme is solved in the same way as above.

). The initial value is set to

Table 5.4 shows the number of function iterations, where N; is the num-
ber of time mesh points (i.e. At = 10/N;; N; is chosen such that log Ny’s
distribute uniformly in 300 < N; < 10000), “COMPn” (n = 2,4,6) denotes
the composition schemes, and “BDFn” represents the scheme (5.70). As is
claimed above, the number of iterations in BDFn actually does not increase
with ¢ for wide range of At. In contrast to that, the number in COMPn
significantly increases with ¢g. This should be attributed to the fact that in
the composition schemes, the underlying second-order scheme is repeatedly
called within a single step of At.

TABLE 5.4: Total number of iterations for each method

N; COMP2 COMP4 COMP6 BDF2 BDF4 BDF6
300 3053 10196 19756 3083 2810 2748
425 3899 13042 26070 3995 3637 3489
604 5263 16784 33995 5140 4811 4676
858 6765 22235 45280 6816 6368 6145
1219 9200 29053 61532 8963 8397 8217
1732 12746 39363 84041 11844 11393 11220
2459 16573 54380 113179 16104 15707 15551
3492 22440 71828 150739 22256 20407 19880
4959 31025 95964 207648 28555 27352 27027
7042 43391 132413 289926 38557 37629 37289
10000 57804 185033 396610 53221 52377 52054

REMARK 5.6 When Gy is simple, the form of the discrete variational
derivative (5.75a) can be simplified. Let us consider the case, for example,
where G4 includes only Uy and not 5; Uy and 6, Uy. In this case, the presented
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definitions can be modified to the following simple forms.

N
S "Gk (U™) Az =
k=0
N
oG
> ( e m——— -5§;>=qu<"1>> Az,  (5.95)
o \oU'mt U Nk
where
0G4 d oG4
5(U(m+l2)7 o U(mfll))k = 6(U(m+l2), o U(mfll))ly (5.96a)
IG] 4 G
i = g | OO, (5.96b)
oUu N )k "
N ~
ST Um)y =3 gG (agr, (m) A
u
d k=0 !
"= N ( ‘;2 . (5.96¢)
S (s )’ o
k=0
This remark applies also to the other cases ([B], [C], and [D]). [

5.4.3.2 [B]: (p,q)th-Order Schemes for the Real-Valued PDEs
For the real-valued PDEs 1 and 2, (p,q)th-order schemes are proposed.

Suppose the discrete periodic boundary condition (5.3) is imposed.

5.4.3.2.1 Discrete variational derivative We define the discrete en-
ergy function by

Gar(U) £ G(U, 87U, (5.97)
and accordingly associated global energy by
N
JaU™) £ 3" "G (U™) A (5.98)
k=0

Note that since in this case we use only the high-order difference operator
N {1).p , we do not need to introduce G as the previous section. Then we can

con51der the discrete variation as:
N
SN Gk (U™) Az =
k=0
N

Z ! (m+12) 6Gd (m—1y) : 657}>’qu(m) A$7 (599)
i—o \o(U 2. U Ny
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where
6Gq G
sutmtla) gty T gutmta) o pmeh),

_ s 0G4
boo\ostimt) L utmtioy )T

e

(5.100a)
0Gg 4 9GI sy, om) (5.100b)
auimtl) gim=hly, duly, " 7
oG] 4 0G (1) (5(1)ppr (m)
8§(U(m+l2),.--,U(m_l1))k = 5 " + ré,, (6/’@ Up™™), (5.100¢)
.4 T (5.101a)
rd
X, 0G
r = Sy -3 oo | ok U™ A
k=0 Vi
N
_ Z " 3£ (67§$>)q5]<€1>7pUk(m))Am7 (5.101b)
ov |y,
N 2
ry Z {( 1>qu<m)) (57<5>,q5]<€1>’PU,€<m>) }Agg. (5.101c)

5.4.3.2.2 Design of schemes With the discrete variational derivative
defined as above, we can design conservative or dissipative finite difference
schemes which are temporally gth-order.

Scheme 5.7 (Scheme for the PDEs 1) Let U,EO) = w(kAz,0) be initial
values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
scheme is given by, form=1y,l1 +1,...,

5G
§iagr (m) = (_q)s+1 (51 p)2s d , k=0,...,N.
e = CUT O S, gy,
(5.102)
O

THEOREM 5.7 Discrete dissipation property and orders of Scheme 5.7

The scheme 5.7 is dissipative in the sense that it satisfies

S (U™y <0, m=ly,l+1,..., (5.103)

m

and it is (p, q)th-order.
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PROOF The same as in the preceding theorems.

I
Scheme 5.8 (Scheme for the PDEs 2) Let U,io) = u(kAz,0) be initial
values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
scheme is given by, form =11,l1 +1,...,

sz, (m)

= gy -

suimtta)  plm=ily,”

k=0,...,N.

(5.104)
O
THEOREM 5.8 Discrete conservation property and orders of Scheme 5.8
The scheme 5.8 is conservative in the sense that it satisfies
sShagUu™y=0,  m=I,l1+1,..., (5.105)
and it is (p, q)th-order.

PROOF The same as in the preceding theorems. f
5.4.3.3 [C]: (1,¢9)th- or (2,¢)-th Order Schemes for the Complex-
Valued PDEs

For the complex-valued PDEs 3 and 4, (1, ¢)th- or (2, g)th-order schemes
are presented.

5.4.3.3.1

Complex discrete variational derivative For an energy func-
tion G(u,u,), we introduce another function G(u,v,w) by

G(u,v,w) 4

| =

(G(u,v) + G(u,w)).

(5.106)
We then define the discrete energy function Gq(U™) by

m)y 4 5 m " —
Gd7k(U( )) = G(Uk( ),5;(];9( L),(Sk Uk(m)),

(5.107)
and accordingly associated global energy by

N

JaU™) £ 3" "Gy (U™) A,
k=0

(5.108)
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Using the gth-order difference operator, we consider the discrete variation
as

N
57%)7(12 ”Gd7k(U(m))Al‘ =
k=0

N
S 0Ga sagy, m)
sUmt) | pglm=t), Om TR

k=0
. ( 5Gq
sutmtt) L utmThy,
+ Btr,l(U(m+l2), e U(m*ll)) + Btr,l(U(mHZ), L U(mfll))y
(5.109)

. 57%),qu(?71)> Az

where

5Gy oG
stmtta)  glm=h)), outm+la) - glm=hly,

5 9G]
" \oorimt) ot

5t 8G?i
- \as- @t L ut), )

E

(5.110a)
. _
(m+l2) 8Gd (m—l1) é g% + r57<71>7qu(m)7 (5'110b)
U ..o U )k Vi
(mt1 )6G§ (m—1) = aag o (54100
8(Um 27...,Um71)k qu
aGg d 8@
= 2 prsatu,m) (5.110d)
(m+ia) (m—11) m k )
6(5+(U ;--'aU )k’ 8U Vi
q =~ [
Gy 4 g +roSha(stu, (), (5.110e)
86+(U(m+lg) U(mfll))k ov v
N k
oG4 4 0G
= 2 e U m) (5.110f)
— (m+lz) (m—l1) m k )
o5- (Ut Uty Q]
Glel 4 G ey e
95— (Umttz) : Uon) = ow| T réiy (8, Ux™), (5.110g)
goeey k Vi
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Tn

d

= — 11
r Td, (5 a)
o 4 57<>}L>’qu(U(m))

N =~ N =~

oG .77 (m) oG

- 1/67 5’577, qu A.’I}'_ZH%
k=0 Vi k=0

(155U, ™) Az
Vi

v
_anﬁ (61095 U, M) Ag,
k=0 w Vi

N N

B i AN IS B TO RPN
kZ:O Ju " kZ:o Jv " k
N, 0G —

-y e (695U, ™) Az (5.111b)
k=0 Vi

N
ra £ 2% " {‘5§;>qu,€<"” g ]5,9745;(],@(’")\2 + \55,1%%,;@("” 2} Az,
k=0
(5.111c)
B (UMt gm=l)y =
1 0G¢ T 5y, (m)
5 [65+(U(m+12),...,U(mll))k(Sk 5m Uy )
. ac,
£ (s AR
( ka6+(U(m+lZ),-,U(m_l1)>k> k
0G4 _ s{agy, (m)
+ 86—(U(m+lz),..',U(mill))k(sk 6m Uk )
Blex N
+ | s P Ty 8,103,
857(U 2,...,U l)k 0
(5.112)
The discrete quantities
0Gy and 060Gy
sUtmtt) gy, SUTR) | im=ty,

which are defined in (5.110a), are approximations of the original variational
derivatives.
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5.4.3.3.2 Design of schemes With the discrete variational derivative
defined as above, we can design conservative or dissipative finite difference
schemes which are temporally gth-order.

Scheme 5.9 (Scheme for the PDEs 3) Let U}go) = w(kAz,0) be initial

values, and U™ (m=1,2,...,1 —2) be given starting values. Assume that
a discrete boundary condition is imposed such that

B (UM gm=hly =g

is satisfied for m = 11,11 +1,.... Then, a scheme for the PDEs 3 is given by,
form=1y,l1+1,...,

5Gq
sUm+a) . ym=in),

sihag, m) = — , k=0,...,N. (5.113)

THEOREM 5.9 Discrete dissipation property and orders of Scheme 5.9

The scheme 5.9 is dissipative in the sense that it satisfies
sSa g U™y <0, m=l,l+1,..., (5.114)
and it is (1, q)th- or (2, q)th-order.

PROOF The same as in the preceding theorems. I

Scheme 5.10 (Scheme for the PDEs 4) Let Ulio) = u(kAx,0) be initial
values, and U™ (m=1,2,...,1—2) be given starting values. Assume that
a discrete boundary condition is imposed such that
By (UM gm=h)y =g
1s satisfied form = 11,11 +1,.... Then, a scheme for the PDEs Jj is given by,
form=10,l1+1,...,
0Gq

isi 10 = — k=0,...,N.  (5.115)
sutm+la)  plm—hy),

THEOREM 5.10 Discrete conservation property and orders of
Scheme 5.10
The scheme 5.10 is conservative in the sense that it satisfies

S U™y =0,  m=lI,l+1,..., (5.116)
and it is (1, q)th- or (2, q)th-order.

PROOF The same as in the preceding theorems. f
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5.4.3.4 [D]: (p,q)th-Order Schemes for the Complex-Valued PDEs

For the complex-valued PDEs 3 and 4 with the discrete periodic boundary
condition (5.3), (p, ¢)th-order schemes are presented.

5.4.3.4.1 Complex discrete variational derivative We define the dis-
crete energy function by

Gdyk(U) % G(Uk76,<€1>’pUk), (5117)

and accordingly associated global energy by

N
JaU™) £ 3Gy (U™) A (5.118)
k=0

Then we can consider the discrete variation as:

N
(57%%(12 ”Gd,k(U(m))Ax
k=0

N
-y 0Ga - s agzm)
2o\ sl gy,

. 0Ga . 57%),%(”,)) Ac,

sttt Ty,

(5.119)

where

5G4 ley/
sutmt) o gimehy, T gttt umThy,

s 0G§
k gsH(Uimtt) . plm=iy, |’

(5.120a)

S

6Gq 9G]
sutmt) Uiy, gttt L oty

_5(1%:0 aG?i
o \asr e gy, )

(5.120b)

e
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0GY oG

i 1), m
SO gy, oal, + ol U, (5.121a)
q —
o ] S A (5.121b)
a(U(m-&-lzr),.._’U(m—ll))k o " m )
9G§ a 9G .
95 () " gy, o0 +rs{a(si P, 0m), (5.121c)
. "
0G4
d — % 8£ +T5’§71>,Q(6’<61),PUk(m))’ (5121d)
aé(U(ner)"“’U(m ll))k ov Vi

P2 (5.122a)
Td
N, 9G
r = ST =SS s A
k=0 Ou Vi
N, 0G
=S rE (i as P A, (5.122b)
ov Vi

=0

I

N 2 2
ra Z”{‘ag%wk(m)’ +[araseu, )| }Am. (5.122¢)

k=0

The discrete quantity (5.120a) is an approximation of the discrete deriva-
tive.

5.4.3.4.2 Design of schemes With the discrete variational derivative
defined as above, we can design conservative or dissipative finite difference
schemes which are temporally gth-order.

Scheme 5.11 (Scheme for the PDEs 3) Let UIEO) = u(kAx,0) be initial
values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
scheme for the PDFEs 3 is given by, form =1y,l1 +1,...,

060Gy
5(U('rn+lg)7 e U(m_ll))k’

shagy, (m) — _ k=0,...,N. (5.123)

THEOREM 5.11 Discrete dissipation property and orders of Scheme 5.11

The scheme 5.11 is dissipative in the sense that it satisfies

sia g (U™ <o, m=11,, +1,..., (5.124)

m

and it is (p, q)th-order.
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PROOF The same as in the preceding theorems. I

Scheme 5.12 (Scheme for the PDEs 4) Let U}go) = u(kAx,0) be initial
values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
(p, q)th-order scheme for the PDEs j is given by, form =13,l; +1,...,

0Gq

15(1>,qu(m) - _ ,
" st gmei),

k=0,...,N. (5.125)

THEOREM 5.12 Discrete conservation property and orders of
Scheme 5.12
The scheme 5.12 is conservative in the sense that it satisfies

S U™y =0,  m=1,l+1,..., (5.126)

and it is (p, q)th-order.

PROOF The same as in the preceding theorems. I



Chapter 6

Advanced Topic II: Design of
Linearly Implicit Schemes

For nonlinear partial differential equations, we usually obtain nonlin-
ear schemes by the discrete variational derivative method, inheriting
the nonlinearity. In some large problems the nonlinearity can be quite
crucial. In this chapter, we present ways of relaxing this restriction by
considering linearly implicit schemes. There the dissipation or conser-
vation property still holds in a generalized sense.

6.1 Basic Idea for Constructing Linearly Implicit Schemes

The conservative or dissipative schemes presented in the previous chapters
were all nonlinearly implicit with respect to the numerical solution at the
next time step. Although they had their own beauty and superiority in that
they keep the desired dissipation or conservation property, the nonlinearity
becomes more difficult as the sizes of the target problems increase. One way
of surviving this is to look for a better nonlinear solver. In fact, recently many
practical solutions for large scale nonlinear equations have been devised. See
Chapter 7 on this topic.

Another practical compromise for this difficulty is to consider linearly im-
plicit versions of the dissipative or conservative schemes. Linearly implicit
schemes are still implicit but linear with respect to the numerical solution at
the next time step (recall Table 1.1 in Chapter 1). Obviously they are far
cheaper than the nonlinearly implicit schemes. However, they generally lose
the desired dissipation or conservation property in strict sense of the word;
rather they hold in some more generalized senses, as will be described below.

We have already seen the basics of constructing linearly implicit schemes in
Chapter 1, but let us review them again with a new example. Let us consider
the cubic nonlinear Schrédinger equation (NLS):

Ou

igp = “Uaw — vulu, v €R, (6.1)
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under the periodic boundary condition:
w9 (t,0) =uP(t, L),  j=0,1,2. (6.2)

As to the NLS, we have already presented a conservative scheme in Chapter 4,
which was nonlinearly implicit with respect to U, ™+,

In order to obtain a linearly implicit scheme, it is essential to understand
the mechanism of how the nonlinearity in the energy is passed down to the
equation through the variation calculation. In the cubic NLS equation, the
nonlinear term |u|* in the local energy:

Y
G(uauT) = *|Um|2 + §|U|4 (63)

is the source of the nonlinear term |u|?u in the resulting equation (6.1). In gen-
eral, the power in the nonlinear term in the energy is always one higher than
that in the resulting nonlinear term. Hence we easily come to the conclusion
that if we want the resulting scheme to be linear, we must restrict our discrete
energy function to be quadratic, at most. In the cubic NLS, for example, this
can be accomplished by breaking down |Ux™|* to U™V 2|U,™))2, with
the aid of U™ (i.e., we make the energy function multistep). Its discrete
variation calculation becomes

|Uk(m+1)|2|Uk(m)|2 _ |Uk(m)|2‘Uk(m—1)|2 —

(m+1) (m—1)
U, (™2 <Uk + Uk ) (Uk(m-i-l) _ Uk(m_1)>

2

(m+1) (m-1)
+ ‘Uk("l)|2 (Uk ‘|2'Uk > (Uk(m+1) o Uk(mfl)) ) (64)
Now U, ™2(U,, ™Y + U, (m=1)) /2, which is the approximation of |u|2u, is
successfully linear with regard to the unknown variable U, (MY,

Including the other terms as well, we can now construct a linearly implicit
scheme for the cubic NLS equation as follows. We define a multistep discrete
local energy by

Gar(U™H), T™) £
‘5:Uk(m+1)|2 + |(5;Uk(m+1)‘2 + |5:Uk(m)‘2 + |(5;Uk(m)|2
4
— UL 2,2, (6.5)

and accordingly the discrete global energy by

N
JaUD U) £33 16, (U, U™) A, (6.6)
k=0



Advanced Topic II: Design of Linearly Implicit Schemes 273

We here impose the discrete periodic boundary condition:

Uk = Uk mod N- (6.7)
Taking its variation we have
N
Z //Gd’k(U(m-‘rl)’ U(m)) _ Gd,k(U(m), U(m_l))Ax _
k=0
5Gd Uk(erl) _ Uk(mfl)
5(U(m+1), U(m), U(mfl)) . 2
(5G U (m+1) _ U (m—1)
n d k k . (6.8)
5(U(m+1)’ U(m)’ U(mfl)) . 2

where
0Gq
5(U(m+1), U(m), U(mfl))k

1
_ 75(;]22} (Uk(erl) + Uk(mfl)) _ %|Uk(m)|2(Uk(m+1) + Uk(mil)), (69)

0Gq 6Gyq
_ (6.10)
6(U(m+1)’ U(m)7 U(mfl))k (s(U(WLJFl)7 U(m), U(mfl))k

are “three points discrete variational derivatives,” which have been already
introduced in Section 3.5.
With them we can now define a linearly implicit finite difference scheme as

. Uk(m+l) _ Uk(mfl)
' 2At

0Gyq
5(U(m+1)7 U(m), U(m—l)) .

_ _%51(€Q> (Uk(erl) + Uk(mfl)) o %|Uk(m)‘2(Uk(m+1) + Uk(mfl)).
(6.11)

Because the scheme (6.11) is linear with respect to U™ we only need
to solve a linear system at each time step, and therefore it is much faster than
the nonlinear scheme which needs heavy iterative calculations.

The scheme conserves the discrete energy under the periodic boundary con-
dition (the proof is omitted because it is straightforward by the construction).

PROPOSITION 6.1 Discrete energy conservation
The solution of the linearly implicit scheme (6.11) conserves the discrete
energy (6.6) under the periodic boundary condition (6.7). Namely,

JJUtY gy = o™, u®), m=1,2,3,.... (6.12)
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The discrete probability conservation law and the stability and L2-con-
vergence of the solution can be also established, under the periodic or zero
Dirichlet boundary condition.

Scheme (6.11) is the same as the one Zhang et al. [54] proposed on the
entire spatial domain (—oo, 00). They also proved that the scheme is energy-
and probability-conserving, stable, and L?-convergent on the entire spatial
domain (—o0, 00).

6.2 Multiple-Points Discrete Variational Derivative

The concept of the three-points discrete variational derivative is further
generalized to the multiple-points discrete variational derivative in order to
deal with stronger nonlinearity. We consider the real-valued PDEs 1 and 2,
and the complex-valued PDEs 3 and 4 (for the definitions of these PDEs, see
Chapter 2).

6.2.1 For Real-Valued PDEs

Let us consider the real-valued PDEs 1 and 2. In Chapter 3, the discrete
variational derivative was defined so that it satisfies the following identity (see
the equation (3.32) on page 79).

N
D G (U™Y) = G p(U™) Az =

k=0
0G4 (m+1) (m) (m+1) pr(m)
(Uk — U ) A$+Br71(U U )
k

N
1
kZ:O 5(U(m+1)’ U(m))

(6.13)

In view of the assumptions in Scheme 3.1 or 3.2, we see the boundary term
B, 1 (U™ U™) vanishes, and the identity is simplified to

N
3 "G UY) - Gap(U)Ar =
k=0

al 5G
d m—+1 m
> K(g(U(mH) U(m)>k> (U — )| A (6.14)

k=0

In a similar manner, let us define the multiple-points real discrete variational
derivative as follows. First, we introduce the concept of the multiple-points
discrete energy function.
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DEFINITION 6.1 Multiple-points (real) discrete energy function
We call

Ga(UM™) | . UMm=H2) RN+ o RNFL L, RNVH

-1

a (I — 1)-points (real) discrete energy function. O

We use the same notation Ggq or Ggq , for the multiple-points energy func-
tion. The number of the referenced points can be understood by (the number
of) their arguments. When [ = 2, this is just the discrete energy function
appearing in Chapter 3. We have already seen an example of three-points
discrete variational derivative, i.e., the case where [ = 3, in Section 3.5.

As to the multiple-points discrete energy function, let us introduce the
concept of the multiple-points discrete variational derivative as follows.

DEFINITION 6.2 Multiple-points (real) discrete variational deriva-
tive  We call

0G4

. RN+1 N+1 N+1
5(U(m) U(m—l+1)) 'R X o x R — R

l

an l-points discrete variational derivative if it satisfies

N
S {Gd,k(U(m+1), LU g U<m—l+2>)} Az =

N m—+1 m—1+2
4 0CGa Ut - U ) Az, (6.15)
6(U(m+1)7 e U(m—l+2))k 1—1 5 .

k=0

=
(=)

under some discrete boundary condition. O

We also call it a multiple-points discrete variational derivative. When [ = 2,
this is just the discrete variational derivative which appeared in Chapter 3. We
have already seen an example of the three-points discrete variational deriva-
tive, i.e., the case where [ = 3, in Section 3.5.

6.2.2 For Complex-Valued PDEs

Let us consider the complex-valued single PDEs 3 and 4. In Chapter 3, the
complex discrete variational derivatives were defined to satisfy the following
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identity (see the equation (3.75) on page 96):

N

ZHGd,k(U("H—U) _ Gd,k(U(m))Ax _

k=0

- " dGq 0Gy4 -

kz:o [(5(U7 V)>k(Uk_Vk)+ <W>k(Ui~c—Vk)] Az,  (6.16)

under an appropriate discrete boundary condition. In a similar manner, here
we define the multiple-points complex discrete variational derivative as follows.

As in the real-valued case, we commence by introducing the multiple-points
complex discrete energy as follows.

DEFINITION 6.3 Multiple-points complex discrete energy func-
tion We call

Gq(U'™ .. Um=2) . N+ o eV o RV
-1

a (I — 1)-points complex discrete energy function. O

Next, we define the multiple-points complex discrete variational derivative
as follows.

DEFINITION 6.4 Multiple-points complex discrete variational deriva-
tive We call

0G4

N+ N+1 N+1
U o) :C X+ xC —R

l

a l-points complex discrete variational derivative if it satisfies

N
S {Gas (I, U)oy U o) A
k=0

:i\/: , [( 6Gly ) <U1577L+1) . U]gm—l+2)>
prt 5(U(m+1)7 e U(m—l+2))k 1 —1

S U(erl) . U(mfl+2)
+ Ga k k Az, (6.17)
sUmHD Uy, =1
under some discrete boundary condition. U

We also call it a multiple-points complex discrete variational derivative.
When [ = 2, this is just the complex discrete variational derivative which
appeared in Chapter 3.



Advanced Topic II: Design of Linearly Implicit Schemes 277

6.3 Design of Schemes

Dissipative or conservative finite difference schemes are defined with the
multiple-points discrete variational derivatives. Again we consider real-valued
and complex-valued cases in order.

6.3.1 For Real-Valued PDEs

Using the multiple-points real discrete variational derivative in Definition
6.2, we define numerical schemes for the PDEs 1 as follows.

Scheme 6.1 (Scheme for the PDEs 1) Let U,E,O) = u(kAz,0) be initial
values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
scheme for the PDFE 1 is given by, form=1—-2,1—1,...,
Uk(erl) _ U]E,m_l+2)
(I—-1)At

5G4
S+ iy
k=0,...,N—1. (6.18)

_ s+1 5(2s)
= (=1)""4,

THEOREM 6.1 Discrete dissipation property of Scheme 6.1
Assume that a discrete boundary condition, which satisfies the condition
(6.15), is imposed on Scheme 6.1. Then the scheme is dissipative in the sense
that the inequality:

N
DK {Gd,k(UW“), L UMY Gy U™ U<m—l+2))} Az <0
k=0
(6.19)
holds form=1—2,1—1,....

PROOF  Trivial from the identity (6.15) and the summation-by-parts
formula.

Next we define numerical schemes for the PDEs 2 as follows.

Scheme 6.2 (Scheme for the PDEs 2) Let Ulio) = u(kAz,0) be initial
values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
scheme for the PDE 2 is given by, form=1—-2,1—1,...,
Uk(m+1) _ U]gm—l+2)
(I—1)At

_ 5é2s+1> 0Gq

5(U(m+1), e U(m7l+2))k . (620)
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THEOREM 6.2 Discrete conservation property of Scheme 6.2
Assume that a discrete boundary condition, which satisfies the condition
(6.15), is imposed on Scheme 6.2. Then the scheme is conservative in the
sense that the inequality:

N
S {Gd,k(U(erl), LUy Gt U(m*l“))} Az =0
k=0
(6.21)
holds form=1—2,1—1,....

PROOF  Trivial from the identity (6.15) and the summation-by-parts
formula. I

Note that each scheme derived from Scheme 6.1 or Scheme 6.2 is not nec-
essarily linearly implicit at this point. When the energy function G(u,u;) is
of some special form, and the discrete energy function G4 is defined appropri-
ately, the resulting schemes 6.1 and 6.2 become linearly implicit. We present
several examples below.

(A) When G(u,u,) has the nonlinear term u?* (s = 2,3,...), use an s-points
discrete energy, where the corresponding term is

(U202 (U2,

Then, consider the corresponding (s + 1)-points discrete variational
derivative, and define a scheme with it. The resulting scheme becomes
linearly implicit.

(B) When G(u,u,) has the nonlinear term u?*~! (m = 2,3,...), use an s-
points discrete energy, where the corresponding term is

s+1
]- m-+2—1 m—+2—7g
e LU | (it
i=1 VE)

For example, when there is a nonlinear term u® in G(u, u,), then define
a three-points discrete energy function:

Uk(:m+1))2(U]£m))2U]£m—1)
3

(U,gm+1))2U,§m) (Ulgm—l))Z N Uém-H) (U,gm))Q(U,gm_l))2
3 3 '

Gar (U D gm grom=1)y _ {

+

(6.22)

Note also that the resulting schemes need starting values other than the
initial values. The starting values should be obtained by another numerical
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method, such as the Runge-Kutta method, with sufficient accuracy, so that
the desired dissipation or conservation is kept for them as well.

The trick above works only for polynomial energy functions, but practi-
cally it seems fair enough, since in most applications nonlinearity appear in
polynomial forms. See PDE examples in Chapter 2.

6.3.2 For Complex-Valued PDEs

With the multiple-points complex discrete variational derivative defined in
Definition 6.4, we define numerical schemes for the PDEs 3 as follows.

Scheme 6.3 (Scheme for the PDEs 3) Let U,EO) = u(kAz,0) be initial

values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
scheme for the PDE 3 is given by, form=1—-2,1—1,...,

Uk(m+1) - U]EW—H‘Q) - (5Gd P N
(I -1)At SO pmteR)y, Y

THEOREM 6.3 Discrete dissipation property of Scheme 6.3
Assume that a discrete boundary condition, which satisfies the condition
(6.17), is imposed on Scheme 6.3. Then the scheme is dissipative in the sense
that the inequality:

N
Z " {Gd,k(U(m+1), LUy G, U(m_l+2))} Az <0
k=0

(6.24)

holds form=1—2,1—1,....

PROOF  Trivial from the identity (6.17) and the summation-by-parts
formula.

We define numerical schemes for the PDEs 4 as follows.

Scheme 6.4 (Scheme for the PDEs 4) Let U}go) = u(kAz,0) be initial
values, and U™ (m = 1,2,...,1 — 2) be given starting values. Then, a
scheme for the PDE j is given by, form=1—2,1—1,...,

(U gt 3Ga
(l — 1)At 5(U(m+1), e U(mfl+2))k’
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THEOREM 6.4 Discrete conservation property of Scheme 6.4
Assume that a discrete boundary condition, which satisfies the condition (6.17),
is imposed on Scheme 6.4. Then the scheme is conservative in the sense that
the inequality:

N
S {Gd,k(UW“% L UMY Gy o U(m—l+2>)} Az =0
k=0
(6.26)
holds form=1—2,1—1,....

PROOF  Trivial from the identity (6.17) and the summation-by-parts
formula. I

As in the real-valued case, the resulting schemes are not necessarily linearly
implicit. The following is an example where we can always construct linearly
implicit schemes.

(C) When G(u,u;) has the nonlinearity |u?® (s = 2,3,...), then use an
s-points discrete energy, where the corresponding term is

m m—1 m—s—+1
UM PO R o,

The odd order NLS has the nonlinearity of this form.

6.4 Applications

Here we show several examples of linearly implicit schemes.

6.4.1 Cahn—Hilliard Equation

To illustrate how the linearization works, a dissipative linearly implicit
scheme for the Cahn-Hilliard equation:

8 2
au(:c,t) = % (pu + ru® + qugy) p<0, ¢<0,r>0, (6.27)

is derived based on Scheme 6.1. The local energy G for the Cahn—Hilliard
equation is
Loy 1 4 1 2
G(u,uyz) = Sbu” + et — iq(um) . (6.28)

The equation is dissipative under the following boundary conditions:

du_ 0G _
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According to the rule (A), we decompose the nonlinear term ru*/4 into

2 2
r (Uk(m‘H)) (Uk(m)) /4, and accordingly define a discrete local energy by
d
Gd,k(U(m—"l),U(m)) =
§pUk< g7, (M) 4 o (Uk( +1>> (Uk( ,>)

L (@ U D) + (8, Un ™) + (67U ™) + (5kUk<m>)2>
_ 1, , |

2 4
(6.30)

For the discrete energy, we consider the discrete variation as follows.

N
Z// {Gd,k(U(m+1)7 U(m)) _ Gd,k(U(m)7 U(mfl))} Az
k=0

(m+1) _ pr(m=1)
_ 0Ga U O Az, (631)
5(U(m+1)’ U(m)7 Um 1))k 2

0Gyq B
(5(U(m+1), U(m), U(m_l))k -

(m+1) (m-1) 2
U™ 4r (Uk + Uk ) (Uk(m))

where

2

U, (m+1) 4y, (m=1)
+ g8 ( b i . (6.32)

2
Then, a dissipative scheme is derived from Scheme 6.1 as follows.
Uk(m+1) o Uk(mfl)
2At

_ 5@ 0Ga
Tk §(U(m+1), U(m)7 U(mfl))k

U(m+1) U(mfl) 9
e {pUk«nm( DG ()

2
+aof? (Uk(mﬂ) L ) } SNCE
We take the following discrete boundary conditions.
o U o =0 (6.34)
I U,Jm)‘ — 0. (6.35)

k=0,N
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This scheme is linearly implicit as expected. The dissipation property is
assured by Theorem 6.1 (page 277). In [68], it has been proved that the
scheme has a unique numerical solution and is unconditionally stable and
convergent, provided that At is small enough. The proof of the stability is
different from the standard (nonlinear) version given in Theorem 4.2 (page
137). Below we briefly show the proof. First, the following inequality is
obtained easily.

LEMMA 6.1
The solutions U™ (
conditions (6.34) and

~ m)> 4 - 1) 770 p’L
o m "
) (6kUk ) Az < (q) > "Ga UV, U) Az + - (6.36)

k=0 k=0

m = 0,1,...) of the scheme (6.33) under the boundary
(6.35)

.35 satzsfy

Applying the discrete Poincaré—Wirtinger inequality in Lemma 3.3 (page
122) to (6.36), we obtain the following theorem. The inequality (6.37) in the
theorem implies that the difference scheme is stable for any time step m since
the constants U}, U5 and AU are determined by the initial state.

THEOREM 6.5
The solutions U™ (m =1,2,...) of the scheme (6.33) under the boundary
conditions (6.34) and (6.35) satisfy

Uy — AU < U™ < U} + AU, (6.37)
where
d 1 N ( N )
a 0 1
Uf = 7 max <Z”Uk NN Ax), (6.382)
k=0 k=0
_d 1 | 1177(0) n M A
Us = ;m (Z U Az Z U, , (6.38D)
k=0
1/2
d 1 0) p2L
AU = ”Gd,k(U< ) Ul JAz+ = (6.38¢)
T

REMARK 6.1 Theorem 6.5 is essentially independent of both Az and
At except for the dependence of the constants UZ, U5 and AU on Az and
At. This means that the numerical scheme (6.33) is unconditionally stable. []

Evaluation of the regularity condition of the coefficient matrix of the newest
values U™+ in the linearly implicit scheme (6.33) gives the following theo-
rem.
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THEOREM 6.6
When the following condition
—4q

At <
r?max ((Ug — AU, (UL + AU)?)

(6.39)

holds, the linearly implicit scheme (6.33) has a unique solution Umt,

6.4.2 0Odd-Order Nonlinear Schrodinger Equation

Here we present a linearly implicit finite difference scheme for the odd-order
nonlinear Schrodinger equation (NLS):

0
ia—;‘ = g — AUy, s=1,2,--, (6.40)
under the periodic boundary condition. The local energy G for the equation
is
2 2542
Gu,ug) = —|ug|* + —— . 6.41
(U, t1a) = —fua|” + — |ul (6.41)

When s = 1, this coincides with the cubic NLS (6.1). According to the rule
(C), we define (s + 1)-points discrete energy as follows.

Gq k(U(m-‘rl)’ e U(m—s+1)) 4
|6;Uk(m+1)|2+|5;jUk(m)|2+-~-+|5;U£m_s+1)|2

2(s+1)
+ |5k_U’€(m+1)\2+\5,€_Uk(m)|2—|—-~-—|—|5;U’§m*3+1)‘2
2(s+1)
" m+l m m—s+1
+S+71|U’5 + )‘2|U]5 )‘2...|U]5 + )‘2. (6.42)

Through the discrete variation calculation we have
. U, U,gmfs)
(s+1)At
0Gq
- 6(U(m+1)7 U(m)7 T U(mis))k

1 L(2) m (m—s)
= =30 (o g

- %|Uk<m> 2|, D)2 et 2 (Uk“““) + U,E.m—s)) . (6.43)

6.4.3 Ginzburg—Landau Equation

Let us consider the Ginzburg-Landau equation of the form

o
a% = Pugs + qluPu+ru, p>0,¢<0, reR. (6.44)
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We here impose the periodic boundary condition. The local energy G(u,u,)
is given as
G (u, ug) = plug|? — %|u|4 — rful?. (6.45)

According to the rule (C), we define the discrete local energy as

Gd7k(U(m+1),U(m)) —
g(|(<)~I—€§-Uk(m+1)|2+ |6I—C&-Uk(m)|2_|_ |5’;Uk(m+1)|2 + |5k—Uk(m)|2)

r

—%lUk(m“)FlUk(m)P -2 (Uk“““)Uk(m) " Uk(m“)Uk(m)) . (6.46)
From the discrete energy we obtain a dissipative linearly implicit finite differ-
ence scheme as

Uk(erl) _ Uk(mfl) B
2A¢ N

U (m+1) +U (m—1) U (m+1) +U (m—1)
p 6 < b k + U™ [ 2 i + UM,

2 2
(6.47)

6.4.4 Zakharov Equations

We present a conservative linearly implicit scheme for the Zakharov equa-
tions:

iE; + Eyp = nE,
Nt — Ngy = (|E|2)r£7 (648)
E(0,z) = Eo(x), n(0,z) = no(z), ne(0,2) = ny(x).

We assume the periodic boundary condition. The local energy G is defined
as follows.

1
G=|E.]* +n|E?+ §(n2 + (v2)?), (6.49)

where v is an intermediate variable such that v, = n + |E|?.
According to the rule (C), we define the discrete energy as

Gar(BEMD | Em) p(mtD) p(m) o (m+1) 4 (m)) L

|5]€+Ek(m+l)‘2 + |5;Ek(m+1)|2 + |5zEk(m)|2 + |5;Ek(m)|2
4
nk(m+1)|Ek(7n)|2 + nk(m) ‘Ek(m+1) ‘2 (nk(m+1))2 + (nk(m))Q
2 4
(6o (502 4 (61 0™)2 + (6 00™)?
1 .

n (6.50)
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From the discrete energy, we obtain a conservative linearly implicit scheme

as:
: Ek(m+1) o Ek(mfl) _ 75@) Ek(erl) +Ek(m71)
2At k 2

g mt) o g (m-1)
+nk(m)< b + B , (6.51)

2

nk(m+1) _ nk(mfl) B §<2> (Ul(chrl) +U}gm1)>
=4, + k& ]

SAL > (6.52)

U}(cm+1) _ v,(;”_l) _ ng (D 4oy (m=1)
2At 2

This scheme conserves the discrete energy.

+|E. ™2 (6.53)

6.4.5 Newell-Whitehead Equation
Let us consider the Newell-Whitehead (NW) equation:

du

a i 82 2 (:c,y) € [Osz] X [OaLy]a
ot ) o

— - — t>0
2 )
ox 2k, 0y i ke € R

(t0.9) = - fufPuct

(6.54)
Note that this is a two-dimensional problem defined on a rectangular domain.
‘We here impose the periodic boundary condition for both x, y-directions. The

local energy G is defined as follows.

2
Ug

1
G, Uy, uyy) = —p|ul* + §\u|4 + (6.55)

i
- chuyy

Note also that the energy function includes higher derivative u,,, which was
not basically assumed in the standard procedure in Chapter 3. But it is
not difficult to see that the standard procedure can be naturally extended to
such a case, by repeatedly using the integration-by-parts (and accordingly,
the summation-by-parts) formula.

According to the rule (C), we define the discrete energy as

Ga (UMD Um) 4
e el AR Rl A I ol el
il ( 0™ - o]+ o - sy )
Lo promty 0 o], [opyom 1 oy o
+4<5k Uk *ch‘sz Ukl + 165, Ugy _21%51 Uk > (6.56)
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From the discrete energy we obtain a dissipative linearly implicit finite differ-
ence scheme as

m—+1 m—1 m+1 m—1
) gl o ‘U(”” 2 (UY 4 ymY
IAL P%k1 k,l B)
. m+1) m—1)
s _ Lsmg@ _ 1 o Ui+ U
AT TR 120 5 ~
(6.57)

We present a simple numerical example of the scheme (6.57). We con-
sider the problem in Sakaguchi [148], in which all numerical calculations are
done by discretizing z, y by a finite difference method and integrating in time
by the fourth order Runge-Kutta method. We call it simply the “Runge-
Kutta scheme.” The initial data ug(z,y) and the other parameters are chosen
to be the same as those given in [148] (i.e. k. = /7/2, u = 2772 /800,
L, = 40,L, = 20, N, = 120, N, = 60, and the initial state is u(0,z,y) =
i — 97 /400e3172/20(1 4+ i - 0.0105¢37/10 1 1. 0.0095e~%7/19)). With these
parameters the Eckhaus instability phenomena should occur, and the recon-
nection process of the roll pattern proceeds, until a stable oblique roll pattern
finally emerges. In the scheme (6.57), the UW needed to start computation
is obtained by the Runge—Kutta scheme. We used the CG-type solver to solve
the system of linear equations.

Figure 6.1 shows (a) the initial state (t = 0), (b) the final state (t = 100)
obtained by the our scheme (6.57) with At = 5, and (c) the final state (t =
100) by the Runge-Kutta scheme with At = 1/120 which is ascertained to be
the maximum step size allowed for that scheme. The real part of the pattern
u(t, z,y) is plotted in the figure. The scheme (6.57) successfully obtained the
right final pattern in spite of extraordinarily coarse time step width (600 times
larger than that of the Runge-Kutta scheme).

Figure 6.22 shows the evolution of the discrete energy. For the Runge-
Kutta scheme, which is not strictly dissipative, we computed Hy as defined
in (4.175) for comparison (the dashed line). The scheme is so sensitive to
At that the energy suddenly blows up within a few steps when At exceeds
the limit (i.e. At > 1/120; not shown in the figure). In our scheme Hy as
defined in (6.56) is plotted for two different values of At, namely At =5, and
5/6. According to the result in the figure, At = 5/6 is enough in our scheme
to obtain the same result as the one by the Runge—Kutta scheme, which is
100 times larger than that of the Runge—Kutta scheme. When At is chosen
extraordinarily large (At = 5), the progress becomes quite slow. However, the
scheme strictly dissipates the energy until it reaches the same final pattern as

1-3  Reprinted from J. Comput. Phys., 171, T. Matsuo and D. Furihata, Dissipative

or conservative finite difference schemes for complex-valued nonlinear partial differential
equations, 425-447, Copyright (2001), with permission from Elsevier.
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) Initial state

Z= ZZ

(b) Final state by (6.57) (At = 5) (c) By RK (At =1/120)

FIGURE 6.1: Initial and final states for the NW problem.

above, where the final energy is also the same as the one by the Runge-Kutta
scheme (or by our scheme with fine mesh). The experiment assures us that
our scheme is insensitive to At, i.e., numerically stable.

Table 6.13 shows the computation time for each scheme. We used a COM-
PAQ w AlphaStation XP1000 (CPU: Alpha 21264, 500 MHz) and DIGITAL
Fortran 77 V5.2 compiler. Each scheme is tested several times and the mean
computation time is listed in the table. According to the table, our scheme is
much faster than the Runge-Kutta scheme by virtue of the large At and the
linearity of the scheme itself.

TABLE 6.1: Computation time for each scheme (unit: seconds)

Runge-Kutta scheme LI scheme (At =5) LI scheme (At = 5/6)
125 27.8 45.2

From the numerical experiment, we can conclude that the linearly implicit
scheme is fast and stable.
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Linear scheme: At=5 +
W Linear scheme: At=5/6 x
~10 F b Runge-Kutta: At=1/120 -

H (energy)
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FIGURE 6.2: Dissipation of the discrete energies.

6.5 Remarks on the Stability of Linearly Implicit Schemes

As emphasized in Section 3.2.3 and other related places, in the discrete
variational derivative method the choice of the discrete energy is left to each
user, and the choice may severely affect the stability of the derived scheme.
In this remark we present such an example, taking up the NW problem.

In order to clarify our point, let us first summarize the NW case again. The
NW equation is of the form:

(xvy) € [Ova] X [OaLy]a

ou o i 92\’
7(t,$7y) :,U/LL—|'LL|2'LL+ <2> u, t>0, )
ot dr  2k. 0y i ke € R
(6.54)
whose energy is
1 2
G, g, uyy) = —plu* + §\u|4 + |ug — o Uy (6.55)
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To derive a linearly implicit scheme, we have defined a discrete energy as:

Gapy (U™ ymy 2

1 m+1) 1 1 (m+1
(0T Uéf?* >U,57>) e
1 (m+1) m m
+3 <5+U % ot oy - % 2oy )
(m+1) L e(2) (m+1) —rr(m) 1 (2) (m)
<5U 2k;5 U 5kUk7l 2k:5 U ),
(6.58)
from which the linearly implicit scheme:
(m+1) (m—1) (m+1) (m 1)
Ui~ = Uk v - gm|? Uy + Uy
2A¢ =1t il 2
. m+1 m—1
L (6@ _ Lsmg _ 1 s v oY
T 2
(6.59)

was derived. This scheme was shown to be stable by a numerical experiment.
The multiple-points discrete energy function is, however, not unique at all.
In fact, for example, one can also define

d kl U(7n+1) U('rn))

m 1 m m
-2 (1ot +1>|2+|U |)+,|U< PP
1 (m+1) @) r(ma) | (m) |
+3 <5+U"‘ % 52U} +oru - % U,c ’
(m+1) i @) man)|” ( |’
m+ m+ —rr(m) m
(5 Uy 2—]%51 Uy, + 105 U —ﬁa Uw )

(6.60)

from which another linearly implicit scheme:

(m+1 m—1 (m+1 (m—1 (m+1 m—1
Uk ) - Ulg,l ) _ U )+ Uk ) B ’U(m) ‘2 Uk )+ Ulg,l )
AL H# 2 i 2

: m—+1 m—1
(6 = L@ v oY
k kc k "l 4]€2 9 )

(6.61)
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is derived. The latter discrete energy (6.60) is different from the former energy
(6.58) only in the first term (the terms correspond to the term —pulu|?). Ac-
cordingly, the latter scheme (6.61) is different from the former scheme (6.59)
only in the first term. At first glance, there seems no significant difference
between these two choices. At least the local accuracies are more or less the
same (O(At?, Az?)). One might even think that the latter seem to be more
natural than the former as an approximation to u|u|? (at least, the present
authors think so!) The situation is, however, much more complicated than we
simply expect.

Let us see what in fact happens if we try the scheme (6.61). The results are
summarized in Figure 6.3 and Figure 6.4. Figure 6.3 shows the final pattern
by the scheme (6.61). Obviously it does not match the correct pattern above.
In Figure 6.4, the evolution of the discrete energy (6.60) is plotted (the points
labeled as “Unstable linear scheme”). There, the other results already shown
in Figure 6.2 are also drawn for comparison. As expected, the discrete energy
(6.60) is strictly dissipated. This time, however, the discrete energy does not
stay bounded from below but drops sharply to —oco.

FIGURE 6.3: Final state by the unstable linearly implicit scheme (6.61).

These results reveal the fact that one must be very careful in choosing
multiple-points energy function, in the design of linearly implicit schemes.
The generalized dissipation (or conservation, respectively) property is different
from the original dissipation (conservation) property after all, and the gap can
cause severe instability in the resulting schemes.
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Linear scheme: Ar=5 +
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FIGURE 6.4: Dissipation of the discrete energies (with unstable case).






Chapter 7

Advanced Topic III: Further
Remarks

In this chapter, other related remarks are presented. Specifically, here
we consider the following three topics. First, in Section 7.1, we briefly
mention the modern nonlinear solvers. Recall that, unless the lin-
earization technique in Chapter 6 is utilized, the resulting schemes
in the discrete variational derivative method are generally nonlinear,
and good nonlinear solvers are inevitable. The next two sections are
devoted to some basic techniques or ideas for handling spatially high-
dimensional problems. In Section 7.2, we discuss how the discrete
variational derivative method (DVDM) can be translated into the
Galerkin framework. Finally in Section 7.3, we discuss another ap-
proach, where the DVDM is reconstructed on non-uniform grids.

7.1 Solving System of Nonlinear Equations

As we have seen in the previous chapters, when we simply apply the discrete
variational derivative method (DVDM) to a nonlinear equation, the resulting
scheme naturally inherits the nonlinearity, unless some linearization technique,
such as the one discussed in Chapter 6, is utilized.

The issue of “either nonlinear or linear” seems to be quite a big problem,
and no simple answer seems to be able to be found. From the perspective of
speed, linear (linearly implicit) schemes are much more efficient; instead, they
can lose stability and/or qualitative good behavior that nonlinear schemes
generally have. In this respect, it seems that there are still many situations
where nonlinear schemes should be willingly employed.

The biggest problem in nonlinear schemes is, of course, how we should solve
them. We need some iterative solver, among which the most popular choice is
the Newton method. As far as we can supply a good initial guess, the Newton
method rapidly converges (if we observe the convergence per iteration), and
quite reliable. The method has, however, several drawbacks when it comes to
nonlinear equations arising from numerical schemes for nonlinear PDEs.

293
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1. It requires explicit programming of Jacobian. When the target PDE

is not so complicated, and furthermore we can limit ourselves to one-
dimensional cases, this work is not so difficult. But as the problem
grows, this rapidly becomes cumbersome. We would make many mis-
takes in the hand calculation of Jacobian, and even if we complete the
calculation, next we have to code it without errors.

Even though the Newton method is surely “fast” in terms of the required
iteration number, each iteration requires computational complexity of
O(N3) (N is the number of spatial discretization), which is mainly con-
sumed in the computation of the inverse of Jacobian. This is a lot
compared to O(N?) cost in linearly implicit schemes. (In most finite
difference schemes, Jacobian is sparse, often banded, and thus the effort
can be much less. But in this case, one must write a code that reflects
this sparsity. This might not be an easy task, in general, in particu-
lar when Jacobian has additional elements outside the band, as in the
periodic boundary condition case.)

For these reasons, it is not practical to stick to the classical Newton method,
and one may hope for a good alternative. Below several such alternatives are
briefly listed.

7.1.1 Use of Numerical Newton Method Libraries

A good idea is to utilize a numerical Newton method routine, provided in
various commercial and free libraries. Several examples are listed in Table 7.1.
(Note that in some libraries there are several similar routines. In Table 7.1,
only a typical example for each library is shown.)

TABLE 7.1: Numerical Newton Routines

Library name  Numerical Newton Method Note

IMSL C Zero_sys_eqn Visual Numerics, Inc.
IMSL Fortran NEQNF Visual Numerics, Inc.
MATLAB fsolve MathWorks
GNU Scientific gslmultiroot free

Library _fsolver_ hybrids
minpack hybrd. f free

The numerical Newton methods above are more or less based on Powell’s
hybrid algorithm [141]. In most libraries, one can choose whether or not an-
alytic Jacobian should be supplied by the user; when one refuses to supply
analytic Jacobian, then in general it is substituted by finite difference Ja-
cobian. In this case, one only has to supply the residual function F (i.e.,
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we solve F(x) = 0), which can be easily written down based on numerical
scheme. This greatly simplify the implementation of nonlinear schemes.

Although the stability can slightly decrease with finite-difference Jacobians,
the convergence seem still satisfactory in most cases, as far as the authors have
experienced. If one feels that the numerical Newton routines do not work well,
then the initial guess at each time step can be improved by some less expensive
integrators (see Section 7.1.4 below).

7.1.2 Variants of Newton Method

Mainly in the field of optimization, extensive effort has been continuously
devoted to the Newton-like methods, such as the quasi-Newton method. Some
of them have been translated for nonlinear equations. See, for example, [37]
and references therein.

Among them, the so called “inexact Newton methods” [36] seem to deserve
serious consideration. A rough outline of inexact Newton methods reads as
follows.

1. Choose an initial guess g and 7y > 0. Set k = 0.
2. Stop, if the stopping criterion is satisfied.

3. Solve J(xy)dr = —F(xx) approzimately, such that ||J(xx)dr+F ()| <
|| F ()]

4. Update xyy1 := @ + di, 0 (in some appropriate way), and set k :=
k+ 1. Go to Step 2.

The parameter 7 is called the “forcing coefficient,” and taken such that it
becomes small near the convergence. For example, one can choose (see [49])

|F ()]
" <| Flwn 1>||> 7€ O1)

Notice that, in this particular choice, the forcing coefficient becomes quite
small when x;, made great progress compared to @y_1, such that || F(zy)| <
|F(xzk—1)||. In this case, in Step 3 the Newton direction dj is computed
relatively accurately, since it might be quite near the solution. On the other
hand, when the condition is not satisfied, it is likely that the tentative solution
is far from the solution, and thus the Newton direction can be less accurate.
In this way, the computational cost is adaptively saved.

In order to approximately solve the system in Step 3, we can utilize efficient
iterative methods such as the Krylov subspace methods. Here is another clever
trick: in these iterative methods, often we only need to evaluate the matrix-
vector product, say J(xx)y for a given vector y. This can be quite efficiently
computed in the present context by the finite-difference:

J(an)y ~ F(x + h!]i) — F(xy) .
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Supposing we already have F'(xj) in testing the stopping criterion, we only
need to evaluate F' once for computing J(xx)y! Note also that now we are
interested in solving numerical schemes for PDEs; unless the target PDE
has some nonlocal term, the computation of F' representing the scheme is
relatively fast. This means that inexact Newton methods can be quite efficient,
and convenient (in that we do not have to supply the analytic Jacobian).

A possible drawback is that inexact Newton methods are relatively new,
and to the best of authors’ knowledge, so far they have not been implemented
in major libraries such as those described above.

7.1.3 Spectral Residual Methods

Another newcomer is the “spectral residual method,” which again appeared
first in the context of optimization. It is a variant of the classical steepest
descent method, but its characteristic is that it takes a special step length
(in the line search), which is called “spectral step length.” With this special
choice, the line search is not necessarily monotonic, but often yields rapid con-
vergence. The stepping was first devised in Barzilai-Borwein [13] (due to this,
this group may be called “BB methods”). See also a review by Fletcher [58].

The spectral residual method was translated into nonlinear equations in La
Cruz—Raydan [101]. There an algorithm called SANE (spectral approach for
nonlinear equations) was proposed. Here we show the algorithm, for readers’
convenience (consult the original paper for the detail).

1. Choose ap ER, v>0,0< 01 <o02<1,0<e<1, M,and § € [e,1/e].
(Typical values are: ag = 1,7 =10"%c =108 M = 10,01 = 0.1,02 =
0.5).

Choose also xg and set k := 0.

2. Stop, if the stopping criterion is satisfied.
Also stop, if it stops improving: |F (@) J(zx)F(zx))|/| F(z)|? < e.

3. If a, <eorag > 1/e, then set ay := 9.
4. Set the direction: dy := —sgn(F(zy) ' J(zk)F(z))F ().

5. If f(a:k + Ozkdk) < maxg<j<min(k,M) f(.’llk_j) + QVQkF(mk)TJ(CCk)dk,
then proceed to Step 7.

6. Choose o € [07,039], set ay, := oay, and return to Step 5.
7. Set Ty 1 := @ + agdy, and compute y;, 1= F(xp41) — F(xy).
T
8. Set ai1 = sgn(F(xy) ' J(x) F(xy)) - % Q.
Set k:= k + 1, and return to Step 2.
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The method can be summarized as follows.

e Generally speaking, an algorithm for optimization (minimization) can
be translated for nonlinear equations F'(x) = 0 by introducing the merit
function f(x) = ||F||3. In this way, however, we need the computation
of the gradient Vf = J (:B)TF7 which cannot be efficiently computed
(compare with the finite difference approximation of J(x)F above).

To avoid this inconvenience, the SANE algorithm gives up the use of
the gradient information, and instead simply employs the residual F'(x)
as the line search direction. More precisely, it considers the direction
—sgn(F(zy) ' J(x)F(zy))F (), which is expected to be a descent di-
rection. It still needs Jacobian, but it can be approximated by the
finite-difference.

e In order to compensate for the simplification, SANE is equipped with
a nonmonotone line search algorithm (Step 5). It guarantees the global
convergence of the algorithm, at least to some extent.

e SANE eventually ends in the following three patterns: (i) it successfully
terminates with the stopping criterion satisfied (F ~ 0); (ii) it stops im-
proving |F(x;) ' J(xp)F(xk))| /| F(2:)||? < e, which means the residual
vector F'(xy) is orthogonal to the gradient V f(xy) = J(xk)F(x)) and
no further improvement is possible using the direction; (iii) too many
iterations in the line search (Steps 5 and 6), or in the outer loop (Steps
2 through 8).

The SANE algorithm was then further extended to DF-SANE (derivative
free SANE) algorithm [100], where even the Jacobian included in the sgn
function is eliminated, so that the algorithm is totally derivative free. DF-
SANE simply tries both £F(x) to find the descent direction. Interested
readers can find the concrete algorithm in [100]. Below we simply call SANE
and DF-SANE the “SANE algorithms” unless otherwise explicitly stated.

From a theoretical point of view, it seems that SANE algorithms are less
understood compared to the original spectral residual methods for optimiza-
tion. In particular, how the choice of F(xy) as the search direction affects the
practical behavior of the algorithm near the solution is not well understood.
It is chosen solely from the point of efficiency.

Still, it is quite interesting to observe that the practical behavior of the
SANE algorithms is often surprisingly satisfactory. This was reported in the
original papers on the SANE algorithms (for some test problems,) and also
confirmed by the present authors in several numerical schemes appearing in
this book. We observed the following.

e In general, the SANE algorithms can be quite unstable for bad initial
guesses. By “unstable” we mean such cases that the algorithms do not
terminate in prescribed maximum iterations (the case (iii) above). The
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necessity of a good initial guess is much stronger than for the Newton
methods, including the numerical Newton methods.

e In the DVDM schemes, the SANE algorithms work well if the time
step size At is chosen small enough. Note that by choosing At small
enough, the numerical solution at step m should be a good initial guess
for SANE algorithms. It can be further improved by utilizing the idea
of predictor—corrector stepping (see Section 7.1.4,) if needed.

e When the SANE algorithms work, they are surprisingly fast, compared
to other algorithms.

A FORTRAN implementation of DF-SANE can be found in the homepage
of the authors of [100]. An R implementation is provided in the BB package
of R. It seems standard libraries have not yet supported SANE algorithms.

7.1.4 Implementation as a Predictor—Corrector Method

In order to considerably minimize the computational effort in nonlinear
solvers, an implementation as a predictor—corrector method often deserves
consideration. That is, one step of a DVDM scheme can be combined with
some other (cheap) numerical method in the following way.

1. Compute a numerical solution at time step m + 1 with some other nu-
merical method (for example, the explicit Runge-Kutta methods).

2. Then solve the DVDM scheme by some iterative solver, with the solution
above as its initial guess.

Whether or not it helps minimizing the computational effort seems to de-
pend on the problem.

7.2 Switch to Galerkin Framework

Basically we are concerned with finite-difference DVDM schemes. As has
been repeatedly emphasized, the most essential tool is the summation-by-parts
formula. A consequent problem is that such formulas hold basically only in
the simplest case, i.e., spatially one dimensional cases with equispaced meshes,
and higher dimensional problems cannot be handled immediately unless the
spatial domain is rectangular and the problem can be reduced to essentially
one-dimensional problems. For example, in Section 4.1.1.5, we have considered
the two-dimensional Cahn—Hilliard equation on a rectangular domain.

In order to adapt to more general cases, effort for extending the DVDM
has been reported recently. In this book, a challenge on Voronoi mesh will
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be briefly shown in Section 7.3. Yaguchi-Matsuo—Sugihara [166] employed
the concept of “computational space,” and generalized the discussion of the
DVDM to nonuniform grids. In a different study by the same authors, the
combination of the discrete variational derivative method and the so-called
“mimetic” spatial discretization has been considered [165] (for the “mimetic”
discretization, see the references therein).

Another simple approach is to give up the finite difference method, and
switch to the Galerkin framework [117]. In particular, we are interested in
the finite element method. Below, we briefly summarize the method for the
target PDEs 1, 2, and 4 described in Chapter 2. Extension to other cases is
not so difficult. In order to keep notation simple, in what follows the discus-
sion is given mainly in a one-dimensional setting. Still, the basic philosophy
easily carries to multi-dimensional settings. An example of a two-dimensional
problem is shown in the end of this section, which discusses several dissipative
finite element schemes for the time-dependent Ginzburg—Landau equation for
superconductivity.

In this project, we insist that the resulting schemes can be implemented
only with cheap H'-elements (i.e., we formulate the framework so that it
does not necessarily require C! or any smoother elements). This is because
when we hope to try two- or three-dimensional problems, smooth elements
would be too expensive, and such schemes should be less attractive, even if
they have advantageous conservation or dissipation properties.

In the rest of this section, the following notation is used. We denote the
Galerkin approximate solution by u(™) ~ u(z, mAt) (similar expression will
be used for other variables). Trial and test function spaces are denoted by S;
and W; (j =1,2,...). We use the standard notation on function spaces such
as L2(Q) and H'(Q2), and associated inner products. We denote the circle of
length L by S, which is meant to denote the space with the periodic boundary
condition.

7.2.1 Design of Galerkin Schemes
7.2.1.1 Real-Valued Dissipative PDEs 1

We commence by introducing the concept of “discrete partial derivatives,”
which replaces the discrete variational derivatives in the previous chapters.
We here suppose again that local energy is of the form
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where M € {1,2,...}, and f, g are real-valued functions (recall (3.22))%.
Then “discrete partial derivatives” are defined as follows.

9Ga d i Fiu™ D) — [N (g (i) + g (ul™)
a(u(mﬂ),u(m)) B — w(m+1) _ qy(m) 2 ’
(7.2a)
oG, il i < fi(um D) 4 fz<u<m>>> g™ ) = gu(ul™)
A(u M ulmy T o 2 u{mHY )
(7.2b)

They correspond to 0G/0u and dG/Ou,, respectively. Compare them with
the finite difference versions (3.27a)—(3.27c¢).
It can be easily verified that the following discrete chain rule holds (hereafter

G(ul™), u&m)) is abbreviated as G(u(™)) to save space).
THEOREM 7.1 Discrete chain rule (real-valued case)
The discrete partial derivatives (7.2a) and (7.2b) satisfy the following identity.

N /O ’ (Guo™) ~ Gutm)) d

L 9Gq wm+1) _ g (m)
- [ gty (=)

Ll ;m+1) - (;n)
+ d “ 4 da. (7.3)
8(u$£m+1)7 u;m)) At
Now we are in a position to describe the schemes for the equation (2.14).
The simplest case s = 0 and general cases s = 1,2,... are treated separately.

We use a set of trial and test function spaces S; and Wj.

Scheme 7.1 (Galerkin scheme for s = 0) Suppose u(®)(z) is given in S;.
Find u™ € Sy (m =1,2,...) such that, for any v € W7,

wmH) g (m) 9G4 9G4
At ") T T Bt ey ) T gy

L
0Gq

S N (7.4)
8(u§:7n+1)7u§cm)) ]0

+

n the preceding chapters, we used M for original energy function, and M for its finite dif-
ference approximation. In the Galerkin framework, however, we do not have to distinguish
these two, and we simply write both by M.
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Because the discrete partial derivatives (7.2a) and (7.2b) do not include
second derivatives, the scheme can be implemented using only H'-elements,
such as the standard piecewise linear function space. The scheme is dissipative
in the following sense.

THEOREM 7.2 Dissipation property of Scheme 7.1
Assume that boundary conditions and the trial and test spaces are set such

that .
0Gy w(mth — g (m)
O(uy Jug ) 0

and (u+1) — (MY /At € Wy holds. Then Scheme 7.1 is dissipative in the
sense that

N (m)

— my — m < =

At/o (G(u )~ Glu ))dm70, m=0,1,2,....
PROOF
LI Oy (m)
— m+ _ m
= /O (G(u ) — G(u )) de

8Gy4 u(m+1) _ u(m) Gy U(zm+1) o uém)
N (a(u(mﬂ)’u(m))’ At > Al ul™)y’ At
WD) _ oy (m) |2 9Gy (u<m+1> _ u(m)) g 0
= ||l + < .
At 2 a(uémﬂ), ug(cm)) At 0

The first equality is by Theorem 7.1. The second one is shown by making
use of expression (7.4) and the assumption (u(™+1) — u(™)/At € W;. The
inequality is shown by the assumption (7.5).

The assumption (7.5) corresponds to the condition (2.16). The assump-
tion (u(™*tD — u(™)/At € W, is an additional condition for the dissipation
property, which can be usually satisfied with natural choices of S; and Wj.
For example, when the Dirichlet boundary conditions w(0) = a, u(L) = b
are imposed, it is natural to take S; = {u|u(0) = a, u(L) = b} and Wy =
{v|v(0) =0, v(L) = 0}. In this setting the assumption is satisfied.

Next we proceed to the general case s > 1. We first observe that by
recursively introducing intermediate variables: p; = —(p2)zz, -, Ps—1 =
—(Ps)zz, and ps = 0G/du, the original equation (2.14) can be rewritten as a
system of equations u; = (Ps)az, Pj—1 = —(Dj)zz (§ € J), and ps = §G/du,
where the set J = {2,...,s} when s > 2 or J = () when s = 1. This leads us
to the following scheme. We assume that trial spaces Si,...,Ss4+1, and test
spaces W1,..., Wy41 are prepared.
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Scheme 7.2 (Galerkin scheme for s > 1) Suppose that u(®)(z) is given in

g (mel) (m+3) (m+3) _
Ssy1. Find u € Ss11, Py €51, ..., ps € S (m70,1,...)
such that, for any vy € Wi, ..., vs11 € Weiy,

() = = (67 ) + [0 )
(72 ) = (05" 0 ):) [0 Pars] . (760)

( (m+3) v ) _ 0Gq v
DPs s+1 a<u(m+1) U ) s+1

+ (8 +1) (m))’(vg—’_l) )

L

+1 ))'U5+1‘| ) (7.6¢)
0

8 m

where j € J.

The equation (7.6b) is ignored when J = (). This scheme can be also imple-
mented only with H'-elements. The dissipation property is summarized in
the next theorem.

THEOREM 7.3 Dissipation property of Scheme 7.2
Assume that boundary conditions and the trial and test spaces are set such

. . . o (m+1) (m+1)1¥
that (i) the condition (7.5) is satisfied; (ii) |(p; )o Psp1;| =00 =

1,2,...,8); (i) (u™t) —uM)/At € Weyq; and (iv) W; D Ss-‘,—l—] (j =
1,2,...,8). Then Scheme 7.2 is dissipative in the sense that

1

L
1 (m+DY _ (™) de < _
At/o (G(u )~ Glu )) dr <0, m=012,....

PROOF

- /0 ’ (G@o) — Gut™)) dz

0G4 w(m+1) _ gy (m) 0G4 ulm Y g lm)
- (a(u(m+1)’u(m))’ At ) + (a(ugm+1)7u(zm))’ At )
C( mid) ulmtD ) 9G4 w1 _ ym\ 1"
- (ps ’At) o, ) ( At )]
}

= () o)) + [l ) 0
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The second equality is shown by using equation (7.6¢) with vs11 = (u(m+1) —
u(™)/At. The third equality is given by using equation (7.6a) with v; =
pi’”*é) and the assumption Sy C Wj. By repeatedly making use of equation
(7.6b) with j = s5,2,8—1,3,... in this order, which is allowed by the assump-

1

tion (iv), it can be seen that the right-hand side is equal to f||(p§z_t)2/)2)xH§
1

when s is odd, or —Hpi%Jrz)H% otherwise, and so the proof is complete. All the

boundary terms vanish as a result of the boundary condition assumptions. I

REMARK 7.1 The assumption (ii) in Theorem 7.3 corresponds to the
condition (2.17) (although the latter is written in weaker form). This can be
checked as follows. Recall that by definition p, = §G/du, ps_1 = —(6G/6u)?),

oy p1 = (=1)*71(0G /6u)?*=2) (the superscripts denote the number of dif-
ferentiations). Substituting them into (p;)s - Ps+1—;, we understand that it
means

sGN\ 252t sy (227
—_ . —_— :0, j:1,27...,8.
&) (%)

0

The superscripts cover (2s — 1,0),(2s — 3,2),...,(1,2s — 2). This exactly
corresponds to (2.17). The assumptions (iii) and (iv) are purely additional
conditions for the discrete dissipation property, which are likely to be satisfied
in most settings of trial and test spaces.

7.2.1.2 Real-Valued Conservative PDEs 2

Conservative schemes for the target PDEs 2 are presented using the discrete
partial derivatives introduced in the previous section. The simplest case s = 1
and general cases s = 2,3, ... are treated separately. Let Sq,...,Ss4+1 be trial
spaces, and Wy, ..., Wy be test spaces.

Scheme 7.3 (Galerkin scheme for s = 1) Suppose that u(9) (x) is given in
ma L
Sy. Find ulmtl) e S, p(1 t2) ¢ S1 such that, for any v € Wy, vo € W,

wm+1) _ gy (m) il
<At> = (01" ).m) (©.7)
(m+1) _ 0Gyq 0G4
() = <a<u<m+l>,u<m>>’”2> ! (aw;w”,u;m))’(”)””
oG .
d

— [a(u(7fb+1) u(m))vgl . (78)

x s Uy 0



304 Discrete Variational Derivative Method

THEOREM 7.4 Conservation property of Scheme 7.3

Assume that boundary conditions and the trial and test spaces are set such
1y 1L
that (i) the condition (7.5) is satisfied; (ii) [(pg’"ﬁ))ﬂo = 0; (iii) (u™+ —

ul™) /At € Wa; and (iv) Sy € Wy. Then Scheme 7.3 is conservative in the
sense that

1 L
E/ (G(u(m+1)) —G(u(m))) dr =0, m=0,1,2,....
0

PROOF

0
_ <p m+3) ulm+h — u(m)> 4 0G4 (u(m+1) - u(m)> g
o s ),

At

m-+1 1
- ((p§ +"‘))mp(1m+2)) — 0.

The first equality is shown by using equation (7.8) with vy = (u(™+1) —

u(™)/At, while the second equality is given by using equation (7.7) with
m 1 . . .

v, = p(1 +2) and the assumption S; C W;. The last equality is from the

assumption (ii). I

In order to describe the scheme for s > 2, let us define the set J =
{2,...,8} \{n+ 1} when s = 2n (n = 1,2,...), or J = {2,...,s} \ {n}
when s =2n—-1 (n=2,3,...).

Scheme 7.4 (Galerkin scheme for s > 2) Suppose that u®)(z) is given in

1 ma 1
Ser1. Find vt € S, p(1m+2) €S, ..., pg t2) ¢ Sy (m =0,1,...)
such that, for any vi € Wi, ..., vs41 € Weia,
(m+1) _ ,,(m) 1 1 L
U U m+3 m+3
(Atavl> =- ((p§ 2))x, (U1)z) + [(p§ 2))1:111}0, (7.9a)

(p§’ff%> )
(P2, (0ns1)e )
)

(p(m+é>

n—1

= (@) )2) + [0 ey (790)
((Pi:i—f%))z, (Un—i,-l)m) (when s = 2n), (7.9¢)

((nger%))w, vn) (when s =2n —1), (7.9d)

, Uj

7/U7l
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( (m+3) v ) B 0G4
bs st~ a(u(m+1) u(m))’ U+

(a (m+1) )) ('Us+1)z>

L

(7.9¢)

o m+1) ))”5“1
0

where j € J.

The equation (7.9b) is dropped when J = ). The conservation property is
summarized in the next theorem.

THEOREM 7.5 Conservation property of Scheme 7.4
Assume that boundary conditions and trial and test spaces are set such that (i

L L
the condition (7.5) is satisfied; (ii) [(pgl“w%))ﬂo =0 and {(p;m+%))£pi’j:f§j)}o =
0 (€ J); (i) (umt) —wm)/At € Woypn; and (iv) Wy 2 Sepr—j (7 =

1,...,8). Then Scheme 7.3 is conservative in the sense that

1 - (m+1) (m)
m+ _ m — —
t/o (G(u )—G(u )) dz =0, m=0,1,2,....

PROOF The proof is similar to Theorem 7.3.
1 3 (G(u(erl)) ~G(u (m))) de = — ((p(er%))z (pngr%))m)
At ! ’

B (p,(ZJ{%),p%m+%)) (when s =2n — 1),

m+ 1 m+ L
= (-1 (ol ),) =0

In the second equality the equation (7.9b) is repeatedly used. The third
equality is either from (7.9¢) or (7.9d). {0

REMARK 7.2 The above schemes in this paper are more or less in
mixed formulation (see, for example, [21]). The underlying weak forms are,
however, carefully chosen for the targeted conservation/dissipation properties.
Below we illustrate this using as an example the linear third-order dispersive
equation u; = Uy, under the periodic boundary condition. It is a special
case of (2.28) with s = 1, G = u?/2, and thus fOL(u2/2)dx is an invariant.
Suppose that a grid and accordingly a periodic piecewise linear function space
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S over the grid are appropriately given. Then the most straightforward mixed
formulations of the problem might be to: find u(-,t),p(-,t) € S such that

(ug,v) = (pz,v), (pyw) = —(ug,wy), Yv,w € S, (7.10)

(ut’v) = _(pac7vw)7 (p,w) = (uz,w), V’U,’U) e€S. (7.11)

On the other hand, Scheme 7.4 suggests a slightly different form:
(ug,v) = —(Pa, V), (Pywz) = (Ug,wy), Yv,w € S. (7.12)

(Actually Scheme 7.4 literally suggests (ut, v) = —(Pz, V), (P1, Wz) = ((P2)z, Wx),
(p2, 2) = (u, 2), Vv, w, z, which immediately shrinks to the above.) The con-
servation property of scheme (7.12) is guaranteed by Theorem 7.5, but it can
be also directly viewed as follows.

d [fu?
& 0 ?dl‘ - (utau) - _(p:rvua:) - _(pvpm) =0,
where (7.12) with v = u, w = p is used. The similar calculation with the
straightforward schemes, (7.10) and (7.11), turns out to fail. Actually, unless
the grid is completely uniform, the straightforward schemes are not conserva-
tive in general. Accordingly any full discrete schemes based on them cannot
be conservative. This example illustrates that the conservation property is so
“fragile” that it can easily be lost unless correct weak forms are carefully cho-
sen. Only when these “correct” weak forms are integrated with the “correct”
time-stepping using discrete partial derivatives, the conservation property is
rigorously kept. Similar notice also applies to dissipative cases.
It is interesting to point out that (7.10) corresponds to Scheme 7.3 if we
regard the original problem as the special case of (2.28) with s = 0 and
G = (ug)?/2. Thus (7.10) conserves another invariant fOL((uz)Q/Q)dx7 but

not fOL(u2 /2)dz. The other scheme (7.11) completely fails in preserving either
of the invariants.

We tested three schemes based on the three weak forms, with a non-
uniform grid. The numerical results are shown in Figure 7.1.2 In the figure
“H1” denotes the original invariant fOL(u2/2)da:7 and “H2” the other one
fo uz)?/2)dx. We can see that depending on the underlying weak forms,
the conserved invariants differ. I

2-7 Reprinted from J. Comput. Appl. Math., 218, T. Matsuo, Dissipative/conservative
Galerkin method using discrete partial derivatives for nonlinear evolution equations, 506—
521, Copyright (2008), with permission from Elsevier.
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7.2.1.3 Complex-Valued Conservative PDEs 4
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Comparison of invariants: (top left) scheme based on (7.10),
(top right) on (7.12), (bottom) on

We first introduce complex versions of the discrete partial derivatives. Sup-
pose that the local energy is again of the form of equation (7.1), but that f;
and g; are real-valued functions of a complez-valued function w(z,t), which

satisfy f;(u)
the notation (f, g)

= fi(w), and gi(uz) = gi(tz).
= fOL fgdx. We call the discrete quantities

Throughout this section, we use

2 )

0G0 g~ (A = )| (WO )
8(u(m+1)7u(m)) o — u(m—i—1)| _| (m)| 2
(m+1) (m)
x (gl(“ );g( )) : (7.13a)

_ 9Ga 4 f:(ﬁ(u(mm)wl(uw) g ) — gi(uf™)

m—+1 m - D) 3
3(U§: - ),uén)) =1 2 ‘u;m—i-l)‘ B ‘ugm)}

C(m+1) | (m)
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which correspond to dG/0u and IG/du, respectively, “complex discrete par-
tial derivatives.” Note that the complex discrete partial derivatives satisfy

0G4 B 0Gq
A(ulm+1) ym)) ) 6(u(m+1)’u(m))7

8Gd o aGd
a(u&mﬂ)’ u;m)) 6(u§cm+1), u(mm)) '

The following identity holds concerning the complex partial derivatives.

THEOREM 7.6 Discrete chain rule (complex-valued case)

1

" (m+1) (m)
i m+ - m
i ), (G(u ) —G(u )) dx

L 0G4 u(m+h) — o (m)
= / dz
o O(ulmt1) y(m)) At

L (m+1) _(m)
n / 9G4 Uz Y )dz+ (cc), (7.14)
0 A oy

ug/,m-’_l),u At

x

where (c.c.) denotes the complex conjugates of the preceding terms.

Making use of the complex discrete partial derivatives, a conservative scheme
for the target PDEs 4 is defined as follows:

Scheme 7.5 (Galerkin scheme for the PDEs 4) Suppose that u(®) (z) is
given in Sy. Find u™ € Sy (m =1,2,...) such that, for any v € W1,

,<u<m+1) — > 9G4 9Gq
1{\— V)= 77—,V | | 7,7
At a(u(m+1)7u(m)) a(u’(pm+1) ugcﬂﬂ)
L
9Gyq 1
v .
)

0

THEOREM 7.7 Conservation property of Scheme 7.5
Assume that boundary conditions are imposed so that
L

0G4 w1 — g (m) B
<a(u<m+1) u<m>)> ( At Tlee)) =0,
T s U 0

and (u(™+) — (™) /At € Wy. Then Scheme 7.5 is conservative in the sense
that

1

L
— (m+1)y _ (m) = =0,1,2,....
At/o (G(u )—G(u )) dz =0, m=0,1,2,
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PROOF

Ait /O ’ (G(u<m+1>) - G(u<m>)) dz

B 0Gy w(m+1) _ g (m) N 0G4 uggm+1) _ uggm)
A(u(m+1) y(m))’ At AV ugm))’ At

)

+(c.c.)
At

2

+
2

L
(m+1) _ ,,(m)
0Ga <u Y ) + (c.c.)

a(ug(vm+1)’ ugcm)) At

0

7.2.2 Application Examples

We show several examples. Below we suppose the one-dimensional region
[0, L] is divided into a mesh, and denote the piecewise linear function space
on the mesh by S}, (other spaces can be also utilized, but we here use S}, for
simplicity).

7.2.2.1 Cahn—Hilliard Equation

Let us consider the Cahn—Hilliard equation, which is an example of equa-
tion (2.14) with s = 1 and G(u,u,) = pu?/2 + ru*/4 — q(u,)?/2. We assume
the standard boundary conditions

u, =0 and 9 (¢ =0 at =0, L. (7.15)
Oz \ du

Motivated by nature of the boundary conditions, let us prepare the trial spaces
as 51,52 = {v | v €Sy, v,(0) = v, (L) =0}, and the test spaces as Wy, Wy =

Sh. Then Scheme 7.2 reads as follows: find w™ e Sy and p(1m+%) € S7 such
that, for all v; € Wy and vy € W,

At

(m+3) o 0G4 0G4
(pl 7’02) = (W)’U}(M)),UQ) + (W,(UQ)I (717)

€T

(m+1) _ ,,(m) 1
u U m+3
() == (04 o). (7.16)



310 Discrete Variational Derivative Method

The discrete partial derivatives are

0Gy w1 4o (m)
a<u<m+1>,u<m>>p( 2 )*

(m+1)y2 (m)y2 (m+1) (m)
7ﬂ((u );—(u )><u 2—|—u ),(7.18)

ac (1) | Gm)
oy = e (7.19)
O(uy JUy ) 2

which are obtained from (7.2a) and (7.2b). Note that the boundary terms
[(pg +2)) v1]{ in (7.16) and [%vg]o in (7.17) now vanish, because
m+3 m m .
(pg +2))x = u& R u;(t ) =0atz= 0, L. Tt is easily checked that all the
assumptions in Theorem 7.3 are satisfied, and thus the scheme is dissipative.
This scheme coincides with the Du—Nicolaides scheme [39] (we like to note
that Du—Nicolaides discussed this scheme only with (unphysical) zero Dirichlet
boundary conditions).

REMARK 7.3 In practice, the trial spaces can be taken as S; = S5 = Sj,
as in the standard elliptic problems. Then the boundary conditions (7.15) are
automatically recovered as the natural boundary conditions from the equa-
tions (7.16) and (7.17).

REMARK 7.4 The scheme has an additional conservation law:

d L u(m+1) g, (m)

- dr =0 =0,1,2,... 7.20
dt 0 At x ) m ) Ly Sy ) ( )

which can be easily seen from the equation (7.6a) with v; = 1. I

7.2.2.2 Korteweg-de Vries Equation

The KdV equation is an example of the target PDEs 2 with s = 0 and
G(u,uy) = u3/6 — (uz)?/2. We suppose the periodic boundary condition.
Let us select the trial and test spaces as S; = Sy = Wy = Wo = S, NHL(S).

Then Scheme 7.3 reads as follows: find (™) € S and p(1m+%) € 57 such that,
for all v1 € W; and vy € W,

(m+1) _ ,,(m) 1
U u 1
(Atav1> = ((Pgnl+2))x,v1> ) (7.21)

(m+d) \ _ 9Gq 9G4
(pl ;U2) = <8(u(m+1)’u(m))702) + <W7<1)2)w (7.22)
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hold, where
9G4 _ (u(mH1)2 4 gy (mt1)g(m) 4 (ulm))? (7.23)
A(u(m+1) g (m)) 6 ’ ’
0G4 ud™ Y 4 m)
a(u:(vm+1)’u¥n)) - 2 ’ (7.24)

are obtained from definitions (7.2a) and (7.2b). The boundary term appearing

in (7.8) vanishes due to the periodicity of S7 and W;. Due to the periodicity of

1
S1, the assumption [(p(1m+2))2]€ = 0 is satisfied. The periodicity also implies

that condition (7.5) is satisfied, thus all the assumptions in Theorem 7.4 are
satisfied, and hence the scheme is conservative. To the best of our knowledge,
this scheme seems new.

REMARK 7.5 The scheme also has the additional conservation law
(7.20). Set v; =1 in the equation (7.7).

Let us demonstrate the scheme numerically. The length of the spatial period
is set to L = 20, and the period is divided into a non-uniform grid consisting
of N points which concentrate at the center (see Figure 7.23 for an example
of N = 201). The approximation space S, € H'(0, L) is set to the standard
piecewise linear function space over this grid. The initial condition is set
to u(x,0) = 48sech?®(2(z — 14)) 4 24sech®(z — 10) (soliton-like pulses). For
comparison, a standard Crank—Nicolson type scheme:

u(erl) o u(m) (m+1)
<At,vl) = ((p1 2 )xaU1>7 (7.25)
(m+3) 1 (ulm+D) g g (m) 2 w4
) - (3 () ) - (£ ).
(7.26)

and a backward Euler scheme:

u(m+1) —_ u(m) m 1
() = (@ ). o)
(m+1)\2
m+i u m
(pg +2)7U2) = <(2)7U2> - <U3(L +1)3 (UQ)x> ) (728)

are also tested.

First, the number of spatial mesh points is set to N = 201, the temporal
mesh size At = 0.025, and the problem is integrated for 0 < ¢t < 20. Fig-
ure 7.3% shows the evolution of the global energies. The conservative scheme
strictly conserves the energy as constructed. In the Crank—Nicolson scheme
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0 5 10 15 20

FIGURE 7.2: The non-uniform mesh (N = 201).

the energy is not conserved but goes down. This energy decrease is even more
drastic in the backward Euler scheme, whereas the reason for the decrease is
not quite the same as in the Crank—Nicolson case. This can be understood
with Figure 7.4,% which shows the initial evolution of numerical solutions (for
0 <t < 3). The solution by the backward Euler scheme collapses and eventu-
ally becomes flat; thus the energy decrease should be understood as the energy
dissipation. On the other hand, the solution by the Crank—Nicolson scheme is
not flattened; instead it develops undesired oscillations. The energy decrease
should be attributed to this oscillations, which increases the term fOL uy2dx
in the global energy. The oscillations can be also observed in the conservative
scheme. The intensity is, however, smaller than the Crank—Nicolson case, and
the solution is the best obtained among the three.

12000

Conservative
Crank-Nicolson -
10000 Backward Euler - i
8000 | ]
=g
[} 6000 Wan 1 1
c Mo
i \
4000 |
2000 |, RO
0 L L L L L L

0O 2 4 6 8 10 12 14 16 18 20
time

FIGURE 7.3: Evolution of the global energies (N = 201).

The undesired oscillations arise from the insufficiency in spatial accuracy.
Next the conservative and Crank—Nicolson schemes are tested with the finer
mesh N = 401, which is again non-uniform similar to the case of N = 201. The
problem is then integrated for 0 < ¢ < 100 with At = 0.01. Figure 7.5% shows
the evolution of the energies, and Figure 7.6” the solutions. The solutions
are improved in both schemes. In the Crank—Nicolson scheme, however, the
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Conservative

Backward Euler

FIGURE 7.4: The numerical solutions (N = 201): (top left) the conserva-
tive scheme; (top right) the Crank—Nicolson scheme; (bottom) the backward
Euler scheme.

drifting of the energy persists. On the other hand, the conservative scheme
successfully conserves the energy, and thus is better.

7.2.2.3 Nonlinear Schrodinger Equation

Let us consider the nonlinear Schrédinger (NLS) equation under the pe-
riodic boundary condition. This is an example of the target PDEs 4 with
G(u,ug) = —|ug|? + 2y|u|P™ /(p + 1). Let us select the trial and test spaces
S1 = Wy = S, N HYS). Then Scheme 7.5 becomes: find u € S; such that,
for all v € W1,

. (u(m“) — u(m) > 8Gd 8Gd
1| —— ) = | - | ———=,v,. |,
At a(u(m'*-l),u(m)) a(uﬂ(rm'*‘l) ugm))

where the terms

9Gq Ju(m+D [P+ ‘u(m)|p+1 w(m+1) 4 g (m)
N ( [ulm+ D2 — Julm 2 )( 2 )

a(u(m+1)7 u(m))
(7.29)

9Ga ™Y ™ (7.30)
a(ug’"“), u&m)) 2
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FIGURE 7.5: Evolution of the global energies (N = 401).

Crank-Nicolson

Conservative

FIGURE 7.6: The numerical solutions (N = 401): (left) the conservative
scheme; (right) the Crank-Nicolson scheme.
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are obtained from definitions (7.13a) and (7.13b). The boundary term ap-
pearing in Scheme 7.5 vanishes due to the periodicity of S; and W;. The
periodicity also implies that condition (7.5) is satisfied, and thus the conser-
vation property follows from Theorem 7.7. It may be noted that this scheme
is simply the Akrivis—Dougalis—Karakashian scheme [8], whose stability and
convergence are already guaranteed.

7.2.2.4 Camassa—Holm Type Equations

Next let us consider the Camassa—Holm type equations (2.32), which were
briefly mentioned in Remark 2.5. These equations do not belong to the stan-
dard target PDEs, and thus are not immediately covered by the procedure
described before. Still, it is not difficult to modify the procedure to accom-
modate them, and in fact, in Section 4.7.2 a way of working around was
given in the finite difference context. We show a similar method below in the
Galerkin framework. For the detail of this section, interested readers may
refer to [123, 118].

This subsection is organized as follows. We first give a general discus-
sion for the abstract equation (2.32). Then in Sections 7.2.2.4.1 through
7.2.2.4.3, we focus on the special cases: the limiting Camassa—Holm equation,
the Dai equation, and the Benjamin-Bona—Mahony equation, respectively
(for a brief introduction of these equations, see Remark 2.5). Finally, in Sec-
tion 7.2.2.4.4, we present another formulation for the limiting Camassa—Holm
equation, based on the bi-Hamiltonian structure.

We commence by recalling some mathematical properties of (2.32). It can
be viewed as a gradient flow:

I R

2 3 2
Clu,u,) = -+ ;7“(“”) . (7.32)

If we further introduce an operator K = (1 — 8?/92%)~!, which is a map
L2(S) — H?(S) [19] the equation can be rewritten as

where

oG
With the Green function:
~ cosh(z — L{z/L] — L/2)
kz) = 2sinh(L/2) ’ (7.:34)

where the bracket [x] means the largest integer which does not exceed x, the
operator C can be expressed in terms of the convolution

(K@) = (k * f)(x) = / k(x — €) F(€)de. (7.35)
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It is easy to see that K is symmetric, and thus due to the skew-symmetry
of 90/0x, the equation (7.33) is obviously conservative. But in order to clarify

how the problem is now delicate, we explicitly present a conservation theorem
below.

THEOREM 7.8 Conservation property of (7.33)
Suppose u(-,t) € H3(S),us(-,t) € HX(S), and G(u,u,) are sufficiently smooth
with respect to their arguments. Then,

d L
ag/dezo. (7.36)
0

PROOF
d - L /oG oG Lsa aq 1+
&/0 Gdx = /0 (au“t + auzum) dx = /o EUt dz + [&ux ut]o

L
oG oG
= e —_ d = 0.
0 5u’C<5u>m z=0

In the third equality, the boundary term is dropped due to the periodicity. In
the last equality, an identity (Kf., f) = 0 which holds for any f € H(S) is
used.

The theorem is completely fine, as far as we deal with smooth solutions. The
assumption u(-,t) € H3(S) is reasonable, since (6G/du), essentially includes
Ugpzr- However, the reason why the Camassa—Holm type equations have drawn
much interest is that they can exhibit singular solutions like peakons. In order
to justify peakons, an H!(S)-formulation is inevitably required. In the critical
CH (k = 0) case, such a form is given in [28]:

uf+;Qﬂ+K(ﬁ+ﬁﬁf>)z:Q (7.37)

which makes sense for u(-,t) € H'(S). This form is quite beautiful in that it
not only accepts peakons but also clarifies the point that the equation is in
fact a “conservation law” (in the terminology of fluid dynamics). However,
since it seems that the conservation property of (7.37) cannot be directly
established, (7.37) is not convenient in our project. Actually, in [29], the
conservation property of (7.37) is established by expressing the target H'-
solution of (7.37) as the limit of a series of energy-conserving H3-solutions of
the original Camassa—Holm equation (with x = 0). It seems difficult to do a
similar thing in a discrete setting.

Instead we employ the following set of weak forms. Find u(-,t),p(-,t) €
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H(S) such that for any vy,vs € H(S),

(ut, v1) = (Kpg, v1), (7.38)
(pv2) = (gf,w) + (gz, (vg)I> : (7.39)

It is obvious that the solution u(-,t) € H3(S) that solves (7.33) also solves this
set of weak forms by setting p = 6G/du. From the weak forms (7.38), (7.39),
the desired conservation property can be successfully deduced as shown in the
next theorem. The deduction can be done completely in an abstract way as
in Theorem 7.8; in this case, however, the key tools are the partial derivatives
0G /0u, dG /Ou,, instead of the variational derivative 6G/du.

THEOREM 7.9 Conservation property of the weak forms (7.38),
(7.39)

Suppose u(-,t),p(-,t) € HL(S) are the solutions of the weak forms (7.38)
and (7.39). Also assume that G is sufficiently smooth and us(-,t) € H(S).
Then the following holds

d L
a/0 Gdz = 0. (7.40)

PROOF

a [* oG oG

The first equality is just the chain rule. The second equality follows from (7.39EI
with v = uy, and the third one from (7.38) with v; = p.

REMARK 7.6 Interested readers may compare the discussion here to the

finite difference version in Section 4.7.2. In that context, all the derivatives
are replaced with finite differences, and unless discrete functional analytic
analysis is required, we usually do not pay attention to the “regularity” of the
solution. That is, we simply assume any approximate solutions (i.e., solution
vectors, such as in Sy) are infinitely many times “differentiable” by finite
differences. This is in sharp contrast to the Galerkin case, where regularity
of approximate solutions should be explicitly kept in mind, and the complex
discussion above to allow peakons in H'! is inevitable.

Now we proceed to the numerical schemes. For the function G(u, u,) defined



318 Discrete Variational Derivative Method

in (7.32), the concrete forms of the discrete partial derivatives are

8Gd - u(m+1) _|_ u(m) B (u(m+1))2 + u(m+1)u(m) + (u(m))2
) =

DD, 5 >
(m+1)y2 (m)\2

0Gq _ wm+1) 4 gy (m) N () -

A WMy 2 2 ~ (7.43)

With these discrete partial derivatives, we define an abstract scheme for
the weak forms (7.38) and (7.39) as follows. Suppose S1, Sz, W1 and Ws are
appropriately chosen; for example, S; = Sy = Wy = Wy = S, N1 HL(S).

Scheme 7.6 (Abstract Galerkin scheme for (7.38), (7.39)) Suppose that
u(0) (z) is given in So. Find u(™+1) € Sy, pmts) e 5 (m=0,1,2,...) such
that, for any vy € W1 and vo € W,

u(erl) _ u(m) .
- = — (m+3)
< A7 ,v1> (IC(p )x,m) , (7.44)
1 oG IG
(m+§) = —d —d
(p ’Ug) <3(U(m“)au(m))702) ’ <8(u§m+1)7u&m))7(02)m> .

(7.45)

The scheme enjoys the next conservation property. The proof can be done
analogously to the continuous case.

THEOREM 7.10 Conservation property of Scheme 7.6

Assume the trial and test spaces Si,So, W1 and Wy are set such that (i)
(um+D) — (™Y /At € Wy ; and (i) Sy € Wi. Scheme 7.6 is conservative in
the sense that

1 L

_ (m+1)y _ (m) _ _

At/o (G(“ ) = G(u ))dﬂf 0, m=0,1,2,....
PROOF
L " (Gutm) (m)
— m+ _ m
2 [ (@) = 6 aa

0Gq wlm+1) o, (m) 8Gy u(wm-&-l) . ’U,(Im)
= (a(U(m-‘rl)’u(nl))’ At > + a(u:(pm-’_l)’u(;n)), At

1+1 m
- (p(m+;)’ M)
At

- (/C(p<m+%>)$,p<m+%>) —0.
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The first equality follows from the discrete chain rule (Theorem 7.1). The
second one is shown by using the equation (7.45) with vo = (u("+1) —4,(™)) /At
(the substitution is allowed by the assumption (i)), while the third one is given
by using the equation (7.44) with v; = p(™+2) (allowed by the assumption

(i)-

REMARK 7.7 The equation (7.33) can also be viewed as a conservation
law:

0G
_ ) = 4
Ut (IC 5u>x 0, (7.46)
(note that for f € H(S) it holds (Kf), = K(fz)), and there is another
invariant: .
d oG
— = _— 1 = U. 4
a J, udx (K<§u>w, ) 0 (7.47)

The final equality follows from an identity ((Kf)., 1) = 0 which holds for any
f € HX(S). Scheme 7.6 also conserves this invariant:

1 [F .
0

(7.486

Let us test how Scheme 7.6 in fact works. We set S;1 = Sy = W7 = Wy =
S NHL(S), where meshes are either equispaced or non-uniform depending on
the problems. Given the approximation space, the concrete form of Scheme 7.6
is

w(m+1) _ 4, (m) 1
Y e S I (m+3) 4
( - > P+, (7.49)
ApUD) = Flal) g, (750
where
T
w(™) = (u(m)(xo), .. 7u(m)(xN—l)) ]

1 m-+1 m+ % T
p" ) = (p"m D) (z),. .., p T (wy_y))

and f(u(mTY u(™) is the vector arising from the right hand side of (7.45)
which in general nonlinearly include w(”™*t1) and w(™. The matrix A is
the standard mass matrix whose elements are A;; = (¢, ¢;), where ¢; (i =
0,...,N —1) are the standard basis functions of S;, and K;; = (K(¢:)z, ¢;)-
Note that the matrices A and K depend only on the approximate space (i.e.,
the mesh), and can be prepared in prior to the time evolution process. The
preparation of the matrix K involves the computation of convolutions, which
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can be done by hand in the case of S,. When more general approximate
spaces are required, it is also possible to employ some numerical integrator
with sufficient accuracy. Since the matrix A is invertible, the equations (7.49)
and (7.50) immediately reduce to

m—+1 m
A <M> = KA1 f(u(m+D) g (). (7.51)
At

That is, the computation of the intermediate variable p(m+%) can be skipped,
and the dimension of the system to be solved is N, instead of 2N. In what
follows, the numerical calculations are based on this expression.

The nonlinear equations (7.51) should be solved by some iterative method.
A convenient way is to use some reliable numerical Newton library. In the
experiments below, the routine imsl_d_zeros_sys_eqn in the IMSL was used.

7.2.2.4.1 Limiting Camassa—Holm equation Let us consider the “lim-
iting” Camassa—Holm equation, which is obtained by setting x = 0,7 = 1.
Originally, the Camassa—Holm (CH) equation only makes sense for £ > 0 in
physical context, since k corresponds to the critical shallow water speed that
should be strictly positive (see [24]). Mathematically, however, main interest
is usually on the limiting case k = 0, where solitons become peaked. Below we
consider this case. The concrete form of Scheme 7.6 then becomes as follows.
With the function
u3 + uuy)?
2 )
which is obtained by setting k = 0, v = 1 in (7.32), the discrete partial
derivatives (7.42) and (7.43) become

G(u,uy) = — (7.52)

0Gyq _ _(u(m+1))2 4 (mtDy(m) 4 (u(m))z
8(u(m+1),u(m)) - 5
(m+1)y2 (m)y2
N <(um )4+ ) > (7.53)

0G4 wmFD) g (m) - () g, (m) 7 54
B(ul™ Y W™y _< 2 ) 2 - (75

€T

Note that for the energy function (7.52) the (continuous) partial derivatives
are

oG 35 1 9 oG

— =—-u"— -(u and

ou 2 2( ») Ouy
and we can see the correspondence between the continuous and discrete ones.
Substituting the discrete partial derivatives into Scheme 7.6, we obtain the

concrete form of the scheme, which is then implemented as described above,
ie., as (7.51).

= —UUy,
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REMARK 7.8 Interested readers may compare the above discrete par-
tial derivatives with the discrete variational derivative in the finite difference
context in Section 4.7.2.

For comparison, the following two implicit schemes have been also tested;
The Crank—Nicolson scheme:

w1 _ ym) .
(N,m) = (K(p(m+5))z,vl> (7.55)

(p("“r%),m) -

2
§ w(mt1l) 4 g (m) 2 N 1 ug;m—i_l) + uém)
2 D D 2 12

w(m+D) g (m) u§m+1)+u§;’”)
_ <( . ) . (a)s |, (7.56)

and the implicit Euler scheme:

(val) = (K" ),01) (7.57)
) == (3 (a0) o (o) o)
_ <u(m+1>u§;ﬂ+1>, (02)95) _ (7.58)

Note that since all of these schemes are based on the same weak forms (7.38)
and (7.39), the spatial discretization is exactly the same, and only the tem-
poral discretizations are different.

First, the three schemes are tested on the equispaced mesh with L = 40
and N = 200 (thus Az = 0.2). The initial data is set to u(x,0) = 5e~|*~%al 4
2e~ 17—l where z, = 13.43 and 2, = 26.77, and the problem is integrated
in 0 <t < 10 with At = 0.1. Since larger peakons are faster, the larger
peakon initially centered at x, overtakes the smaller one at x; as time passes.
Figure 7.7% shows the numerical results obtained by the three schemes. Ac-
cording to the figure, both the conservative scheme and the Crank—Nicolson
scheme seem to correctly track the overtaking phenomenon (note that since
now the periodic boundary condition is applied, the outgoing peakons come
back to the interval from the left boundary). On the other hand, in the implicit
Euler case, although the computation itself is stable, the peakons gradually be-
come flattened. Figure 7.8° shows the evolution of the energy fOL G(u™)dz;

8—20 Reprinted from J. Comput. Phys., 228, T. Matsuo and H. Yamaguchi, An energy-
conserving Galerkin scheme for a class of nonlinear dispersive equations, 4346-4358, Copy-
right (2009), with permission from Elsevier.
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the left figure shows the evolution near the starting time, and the right figure
the overall profile. As suggested in the wave pattern in Figure 7.7, we observe
strong energy dissipation in the case of the implicit Euler scheme (see left
figure); the energy rapidly tends to zero. Although in Figure 7.7 the results
by the conservative scheme and the Crank—Nicolson scheme look quite sim-
ilar, the energy profiles are considerably different (see right figure). In the
conservative scheme, the energy is strictly conserved to the machine accuracy,
while in the Crank—Nicolson scheme it drifts.

Conservative Implicit Euler

Crank-Nicolson

FIGURE 7.7: Evolution of the two peakons; (top left) the conservative
scheme, (top right) the implicit Euler scheme, (bottom) the Crank—Nicolson
scheme.

Next, in order to check the long-time stability, the problem is solved for
0 <t < 70 with the time mesh size At = 0.02 and the number of spatial
grid points N = 400 (Axz = 0.1). With these parameters, the larger peakon
goes around the spatial interval about ten times. The conservative scheme
successfully integrates the problem with the energy strictly kept (Figure 7.9%°
(left) and Figure 7.10*!). In the Crank—Nicolson case, the energy is nearly
conserved in the early stage 0 < ¢ < 20; the energy periodically oscillates
and stays around the exact value. As time passes, however, the oscillation
becomes irregular (20 < ¢ < 50), and then completely unstable (50 <t < 70).
This instability can be observed in the wave pattern in Figure 7.9, where the
peakons in the Crank—Nicolson case are completely broken at ¢ = 70. For
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FIGURE 7.8: Evolution of the energies (two peakons case); (left) detailed
profile near the starting time, (right) global profile.

t > 70, it turns out that the numerical Newton solver does not work in the
Crank—Nicolson scheme, and it is impossible to continue the computation.
This result strongly suggests that the conservative scheme is in fact more
reliable than the standard Crank—Nicolson scheme.

Crank-Nicolson

Conservative

FIGURE 7.9: Long-time computation of the two-peakons problem; (left)
the conservative scheme, (right) the Crank—Nicolson scheme.

The third experiment is to check whether the presented scheme works on
non-equispaced grids as well. To this end, the Camassa—Holm is solved on the
spatial interval [0,200] with the grid shown in Figure 7.11*2 (N = 200), and
with the triangle shaped initial data

x—xz.+20 ifz € x.—20,z.),
w(z,0) = ¢ —(z —xz.) + 20 if z € [z, 20),
0 otherwise,

where z. = 80.5.
Figure 7.12'3 shows the numerical results by the three schemes, where the
time mesh width is set to At = 0.05. For comparison, a result by a stan-
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FIGURE 7.10: Evolution of the energies in the long-time computation.

0 50 100 150 200

FIGURE 7.11: The non-uniform mesh (N = 200).

dard numerical method on finer equispaced mesh (N = 2000), marked as
“FD/RK” in the figures, is also presented. The scheme is obtained by dis-
cretizing space variable by the standard central finite differences (with second-
order accuracy), and then by discretizing time stepping by the standard 4th-
order Runge-Kutta method. The time-stepping width is chosen considerably
small (At = 0.0005) such that the result is accurate enough as a substitute for
the unknown exact solution. As the solution suggests (Figure 7.12, bottom
right), in this problem setting the initial triangle shaped data soon splits into
a number of peakons. The splitting mainly occurs at the center of the interval,
which is the reason why the grid is chosen to be dense at the center. The re-
sult by the implicit Euler scheme (top right) again exhibits strong dissipation,
which can be also observed in the energy profile (Figure 7.13!%). The result
by the conservative scheme (Figure 7.12, top left) is similar to the accurate
result by FD/RK, with the excellent energy conservation profile (Figure 7.13).
Compared to this result, even with considerably fine mesh sizes, the energy in
FD/RK scheme monotonically moves apart from the exact value; this means
that however mesh is refined the FD/RK method is not so reliable that it
can be used as an integrator for long-time computations. The shape of the
peakons in Crank—Nicolson case seems to be quite similar to the conservative
and FD/RK cases (Figure 7.12, bottom left). The energy profile, however,
behaves dreadfully, where the error exceeds 10% in magnitude. In this exam-
ple, the peakons are quite sharp and high, and the slight error in the shapes
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of peakons is magnified as the big error in the energy.

Implicit Euler

Conservative

FD/RK ——

FIGURE 7.12: Generation of peakons; (top left) the conservative scheme,
(top right) the implicit Euler scheme, (bottom left) the Crank—Nicolson
scheme, (bottom right) the FD/RK solution on the finer mesh.

7.2.2.4.2 Dai equation The Dai equation is obtained by setting x =
0, v € R. This is quite similar to the limiting CH case, but now we have a
freedom in the choice of v. As described before, soliton solutions are expected
to be smooth when v < 1 and become “cusped” solutions when v > 1. Below
we have tested two cases: v = 0.5 and v = 1.4. The energy function is

3 2
Glu, ug) = —%, (7.59)
and accordingly the discrete partial derivatives are
8Gd (u(m+1))2 + u(m+1)u(m) + (u(m))2
A(ulm*D) ylm)) — 2
(m+1)y2 (m)y2
— (WI ) 4+ (e ) ) , (7.60)

(m+1) (m) (m+1) (m)
0G4 : S (u +u ) (uL + Uz ) . (7.61)

Aud™™ ul™ 2 2
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FIGURE 7.13: Evolution of the energies (peakon train case).

We test Scheme 7.6 and the Crank—Nicolson scheme. The latter is constructed
in a similar manner as in the previous section.

First, the case of v = 0.5 is considered. With this parameter, solitons are
smooth and the computation is rather easy. In order to check the long-time
stability of the schemes, the problem is solved in a long interval 0 < ¢ < 500
with the temporal mesh size At = 0.1. The initial data is u(z,0) = 5sech(x —
5) + 2sech(z — 15). The length of the spatial interval L is set to 40, for
which the equispaced grid with N = 200 is employed (i.e., Az = 0.2). Fig-
ure 7.14'% shows the evolution of the numerical solutions. The computation
proceeds quite stably as expected, and the shapes of the solitons are success-
fully preserved in both schemes, although the phase speeds of the solitons are
different. Figure 7.15'6 shows the evolution of the energies. In the conserva-
tive scheme, the energy is strictly kept. In the Crank—Nicolson scheme, the
energy oscillates, but stays near the exact value.

Crank-Nicolson

Conservative

FIGURE 7.14: Smooth solitons in the Dai equation (y = 0.5); (left) the
conservative scheme, (right) the Crank-Nicolson scheme.
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FIGURE 7.15: Evolution of the energies (the Dai equation, v = 0.5).

Next, the results with v = 1.4 are presented. The equispaced grid on the
spatial interval [0, 40] with N = 200 or 400 is used, and the problem is solved
in 0 <t < 10 with the time mesh size At = 0.1. The initial data is set to
the same one as in the limiting CH case, i.e., u(z,0) = 5e~|*~%al 4 2¢~lz=s]
with z, = (200/3 + 1/2)Az and z, = (400/3 + 1/2)Az. Figure 7.16'7 shows
the numerical solutions of N = 400, and Figure 7.17'® the evolution of the
energies in both N = 200 and 400 cases. From Figure 7.16, both schemes
succeed in catching the peaked solutions (although numerically it is difficult
to judge whether the solutions are really “cusped” rather than “peaked”).
Comparing Figure 7.17 (left) and Figure 7.15, we notice that with the same
mesh (N = 200) the energy deviation in the Crank-Nicolson scheme becomes
much larger when the solutions become singular, although it can be improved
by refining the spatial mesh (Figure 7.17, right). In any case, the conservative
scheme seems to be safer when we achieve such singular solutions.

Crank-Nicolson

Conservative

FIGURE 7.16: Cusped solutions in the Dai equation (v = 1.4, N = 400);
(left) the conservative scheme, (right) the Crank—Nicolson scheme.
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FIGURE 7.17: Evolution of the energies (the Dai equation, v = 1.4); (left)
N = 200, (right) N = 400.

7.2.2.4.3 Benjamin—-Bona—Mahony equation The BBM equation is
obtained by setting x > 0 and v = 0 and we set k = 1 in this paragraph.
The equation is considered over the spatial domain [0,40] using the equispaced
mesh with the number of grid points N = 100. Then the problem is integrated
in 0 <t < 20 with the time mesh size At = 0.25. The initial data is set
to u(x,0) = ¢1sech?®(0.35(x — 15)) + cosech?(0.25(z — 25)), where ¢; = 9 x
0.72/(1 — 0.7%),c2 = 9 x 0.52/(1 — 0.5%) (see [47] for this initial data). The
conservative scheme and the Crank-Nicolson scheme are tested. Figure 7.18%7
shows the numerical solutions, and Figure 7.19%° the evolution of the energies.
Both schemes successfully capture the propagation of the two-soliton. The
conservative scheme strictly preserves the energy, while in the Crank—Nicolson
scheme the energy oscillates around the exact value.

Crank-Nicolson

Conservative

FIGURE 7.18: Two-soliton in the BBM equation; (left) the conservative
scheme, (right) the Crank—Nicolson scheme.
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FIGURE 7.19: Evolution of the energies (the BBM equation).

7.2.2.4.4 Limiting Camassa—Holm Equation: Second Approach So
far we have glanced through the conservative schemes for the Camassa—Holm
type equations (2.32). For a special case, the limiting Camassa—Holm equa-
tion with kK = 0,7 = 1, we can take another approach. The key is that the
limiting Camassa—Holm equation has another invariant:

~ 2 )2 L _
G(u,uz) = %7 (i/o G(u, ug)dx = 0. (7.62)

(Actually, it is completely integrable, and has infinitely many invariants.)
Then by introducing a new variable w = (1 — 8%/9x?)u, it can be written in

another variational form?!:

B a2\ (G

With the help of the operator K = (1 —92/0x?)~!, the energy function (7.62)
can be represented in w as

~ (Kw)? + (Kwz)?

G(Kw,Kwy) = 5 ) (7.64)

and its variational derivative with respect to w can be defined (note that for
f € HYS), Kf, = (Kf)z holds). Throughout this section, w is assumed to

21For the same reason described in Section 4.7.2, we use the symbol w in place of m.
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be sufficiently smooth. By simply differentiating we obtain

d L
dt

e oG
—A <(W"CWt+M"wat dx

L oG oG
:/0 (ICE)(ICw) - (ﬁ)(l@))) wy dz. (7.65)

Boundary terms are dropped due to the periodicity of w and its derivatives.
In light of the equation above, we define the variational derivative by

06 4 06 —(/c 06 ) . (7.66)

é(le, Kw,)dx

ow O(Kw) O(Kwy)

It is easy to see that with this particular choice the variational equation (7.63)
coincides with the limiting Camassa—Holm equation. In fact, since

oG oG
oK) Kw and oK) Kw,, (7.67)
the concrete form of (7.66) is
oG = K(Kw) — (K(Kwg))s =K i K K (7.68)
5 w Wz ))e = ~ g2 | Kw =Ko .

Here the trivial identity (1 — §%/022)K = 1 (the identity map) is used. Sub-
stituting this into (7.63) and using w = (1 —9%/922)u, we recover the limiting
Camassa—Holm equation.

The conservation law (7.62) directly follows from the skew-symmetry of the

operator J 4 _ ((8/0z)w + w(d/0x)): for any f,g € HL(S),

L L
| #79te =~ [ (7 gda (7.69)
0 0
This means that the variational PDE (7.63) is a Hamiltonian PDE, and the

corresponding Hamiltonian is conserved. In fact, from (7.65) we immediately
obtain

/ G Kw, Kw,)dx —/ Ewtdx —/ — J—dx =0. (7.70)

Observe that the conservation law solely comes from the skew-symmetry of
J and the variational form defined with variational derivative (7.63), and the
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concrete form of G is not essential. This enables us to employ the strategy
described in the next section.

We present a é—conserving Galerkin scheme. To that end, we commence
by defining a new set of weak forms introducing a new intermediate variable
p: find w(-,t),p € HY(S) such that for any vi,ve € H'(S)

(we,v1) = (Tp,01), (7.71)

oG 9G
(p,v2) = (a(’Cw),KU2> + ((M’K(W)x> (7.72)

hold. This set of weak forms happily keeps the conservation law as follows.

THEOREM 7.11

Suppose wi(-,t),p € HY(S). Then the solution w of the weak forms (7.71),
(7.72) satisfies the conservation law (7.62).

PROOF From (7.65), we see

d [t~ oG oG
&/0 G(Kw, Kw,)dx = (W,Ku}t> + (3(/Cwm)’lcwm>
= (p,wt) = (JIp,p) = 0. (7.73)

The first equality is from (7.65), the second is from (7.72) with the assumption
zljjt(-, t) € H(S), and the third is from (7.72) with the assumption p € H'(S).

We denote the approximate solutions by w(™) ~ w(-,mAt) and p(m+3) ~
p(-,(m+3)At) (m=0,1,2,...). To mimic the variational weak forms (7.71),
(7.72), we first define a discrete version of G by

a (Kw™)? + (Kwi™)?

Ga(Kw™ Kwl™) 5

(7.74)

Below this will be often abbreviated as G4™ for saving space. We then define
associated discrete partial derivatives by

aGd d (m+1) aGd d
= Kw 2 =
BT, Kol Al )

L jeu{™D (7.75)

where w(m+3) 4 (w(’”+1) + w(m))/Q. They apparently approximate the con-
tinuous case (7.67), and it is easy to check that they satisfy the following
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discrete chain rule corresponding to (7.65).

[ @i
0

0G4 o (@ —
(ateamss ez * (2 )

0Gq wg(gmﬂ) — wg(cm)
+ (8(1Cwa(cm+l), Icw;m)) 5 K ( AL . (776)

With the discrete partial derivatives, a scheme is defined as follows. Let
51,52 be some appropriate trial spaces, and Wy, Wy test spaces. We define
an operator

min) & _ (O mid) | yomih) 9 7
JE = <8m Tt ox (7.77)
which approximates 7, and is skew-symmetric.

Scheme 7.7 (é-conserving scheme) Find w™ € Sy and p™+t2) ¢ S
(m=0,1,2,...) such that for any vi € W1 and vy € W,

w(m+1) _ oJ(m)
(=G, o

('rn+
( ”2 (a ICw(m+1) Kw(m)’ ’C”)

9Ga
+ (a(/c D ),/C(vz)z> (7.79)

hold.

Then the scheme enjoys the following conservation property. Observe that
the proof goes exactly the same way as in the continuous case.

THEOREM 7.12 Discrete G conservation law
Suppose (WM — M) /At € Wy (m = 0,1,2,...) and S; € Wy. Then
Scheme 7.7 is conservative in the sense that

1

L
1 (m+) _ M) gy — _
= /O (Gd Ga ) de=0 (m=0,1,2,...) (7.80)

holds.
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PROOF  From the discrete chain rule (7.76),

L[ @-ain)e
0

aGd w(m+1) _ w(m)
= (o () (s
0G4 K wimﬂ) - wg(gm)
a(lc (m+1) Kw (m))7 At

ey, )
P At

(g(m+ (m+3) p(m+3 ))
0.

(7.82)

In the second and third equality, the assumptions are used. The last equality
follows from the skew-symmetry of J (m+3),

The trial and test function spaces can be set to various standard ones such
as the standard finite-dimensional Fourier space or the finite element spaces,
depending on the users’ preferences. The theorem above clarifies the condi-
tions for the scheme to be successfully conservative. The simplest and most
useful choice would be the use of the standard periodic piecewise linear func-
tion space on some fixed grid for all of S, S5, W1 and Ws; in that case, the
assumptions in the theorem are trivially satisfied.

An important outcome of preserving the G conservation law is that Scheme 7.7
gains the following stability property. Let us denote the approximate solution

of u by u(™ < Kw(m™)

THEOREM 7.13 Stability of Scheme 7.7
Scheme 7.7 is stable in the sense that (in evact arithmetic) ||u(™], < oo
(m=0,1,2,...).

PROOF From the é—conservation7 we readily see that there exists a con-
stant ¢ such that

4™ < e]|u™ || 1 (g) = const., (7.83)

by the Sobolev lemma. I

REMARK 7.9 This stability property is the Galerkin version of the
stability discussed in Section 4.7.2.6.1.
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Let us demonstrate the scheme. In what follows the equispaced spatial
mesh of N grid points (xg = 0,2y = L) is assumed, and the standard periodic
piecewise linear function space on the mesh, denoted as Sy, is used as the trial
and test spaces. The basis functions are denoted by ¢ (z) (k=0,...,N—1).

In actual computation, the inverse operator K = (1 —8%/92%)~! is realized
as the convolution

L
(KP)@) = (k f)(z) = / K(r — €)F(€)de, (7.84)

with the Green function:

cosh(z — Lz /L] + L/2)
2sinh(L/2)

k(z) = (7.85)

The operator appears in the second equation of Scheme 7.7, which reads
1 1 m-4 1
(p<m+§>,v2) _ (/cwm*é),icw) v (/Cwi +2),IC('02)I) . (7.86)

If we introduce the matrices

4

I~

Aij%(@,(bj), (Kl)ij (’C@‘JC%)’ and (K2)ij

then the concrete form of Scheme 7.7 becomes

y (w(mH) —wm
At
ApmtE) = Kiwmt3) 4 Kow(mts), (7.89)

) _ glwm), pm+h). (7.88)

4

The vectors are defined as w(™) (mé”), (n) )T, wm+h £ (w(m+D) 4

MmNyl

w(™)) /2, p(m“‘%) 4 (p(()n)7 . ,pg\?ll)T, and g is the vector function that rep-
resents the nonlinear part in the first equation (we omit the concrete form of
g here, since it is straightforward and not important for the discussion here).
The equations above represent a system of nonlinear and linear equations of
dimension 2N, but can be readily reduced to

(m+1) _ y(m)

w w

A (At) _ (w<m+%>, ATV (K + Kg)w<m+%)) . (7.90)
which is of dimension N; that is, the intermediate variable p(er%) can be
erased in actual computation. Note that the matrices A, K; and K> depend
only on the grid and basis functions, and can be computed in prior to the
time evolution process; heavy convolutions are not required during the main
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computation. In the numerical experiment below, at each time step the equa-
tion (7.90) is solved by the hybrid Newton algorithm imsl_d_zeros_sys_eqn
in the IMSL library.

Since the time integration is solely carried out in w space, we have to switch
from/to the original variable u as pre- and post-processes. Let N; be the
number of temporal time steps. Then the overall integration procedure is as
follows.

1. For a given initial data u(x,0), compute w(z,0) = (1 — 8?/0x?)u(x,0).
2. Time integration: repeat w1 «— w(™ (m =0,1,2,...) by (7.90).

3. For the obtained final data w®™*)(z), compute uN*) = Kw®™) as the
solution.

Note that when we need the approximate solution in the form of u, we have to
compute the convolution Kw(™ | which is relatively time consuming. Usually,
however, we need wu itself at relatively few time steps compared to the whole
number of computation steps, and the additional cost is considered to be
acceptable in practical situations.

We consider the collision of two soliton-like solutions as an illustrative ex-
ample. We set L = 40, which is divided into N = 100 grids. The initial
data is set to u(z,0) = 0.2sech(x — 403/15) + 0.5 sech(a — 203/15). Then the
problem is integrated in the time interval [0,200], with the time mesh size
At = 0.1 (i.e., the number of temporal grids N; = 2000). In addition to the
scheme 7.7, we also tested for comparison an implicit Euler scheme:

w % — [ (2, (m+]) (m+1) © (m+3)
< At ,’U1> < <8xw +w a.’IJ)p 2 7v1>a

Vo € Sp,  (7.91)
(p(m+%),v2) B (’Cw(m+1>7lcvz) * (’Cw:ggnﬂ)a’c(”?)w) ’
Yo € Sy, (7.92)

an explicit Euler scheme:

wm+1) — y(m) 0 0
<At’v1) _ ( <ax°"(m) +W(m)@g) p<m+%>,v1> ’

Yvy € Sp, (7.93)
(p("”%),vz) = (/Cw(m)JCvz> - (Kwim),K(vz)m) :
Yy € Sp (794)
and the G-conserving scheme presented in Section 7.2.2.4.1. Note that the

implicit Euler and explicit Euler schemes above are also based on the conser-
1
vative weak forms (7.71), (7.72), but all w(™+32)’s in Scheme 7.7 are replaced
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with w1 or w(™  and thus the conservation law is lost in those cases.
Note also that the computational complexity of the implicit Euler scheme is
almost the same as that of Scheme 7.7.

Figure 7.20%? shows the evolution of the approximate solutions. In the
result by the conservative scheme (top left figure), the collisions of the two
soliton-like solutions are rightly captured; the larger (thus faster) soliton-like
solution overtakes the smaller (slower) one as expected. The computation
proceeded quite stably. The implicit Euler scheme (bottom left) is favor-
ably stable as well, but the stability rather comes from the strong dissipation
property that is often observed in general implicit Euler schemes; in fact,
the solution rapidly gets flattened. As a consequence, the soliton-like solu-
tions get slower (recall that the speed of a soliton-like solution depends on
its size), and the larger solution goes around the interval only once, instead
of three times originally expected. Thus the implicit Euler scheme should be
rejected, when the qualitative behavior of the problem is of our interest. The
explicit Euler scheme (bottom right) is quite unstable as expected, and the
solution blows up soon after the start of computation. This scheme does not
deserve further consideration. On the result from the G-conserving scheme
(top right), some careful discussion is required. In the early phase of com-
putation (more precisely speaking, at least until around ¢ = 100), it happily
captures the collision process and the qualitative behavior agrees with that
of G-conserving scheme. After that, however, the solution shows instability.
The difference between the G- and G-conserving schemes in terms of stability
should be attributed to the additional stability property of the G-conserving
scheme stated in Theorem 7.13. In this sense, we can say that the property
is of practical importance. (Note that the result here does not immediately
imply that the G-conserving scheme is unstable; it has been confirmed in the
preceding section that the G-conserving scheme is actually stabler than several
generic schemes. The result just claims the G-conserving one is better.)

The evolutions of the invariants G and G in each scheme (except the explicit
Euler scheme) are shown in Figures 7.212% and 7.22.24 In Figure 7.21, we can
see that the G—conservmg scheme rightly conserves G while the other two
schemes fail. In the implicit Euler scheme, G is steadily dissipated. In the
G-conserving scheme, G stays around the exact value in the early phase of
evolution, but finally it nearly blows up; this corresponds to the instability
observed in Figure 7.20. The graphs in Figure 7.22 show the evolution of
G; the left figure shows the overall profile, and the right shows its detail
around the true G value, which is to clarify the difference between the G-
and G-conserving schemes. According to the graphs, in the implicit Euler
scheme G is again soon dissipated. The G-conserving scheme strictly conserves

22-25 Reprinted from J. Comput. Appl. Math., 234, T. Matsuo, A Hamiltonian-conserving
Galerkin scheme for the Camassa—Holm equation, 1258-1266, Copyright (2010), with per-
mission from Elsevier.
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the invariant as the theory suggests, while the é—conserving scheme nearly
conserves it.

G-conserving scheme — G-conserving scheme

OO0
ohr;

FIGURE 7.20: Evolution of the numerical solutions: (top left) the G-
conserving scheme, (top right) the G-conserving scheme, (bottom left) the
implicit Euler scheme, (bottom right) the explicit Euler scheme.

Finally, the é—conserving scheme is checked on coarser meshes N = 20 (i.e.,
Az =2)and N =40 (Az = 1), in order to check whether the scheme is stable
with respect to the spatial discretization. The time mesh size is kept the same
(At = 0.1). Figure 7.2325 shows the results, which suggest that the scheme is
stable even with very coarse mesh.
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FIGURE 7.23:

Evolution of G: (left) overall profile, (right) detail.
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Evolution of the numerical solutions on coarser meshes

with the G-conserving scheme: (left) N = 20, (right) N = 40.
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7.2.2.5 Ginzburg-Landau Equation for Superconductivity

This is a sample section for essentially two-dimensional computation. The
phenomenological behavior of superconductivity is governed by the so-called
Ginzburg-Landau model. The model in the so-called “zero electric poten-
tial gauge” is described as the following time-dependent Ginzburg—Landau
(TDGL) equations:

oy 1 (i ?

n;f+2{<;v+,4) w+(|w|2—1)w}:o in Q. (7.95)
0A — (i .
at+Re[w(RV+A>w]+V><(V><A—H):0 inQ, (7.95b)

where Q C R? is a bounded subdomain with smooth boundary, x > 0 is
the material constant called the Ginzburg—Landau parameter, > 0 is the
friction coefficient, H € R? is the applied magnetic field, ¢ : Q x [0,7] — C
is the complex-valued order parameter which denotes the conducting state of
the material, and A : Q x [0,7] — R? is the magnetic potential. By ¢ we
mean the complex conjugate of 1. The associated boundary conditions are:

V- n=0, A-n=0, nx(VxA-H)=0 on 05} (7.96)

where n is the exterior unit normal of the boundary 9. For this gauge choice
and the well-posedness of the associated Cauchy problem, see [40].

The advantage of this particular gauge choice is that the problem can be
viewed as a gradient flow of the Ginzburg—Landau energy functional:

1 2

G, A) = K;v+A>¢

1 1
5 +1(1—|1/J|2)2+§|V>< A—H|? (7.97a)

J:/QG(w,A)da:, (7.97b)

oy 6G A G

s o= A (7.98)

T ot
where 6G /61 and 6G/§ A denote variational derivatives. This energy in other
words serves as a Lyapunov functional of the system, and this suggests us to
employ numerical schemes having some discrete counterpart of this property
for stability and correct asymptotic behavior (see, for example, Lord [109],
Montagne et al. [131], and Mu [133] for related discussions and numerical
schemes). Below we show that by (extending) the Galerkin version of the
discrete variational derivative method, we can deduce fully implicit and lin-
early implicit schemes for the TDGL that preserve discrete versions of the
Lyapunov functional.

Note that since the Ginzburg-Landau energy and the related equations
include the symbols of vector calculus, and now the domain €2 is generally
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not rectangular, this is an essentially high-dimensional problem. In the rest
of this subsection, we briefly demonstrate that the Galerkin framework shown
in this section can be naturally applied to this problem. The problem usually
makes sense for d = 3, but if we assume the material is cylinder-shaped and
the external magnetic field H is constant, the problem can be viewed as
two-dimensional d = 2; below we assume this.

In order to simplify the discussion, in what follows we limit ourselves to the
simplified model, ignoring all the magnetic effects:

‘2‘: 2{A¢ (1¢)} nQ,  Veon=0 ond (7.99)

This still deserves investigation since it involves interesting physical solutions
such as vortices and a Lyapunov functional:

B 1| vy)?
J = /QG(M))da:, where G(¢) = - ’/@

1
5 + 1(1 — )2 (7.100)

The simplified equation (7.99) is formally a gradient flow with respect to the
energy:

aw 5G
"B = 5 (7.101)

We also assume d = 2 for brevity (we consider, say, a unit disk). Let H!(Q)
be the standard Sobolev space of complex-valued functions and (-,-) be its
associated inner product. Let S; and W; be the finite-dimensional subspaces
in H!(Q) for trial and test functions satisfying S; C Wj (in most cases we
simply take S; = Wi, in particular to the standard piecewise linear function
space).

7.2.2.5.1 Fully Implicit Schemes for the Simplified GL Equation
By a natural extension of the Galerkin framework shown before, we reach
the following fully implicit scheme. We denote the numerical solution by

(™) (x) ~ Pp(mAtL, x).

Scheme 7.8 (Fully Implicit Scheme ([132])) Suppose an initial datay(®) €
Sy is given. Find ™) € Sy (m =1,2,...) such that for any ¢ € W,

P(mF1) _ qp(m)
" (At’ ¢’>

8Gd aGd
) ()
(aww( D owp™) o™ B
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where
0Gq 1 <V¢(m+1) + vw(m)>
3(Va(m+1), va(m)) 92 D) )
# _ _1 <1 B |¢,(m+1)‘2 + |1/,(m)|2> (¢(m+1) +w(m)> .
5(¢(m+1),¢(m)) 2 9 5

This scheme has a desired dissipation property.

PROPOSITION 7.1 Dissipation Property of Scheme 7.8 ([132])
Let ™ (m = 1,2,...) be the solutions of Scheme 7.8. Then the following
discrete dissipation property holds:

2

(m4+1) _ ,(m)
YT aw <o,

1 MADY _ M\ e —
At/QG(w ) G )de = 277/9 <

This means that in Scheme 7.8 the original energy G dissipates as in the
continuous case. This implies that the asymptotic behavior of the approximate
solutions must be quite similar to that of the original TDGL (strictly speaking,
to that of the corresponding ODE derived by discretizing the space variable).

In [41], an implicit Euler type scheme is derived from the energy functional
based on minimization theory. Here only the resulting scheme is shown.

Scheme 7.9 (Fully Implicit Scheme ([41])) Suppose an initial data 1)(®) €
Sy is given. Find (™) € Sy (m = 1,2,...) such that for any ¢ € W,

(m+1) _ 4y(m) 1 1
77(¢ N v 7¢) = =5 (VU Vo) =2 (2 = 1y, 6).

PROPOSITION 7.2 Dissipation property of Scheme 7.9 ([41])
Let ™ (m = 1,2,...) be the solutions of Scheme 7.9. Then the following
discrete dissipation property holds:

2

(m4+1) _ ,5(m)
iy )

1
(m+1)y _ (m) < _
N /Q G — Gy da < —2n /Q -

Thus the scheme should have similar asymptotic behavior as above; in fact,
in [41], a detailed discussion on the asymptotic behavior is given for the full
TDGL (7.95).

In these two similar schemes, however, we find several essential differences.
First, notice that the first equality in Proposition 7.1 is replaced with an
inequality in Proposition 7.2, whose equality does not hold in general (this can
be understood by carefully inspecting its proof; interested readers may refer
to [41]). Since in the continuous case, the equality holds: (d/dt) [ Gde =
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=20 |{¢|?dx, we can say that Scheme 7.8 is closer to the original TDGL.
Although the implicit Euler scheme happily keeps the Lyapunov functional,
the dissipation (how the energy is dissipated) is slightly stronger there than
it should be. Second, Scheme 7.8 should be second order with respect to At
due to its temporal symmetry, while Scheme 7.9 is only first order.

Both schemes have an unwelcome feature in common: they are fully im-
plicit, and require time-consuming iterative solvers. This disadvantage be-
comes even more crucial, if we consider the full TDGL, or proceed to the
d = 3 cases. In the next subsection, we consider a linearly implicit scheme in
order to overcome this disadvantage.

7.2.2.5.2 A Linearly Implicit Scheme for the Simplified GL Equa-
tion By utilizing the linearization technique in Chapter 6, we can derive the
following linearly implicit scheme.

Scheme 7.10 (Linearly Implicit Scheme) Suppose an initial data (%) €
Sy and a starting value V) are given. Find (™ € Si (m = 2,3,...) such
that for any ¢ € W1

,(/}(m—&-l) _ ,(/J(m—l)
n ( IAT 7¢) -

0G4
- T
<8<vw(m“)7w"”),vw(m Yy )

- ( 0G4 ¢>
(w(m+l)7w(m) w(m—l))’ ’

where

en 1
—(m —(m—1), 9.2
vw ) w ) 2K

3Gd _a ¢(m+1) + Wmfl)a(m )
w(m) —(m— 1) 2 2

(m+1)

Vip(m+1) 4 7qp(m=1) }
2 )

— {bw;(m) +(1-0b)
(Vi

—(m+1)

Ay
L1-

(mt1) | g(m—1)
my2y (¥ + 1
Y ) ().

and a,b € R are scheme parameters.

The scheme parameters a, b should be chosen carefully, since they severely
affect the stability of the resulting scheme as will be shown below. Observe
that the scheme is linear with respect to the latest value 1/(™+1) . This scheme
enjoys the following dissipation property.
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THEOREM 7.14 Dissipation Property of Scheme 7.10

Let ™) (m = 2,3,...) be the solutions of Scheme 7.10. Then the following
discrete dissipation property holds:

/ Gd(l/l(m+1), w(m)) _ Gd(w(m); w(m—l))dw
Q

2
o [[E
where
Gd(w(mﬂ),l/}(m))
= 1 {al1 - OE™ ) - Gy

+ (1= a) (1= [P IR (1= [y 2)}
: {b <W"”> vt 4 v WW)

o2 2

(m+1) 2 (m)|2
VY TOP + 1V |)}. (7.102)

+u—m( 5

Note that now the discrete energy function (7.102) depends on two consecu-
tive numerical solutions (i.e., it is “multistep”), and is quadratic with respect
to the latest value 1(™+1): this is the key for the linearization. The scheme
parameters a,b appear as the coefficients of the linear combination of the
quadratic approximations. The theorem states that for any choice of a, b, the
discrete dissipation property holds in the above sense. The discrete energy
function (7.102) is, however, totally different from the original one (7.100),
and as a consequence the discrete dissipation property does not immediately
imply the correct asymptotic behavior, as was the case in the fully implicit
schemes.

Still, the discrete energy function gives us useful information for designing
good (stable) schemes; more specifically, for the choice of appropriate scheme
parameters a,b. Below we demonstrate this. The first step is to rewrite the
energy function as follows.

1 —(m
Ga(D, ) = 2 {1 = VG g (@ = 1)) - g2}
1 {‘ v,(/}(m-l-l) + V’L/)(m) ‘2 2}

2k2 2
(7.103)

V¢(7n+1) _ vw(m)
2

+u—2w‘

Let us then consider a “doubled” phase space (™1 (™)) and consider
that Scheme 7.10 defines a discrete map from the doubled space to itself:
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(M=) 4p(m=2)) s (1p(m+1) (M) We then observe that depending on the
parameters a, b the dynamical system can behave in the following three ways.

1. When a < 1 or b > 1/2, Gq(x(™*+ 4(™) obviously is not bounded
from below, and thus it can never serve as Lyapunov functional. In this
case, by losing the Lyapunov property the system can be unstable.

2. When a = 1 and b = 1/2, which here we call the “critical” case,
the energy function is bounded and can serve as Lyapunov functional.
By the Lyapunov theory, the dynamical system it governs asymptoti-
cally tends to the minimizers. But notice that the dynamics is a bit
different from the original one. Let us consider the global minimiz-
ers [Gq(yp™+D) p(M™)dz = 0. In view of (7.103), we see that the

global minimizers are such points that 1/;(“”1)@(’”) =1 and V(™D +
w(m)) = 0. This allows an oscillatory “steady state” solution (™) =
¢, Pt = 1/¢ where ¢ € C is an arbitrary constant. This is in fact
“steady state” in that in the doubled phase space, it corresponds to
a fixed point (¢,1/¢) of the dynamical system; in the original undou-
bled space, however, it represents an oscillatory solution ¢ — 1/¢ —
¢ — 1/¢ — ---. Thus we conclude that in the critical case, the system
is equipped with a Lyapunov functional, but the dynamics is different
such that it allows spurious fixed points (in the doubled space).

3. When a > 1 and b < 1/2, the spurious fixed points vanish, and the
Lyapunov functional allows only original steady state solutions as its
fixed points.

In the last case, the dynamical system is expected to behave the same way
as the fully implicit cases, although the corresponding linearly implicit scheme
is far cheaper. We like to generalize the above observation as follows: as an
unavoidable consequence of the linearization, the resulting scheme should be
necessarily multistep, and the associated dynamical system should be under-
stood in the doubled (or more higher) phase space. There are often degrees
of freedom in the definition of multistep energy functions that crucially de-
termine the dynamics observed as its (numerical) stability. In some happy
cases, such as the above, by carefully choosing the free (scheme) parameters
we can enforce the scheme (the dynamical system) to behave the same as the
original system. A question, however, concerns in which circumstances we
can find such “happy” cases. In particular, whether or not we can do that for
any PDEs is an important open problem to be answered.

7.2.2.5.3 Numerical Examples In this section we present numerical ex-
amples that illustrate the discussion in the previous section. We here test
Scheme 3, with two parameter sets (a,b) = (0.9,0.5) and (2,—0.5), each of
which corresponds to the first and third patterns described above. For com-
parison, we also test the standard semi-implicit scheme, where the diffusion
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term is discretized in time by the implicit Euler, and the nonlinear term by
the explicit Euler. We set the TDGL parameters to be n = 1, k = 15, and
solved the simplified TDGL on the unit disk with a triangulation of 9,375
elements by FreeFEM. As the initial data, we set the two vortices of indices
+1 and —1. With this setting, it is known that the annihilation (disappearing
by merging) of vortices should occur.

First we show a result with a fine time mesh At = 0.1. We tested the
semi-implicit scheme and Scheme 7.10 with (a,b) = (2,—0.5), and found no

difference; both schemes ran quite happily in this case. We show the result in
Figure 7.24.

=00 (=250 =475

Ipsif® Ipsif®

0s

[}
0

FIGURE 7.24: Evolution of the solution with At = 0.1: the semi-implicit
scheme and Scheme 7.10 with (a,b) = (2,—-0.5).

The corresponding energy profiles are shown in Figure 7.25. For Scheme 7.10,
we calculated the summation of Gy (the multistep energy function (7.102))
and G (the original energy function (7.100)). For the semi-implicit scheme,
we calculated only the latter. In this setting, all the three lines well agree.

The semi-implicit scheme, however, becomes unstable as At increases. We
demonstrate it by setting At = 1.1 in Figure 7.26 which shows snapshots of
four consecutive time steps around ¢t = 50. We can observe severe numerical
oscillation there. In contrast, Scheme 3 holds out with the same coarse time
step as shown in Figure 7.27. The energy profiles are shown in Figure 7.28,
where we can observe oscillation in the semi-implicit scheme.

Finally we test Scheme 3 with the parameters (a,b) = (0,9,0.5) with At =
0.5. As shown in Figure 7.29, the result is catastrophic. This agrees with the
discussion in the previous section.
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FIGURE 7.25: Evolution of the energies with At = 0.1: the semi-implicit
scheme and Scheme 7.10 with (a,b) = (2, —0.5).
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FIGURE 7.26: Evolution of the solution with At = 1.1: the semi-implicit
scheme.
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FIGURE 7.27: Evolution of the solution with At = 1.1: Scheme 7.10.
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FIGURE 7.28: Evolution of the energies with At = 1.1: the semi-implicit
scheme and Scheme 7.10 with (a,b) = (2,—-0.5).
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FIGURE 7.29: Evolution of the solution with At = 0.5: Scheme 7.10 with
(a,b) =(0.9,0.5).

7.3 Extension to Non-Rectangular Meshes on 2D Region

In the previous section, we discussed the extension of the discrete variational
derivative method to the Galerkin framework, with application to spatially
two- or three-dimensional problems in mind. In this section, we explain a
different approach for the same aim: the extension to non-uniform meshes on
non-rectangular domains.

This challenge of “discrete variational calculus” on non-regular meshes
starts by recalling the following fact:

The mathematical keystone of the discrete variational derivative
method is the “summation-by-parts formula,” on a given mesh.

In other words, when we hope to generalize the method to general meshes,
our main task should be to find the associated summation-by-parts formula
on the designated mesh. Below we demonstrate such an example. As an
example of flexible meshes where mesh points are arbitrarily set, we consider
the Voronoi mesh. The following lemma is a summation-by-parts formula on
Voronoi mesh. On a given mesh, we consider discrete functions, denoted by
u and so on, which exhibit a value on each vertex.

LEMMA 7.1

Suppose a Voronoi mesh is given. Then for any discrete functions u and w
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on the mesh, the following equality holds.

D> (M) 8518

i \jes; Y
= — Z Z w; (Uj l_ ul) SjiAQij + Z u;w; Ry, (7104)
i | jes: K €89y

d
where s;; = (x; — x;) /lij, Si is an index set of neighbor points of x;, 0Qy

d d
is the boundary surface, AQy; = 1i;l;;/4, and R; = — Ejesi T:784: . For the
definitions of ri; and l;;, see Figure 7.30.

FIGURE 7.30: Voronoi mesh and finite difference points.

In a similar manner, we can deduce other formulas by which we can ex-
tend the whole framework of the discrete variational derivative method to
higher-dimensional problems, whose domains are not necessarily rectangular
with non-uniform meshes. We omit the detail in order to avoid exhaustive
discussion. Instead, in Figure 7.31, we show numerical results to the linear
diffusion equation under the Dirichlet boundary condition. The Voronoi mesh
was generated with randomly distributed 2D points.

Another example is shown in Figure 7.32, where the Cahn—Hilliard equation
was solved on a Voronoi mesh on a disk.
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Top left: profile at time step

Numerical solutions of the linear diffusion equation under

Dirichlet boundary condition by an extended scheme on a random Voronoi

mesh with 200 points and At = 5 x 1076,

FIGURE 7.31:

m = 0, top right: at m = 2000, bottom left: at m = 5000, bottom right: at

30000.

m =
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e =

t = 1600A t = 7000A

FIGURE 7.32: Numerical solutions of the Cahn—Hilliard equation on a
unit disk with standard Neumann boundary conditions. With 2391 points
and At =1 x 107°.
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REMARK 7.10 As mentioned in the beginning of Section 7.2, quite
recently (as of writing this book) several similar studies have started. For
example, in Yaguchi-Matsuo—Sugihara [166], a generalization to non-uniform
mesh has been proposed by a mapping technique. Related studies can be
found in a research field called “compatible spatial discretization” or “mimetic
schemes”; see, for example, [11, 153] and the references therein. I



Appendix A

Semi-Discrete Schemes in Space

In this appendix we show that

for a given conservative or dissipative PDE, we can always ap-
propriately discretize the space variable so that the resulting semi-
discrete scheme still keeps some conservation or dissipation prop-
erty.

It is surely possible for the target PDEs in this book, since if we consider
the limit At — 0 in the full discrete conservative or dissipative schemes pre-
sented in the preceding chapters, we surely obtain semi-discrete conservative
or dissipative schemes. Below we present a more direct explanation. (See also
McLachlan [129].)

Let us consider the first-order real-valued PDEs 1 and PDEs 2 for example.
As in Chapter 2, we assume that the energy function G(u,u,) is of the form

M
G(u, uy) Z u) g (uz), (A1)
and we consider its discrete version
M
Gdk Zfl Uk g, (5 Uk)gl (5 U}c) k=0,...,N, (A.Q)

=1

where Uy(t) ~ u(kAx,t) are approximate solutions. The associated global

energy is then
N

> "Gax(U)Az. (A.3)

k=0

Note that this global energy is a function of the continuous variable .
Differentiating the global energy by t we obtain

353
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which corresponds to (3.26). We abbreviated f;(Uy) as f1, g; (0, Ux) as g,
and g, (6, Ug) as g;°, and by Uy, we mean (d/dt)Uy(t). Let us introduce new
notation

G M
a(Ud Zfl Uk)gi" (05 Un)gy (65 Ur), (A.5a)
M
a(é:chrlj - g H(Uk)g," (05 Ur) gy (0 Ur))', (A.5b)
oG M
F707, ~ 2 HUD e 6L a7 (5 ) (A50)

The first one is an approximation to dG/du, and the latter two are to G /du,.
The first symbol might look bizarre (one might feel that the brackets in the
denominator should be deleted), but we like to use it here in order to be
consistent with the full discrete symbols. With these symbols, the above
formula can be simplified to

N N

d " , ] 0Ga - 0Gq o 0Gq
— Gdyk(U)A.T: Ur + (5 Uk)+ (5 Uk)
dth:O kzzo aU), " ou), " a0, U),
(A.6)
With the aid of the summation-by-parts formula (3.12a), we obtain
QN
dtZ”Gd ( )AJE
k=0
T aG oG oG ,
Z// d (57 +d _5; _d U.| Az
= o6, U), 26, U),
1 aGd 473 — aC;’d 7
+ = (S Uk) + <8 U
2 [9(5U), " {’“ (a(a,jU)k }
N
0Gq o 0Gq .
o (s, Uk) + st = Ul (A.7)
oo, { : (8@ Un)} ]
which again corresponds to (3.29). Then with the definitions
5Gd d 8Gd _ 8Gd 8Gd
— = e = | == | =6 , A8
sU), — oU), * <3(5§U)k> : (3(5kU)k> )
d 1 8Gd : — aGd 7
B, s(U) = = (s7UR) + < s Uy
2 |00), " " o),
N
0Gq . 0Gq .
U, ; U, A9
+8(5;U)k(sk k)—|—{sk (6(5;U)k>} k o (A9)
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we finally obtain the following expression:

N

" al " 5Gd 7
Z Gar(U )Ax:;; {MU)]CUk] Az + B, 5(U). (A.10)

d
dt

Thus we find §Gq4/6U, which is a semi-discrete approximation of 6G/du.
With the semi-discrete variational derivative, now we can define a semi-

discrete conservative or dissipative scheme for PDEs 1 and PDEs 2. To avoid

exhaustive discussions, let us limit ourselves to the special case s = 0.

Scheme A.1 (Semi-discrete scheme for the PDEs 1 (s =0)) Let a set
of initial values U (0) be given. Then, a semi-discrete scheme for the PDEs 1
(s =0) is given by
d 0Gq
—Uy(t)=———~ , k=0,...,N. (A.11)
o(U)

THEOREM A.1 Discrete dissipation property of Scheme A.1
Assume that a discrete boundary condition that satisfies the following condi-
tion is imposed:

B, 3(U(t)) =0, t>0. (A.12)

Then the scheme is dissipative in the sense that the inequality
dfj"a( Ut)Az <0 (A.13)
dt =~ - '

PROOF By the discrete variation equality (A.10), we have

jtzN:NGdk( U)Az :é” [;(C;f’) Uk] Az + B, 3(U)
i, (e,
< 0. (A.14)

In the first equality the assumption on the discrete boundary condition is
used.

Scheme A.2 (Semi-discrete scheme for the PDEs 2 (s =0)) Let a set
of initial values U (0) be given. Then, a semi-discrete scheme for the PDEs 2
(s =0) is given by

d 060Gy
*Uk(t) = 6I<@1> (5(U) )
k

T k=0,...,N. (A.15)
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THEOREM A.2 Discrete conservation property of Scheme A.2
Assume that a discrete boundary condition that satisfies the following two
condition is imposed :

(i) Bys(U(t))=0, t>0, and

@ [525, ¢ (509, -0

0

Then the scheme is conservative in the sense that the inequality

N

> aaUn)Ar =0 (A.16)
k=0

PROOF By the discrete variation equality (A.10), we have

N N

d " s 0Gq s
— Gqn(U)Az = Ug| Az + B,
dtg:() ak(U)Az kZ:O s, Uk ATt r3(U)

-3 [, o (s, )]

=0
[;%)k ! (;%)k)]]v

In the first and the third equalities, the assumption on the discrete bound-
ary condition is used. In the second equality the summation-by-parts for-
mula (3.12b) is used.

b

S Nl

(A.17)

Thus we obtained semi-discrete dissipative or conservative schemes for the
PDEs 1 and PDEs 2, with s = 0. Extension to other PDEs in Chapter 2
is straightforward. Furthermore, although here we used the standard second-
order approximation for spatial discretization, we can replace it with the high-
order version described in Chapter 5.

The semi-discrete schemes are systems of ordinary differential equations
(ODEs) with respect to U (t), whose dimension is the number of spatial grid
points.
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Proof of Proposition 3.4

In this section we prove Proposition 3.4. For a matrix (of vector) A in general
its transpose is denoted by A'.

LEMMA B.1
5,ih> =éeDle (B.1)
where
a (06"
b2 (210), B
a 1 /1
e = — . B.3
7 () (5:3)
PROOF Omitted since it is trivial. I
LEMMA B.2
N 1 N
ZN { CL}CD}CCL;C + (DkaTk)Ta% } Az = 5 akAka; + (AkaTk)Ta;c ‘| (B.4)
k=0 k=0
where
a4 (Ck Mk
fr— Y Bu5
ak (9k Sk) (B.5)
rod (G
ap = <9;€ 52 ) (BG)
d 0 s;r

PROOF Trivial from the first-order summation-by-parts formula (Prop. 3.2).

I

Note that (Dgal, )" # arDj, and (Ard),)" # ar A}, since Dy and Ay, are operator
matrices.
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LEMMA B.3

N
Z " { akDZa% } Az

k=0
N T
Z//( aT]g) <Dh h’ )AJI
k=0

(0 (aunl ) + (el (o) |

N)\r—l

l:l

where DY 2 I, h € N*, I/ € N and ' < h.

PROOF By repeatedly using (B.4) on the left hand side of this equation,
we see the claim.

From this lemma and the lemma B.1 we obtain the following result.

N
Z //fkélih) fk Az

k=0

M=

= (1"

“{e (DFa) (D) ef da

(-0 {& (D) (4D} fe) )

o>~
Il

0

/

>

+
DO =
(]

=1

**L

+ Z e () (D ) e | (BY)
k=0
where h € Nt, b/ € Nand A’ < h.
Substituting A’ = h/2 into this equation we obtain Proposition 3.4 for even

h. When h is odd, we obtain Proposition 3.4 by comparing this equation with
h' = (h —1)/2 and the same equation with »’' = (h +1)/2.
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